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THREE WEAK SOLUTIONS FOR A p(x)-LAPLACIAN EQUATION
Mohsen Alimohammady, Asieh Rezvani and Ismail Aydin

Abstract. We study the existence of three weak solutions to the Dirichlet boundary
condition for a p(z)-Laplacian equation. Using a variational method and the three critical
point theorem, we would show the existence and multiplicity of the solutions. For this
purpose, we focus on a generalized variable exponent Lebesgue-Sobolev space.

1. Introduction

In this article we study the following problem:
—div[O(z, |Vu|) Vu]+|ulP@ 2y = A(a(z)|u|4® =2 —b(2)|u]"®~2)u in Q
u=20 on 012,

where € is a bounded domain of RY with a sufficiently smooth boundary. Let X
be a positive real parameter and p, ¢ and r be real continuous functions on Q with
Np(z)
N —p(x)
O(z,€) is of type |§\p(x)_2. ANTRES div(|Vu|p($)_2Vu) denotes the p(x)-Laplacian
operator (for details see [2,8,15]) . We consider the following conditions.

(Hy) O:Qx[0,00) — R is a continuous function such that

C1tP™) =2 < O(a,t) < CytP® =2,

for all t > 0 and for all x € €, where C, Cy are positive constants and p € C(Q) such
that 1 < p(z) < p*(z) for all z € Q.

(1)

1 <g(z) <r(z) <p(x) < p*(z), where p*(z) = and p(z) < N forall x € Q,

(H) a and b are positive functions in L>(Q2) and there exists ¢ > 0 for all x € Q,
such that € < a(x) and € < b(z).

(Hz) [lallo < [bflco-
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2 Three weak solutions for a p(z)-Laplacian equation

Many results have been obtained on this kind of problems. For literature in [11], the
authors studied the existence of at least one positive radial solution for the problem:

—Dpyu + R(x)|uP@) =2y = a(x)|u|1®) =2y — b(z)|u|" @2y 2z € B,

u>0 T € B,

u=0 x € 0B,
where B is the unit ball centered at the origin in RN, N > 3. In [15], V. F. Uta
considered the existence of minimum action solutions and the concentration of the

spectrum in a bounded interval for the following problem using the Mountain pass
theorem and the Nehari manifold technique:

—div[®(x, |Vu|)Vu] = Mg(2)|u|?® =20 + [u|"®~2y) in Q,
u=~0 on 01,

In [13], I. D. Stircu, studied the existence at least two weak solutions for the following
problem using the Mountain pass theorem:

—div[®(z, |Vu|)Vu] + [uP® =2y = Mu|"® =2y — h(z)[ul*® 2y in Q,
u=20 on 0N

Ismail Aydin and Cihan Unal in [1] have found the existence of at least three weak
solutions to the following Steklov problem using the three critical points theorem:

div(a(z)|Vu[P®)=2Vu) = b(z)|[u|P® 2y in Q,
a(m)\Vu\p(m)*z% = Af(z,u) on 0f.
v

In [14], S. Taarabti, Z. E. Allali and K. B. Haddouch studied the following p(x)-
biharmonic problem using the three critical points theorem:

A;Q)(x) + a(x)[uP® 2y = BV (z) f(z,u) in €,
% = %(|AU|P($)*2AU) =0 on O0N.

Here, we study the existence and multiplicity of the solutions for the problem (1)
by using the variational method and the three critical point theorem.

2. Preliminaries

We recall some necessary definitions and propositions concerning the Lebesgue and
Sobolev spaces. Let € be a bounded domain of RY. Set C, () := {s € C(Q); s(z)>1,
Vz € Q}. For any continuous function s : @ — (1,00), s~ := inf.cq s(x) and
st i=sup,cq s(z). For s € C1(Q), L) () := {u: Q — R is a measurable function:

s(x)
Jo lul*®@dz<+o0}, endowed with the norm ||ul|s(,):= inf {p>0 g ’ui;v)‘ dx < 1}.

L (2)(€) is well known that is a separable reflexive Banach space [3,7,9].
The modular of the Ly, () is defined by oy, (1) == [, [u(z)[*® dz.
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PROPOSITION 2.1 ([5,8]). (Ly2)(2), [l-ls(x)) is separable, uniformly convex, reflevive

Banach space and its conjugate space is (Lg () (), [|.|ls (), where ﬁ + ﬁ =1,

Vo € Q. For all u € Ly, (Q) and w € Ly ;) (2), we have
1 1
|/ uw dl‘| < (ST + F)||u||5(x)||w‘|5’(z) < 2”“”5(1)”“}“5’(1)‘
Q
PROPOSITION 2.2 ([6,9]). Suppose that u,u, € Ly, (2), we have
st s
[ulls) <1 = llulldm) < os@)(w) < [lull3e-
- A+
[ulls@@) > 1= [lulli@) < os@) (@) < llulllq-
ullsy < L(resp,=1;> 1) & 04(g)(u) < 1(resp, = 1;> 1).
ltn |l sy — O(resp, = +00) & 05(q) (un) — 0(resp, = +00).
nl;ngo ltn — ullsz) =0« nl;ngo Og(z)(Un —u) = 0.
The Sobolev space Ws(®)(Q), WLs®)(Q) 1= {u € L) (Q) : [Vu| € Ly, ()} is

a separable and reflexive Banach spaces with norm [[uly sz) = [[ulls@z) + [Vl sa)-
For more details, we refer to [4,9].
On Wol’s(x) (€2), we may consider the following equivalent norm ||u||sz) = [Vl s,

where W, "™ (Q) is the closure of C§°(€) with respect to the following norm:

o inf{u >0 /Q Owﬁ@ Sw)) dz < 1}.

It is known that Wol’s(m)(Q) = {u; u‘em =0, uec L*®(Q), |Vu| € Ls(w)(Q)}. For
more details, we refer to [2,4,15].

PROPOSITION 2.3 ([5, Sobolev Embedding]). Fors,s’ € C(Q) and 1 < §'(z) < s*(x)

for all x € Q, there is a continuous compact embedding Wol’S(CE)(Q) — Ly ()(Q),
which is continuous and compact. Therefore, there is a constant ¢y > 0 such that
Hu”s/(z) < COHUH'

PROPOSITION 2.4 ([10, Poincare Inequality]). There is a constant ¢ > 0 such that
ullsz)y < Cl|Vullsm), for allu € Wol’s(x)(ﬂ).

REMARK 2.5. From Proposition 2.4, ||Vuls) and |lu||, s, are equivalent norms on
1,s(x)
Wy Q).

3. Main results

Before to the proceed the results, we need some notions.

DEFINITION 3.1. u € W P™)(Q) is called a weak solution for (1) if

/O(:E,|Vu(x)|)Vu(x)Vh(x)dx+/ lu(z)|P® 2w () h(x)de
Q Q
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= /\/ [a(x) u(@)| "2 u(@)h(z) — b(@)|u(z)]" @~ u(z)h(2)]dx,
Q
for all h € Wol’p(r)(Q). In what follows
Ao(z, 2) == / O(x, t)t dt,
0
and A:WeP(Q) 5 R by Au) = / Ao(z, |Vu(z)])da.
Q

The energy functional associated to problem (1) can obtained by
1 a(x) b(x)
J(u) :/ Aoz, |Vu|)da:+/ —|u|p(z)dx—)\/ —|u|q(I)dx+)\/ — |u|"®) de,
o o p(x) o q(x) o 7(z)
for all u € Wol’p(m)(Q). It is well defined, C! functional and for all u, h € Wol’p(z)(Q)7

(J/(u),h>:/QO(x,\Vu|)Vu.Vhdx+/Q|u\p(1)_2uhdx

—)\/ a(x)|u|q(m)_2uhdx+)\/ b(z)|u|" @2 uhdz.
Q Q

Therefore, critical points of this energy functional are week solutions for the prob-
lem (1). We consider Q C RY(N > 3) as a bounded domain with smooth boundary
and p € C1 () such that

1<q <gqz)<qt <r” <r(x)<r" <p” <plx) <p" <p*(x) (2)

THEOREM 3.2 ([12]). Let X be a separable and reflexive real Banach space, ® : X — R
is a continuous Gateaux differentiable and sequentially weakly lower semicontinuous
functional whose Gateaux derivative admits a continuous inverse on X', ¥ : X — R is
a continuous Gateauz differentiable functional whose Gateaux derivative is compact.
Suppose the following assertions:

(1) 1imyy )| —oo (P(u) + AW (u)) = Fo0, for all X >0,

(ii) There exist e € R and ug,u1 € X such that ®(ug) < e < ®(uy),

o (P(u1) — €)W (ug) + (e — P(ug)) P (u1)
111) Inf,cp—1(_oo.e] U(u) > .

( ) ed—1( €] ( ) (I)(Ul) —q)(’U,O)

Then there exist an open interval A C (0,+00) and a positive real number v such that
the equation ®'(u) + AV (u) = 0 admits at least three solutions in X whose norms are
less than vy, for all A € A.

THEOREM 3.3. If (2) and (Hy)-(Hs) hold. Then, there exist an open interval A C
(0,+00) and a positive real number v such that for any X\ € A, the problem (1) has at

least three solutions in Wol’p(m)(ﬂ) whose norms are less than .
PROPOSITION 3.4 ([1]). Let us define the functional ® : Wol’p(m)(Q) — R by

1
D(u :/A z, |Vu dm—i—/—up(x)dx,
W) = [ Ao Vuhdo+ [
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for allu € Wol’p(x)(Q). Then, we have
(i) ® : Wol’p(m)(Q) — R is sequentially weakly lower semicontinuous and ® €
CI(W&’p(x)(Q),R). Moreover, the derivative operator ® of ® define as

(@ (u), h) = /Q Oz, |Vul)VuVhdz + /Q [P 2y b,

for all u,h € W™ ().

(i) O : ’p(x)(Q) — (Wol’p(w) (Q))* is a continuous, bounded and strictly mono-
tone opemtor

(111) The mapping @' : W ’p(gg)(ﬂ) — (W, ’p(m)(Q))* is of (S4) type, i.e., if up, — u
as n — oo and lim supn%w< "(un,), un —u) <0 implies u, — u.

n)
(iv) @ : ’p(m)(Q) — (W, ’p(z)(Q))* is a homeomorphism.

Let
u) = M U a(z) T — @ U r(x) -
v /m(x)' [ /Qr(x)| " dz.

We have (U (u), h) :/a(x)|u|Q(I)_2uhdx—/ b(z)|u|" ™ ~2uh da.
Q Q

Therefore, ¥ is a C''- function on VVO1 P (m)(Q) and by [3], U’ satisfied the condition
(S4+). By using Hs and the compact Sobolev embedding W1 * x)( Q) = Lg@)(Q) and
Wy’ Q) L, () (Q). It is direct to see that ¥’ is compact.

Proof (Proof of Theorem 3.3). To prove this theorem, we first verify the condition (i)

of Theorem 3.2
1
+/ —— |uP@®dz
o ()"

®(u) :/Ao(x,|Vu|)dx+/ﬁ$|u|p(w)dq; :/Q Volw O, )t dt

IVul 1 o) 1
2/ Cl/ tr@=1gy dx—i—/ —— [u|P @ de > T/ |Vu|p(”)dx+—+/\u|p(w)dx.
Q 0 a p(z) pT Ja p

p(x

. Oy .

Set Co = min{— } If 00y (1) i= [ [u(z)[P@dz and o4, (u) > 1, by Proposi-
pt pt

tion 2.4, Proposition 2.2 and (2)
D(u) > Colul” . (3)
On the other hand,

W(u) = / e e
o)
T Q - T Q

If o (u) > 1, by Proposmon 2.4, Proposition 2.2 and (2)

w(u) > e ()
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_ bl
By (3), (4) and for any A > 0, we obtain ®(u) + AU (u) > Ca||ul|P H ” |l HT

Since (2), then lim|j,||— o0 (®(u) + A¥(u)) = oo, for all A > 0 and (i) of Theorem 3.2
is verified.

- k
Choosing k < dP |, 0<e< peat uo(x) = 0 and wy(x) = d such that d > 1, then

1 &
D(ug) = U(up) =0 and @(uy) = /Q md”( Vdz > p—+|ﬂ| > e.
Thus ®(ug) < e < ®(uy). Then (ii) of Theorem 3.2 is verified.
a* e
On the other hand, by (Hs), (2), d > 1 and choosing df < d—+7
q r
_ (@(u) — €)¥(ug) + (e = D(uo))¥(ur) _ _ Y(w)
<I>(u1) — (I)(’U,()) <I>(u1)
a(x) x (T a a T
o St — g, M) ol g g Vol - g
=—c > —e—L e
L@
a’ d
(— - —_ Mallso
= —€ q dp+ > O (5)
=

Let u € Wol’p(z)(Q) such that ®(u) < e and e < Cy. By (3) and Proposition 2.2, we
have Cylul]P < ®(u) <e. So

1
e . _
< (=)P 1.
[[ull < (02) < (6)
From (Hs), (2), (4) and (6)
— inf U(u) = sup —U(u) < sup[” [E3 [l || pr Hu||q7] <0. (7
u€EP 1 (—o0,€] u€P~1(—00,€]
Then by (5) and (7)
: (P(u1) — €)W(uo) + (e — P(u0))¥(u1)
_ f i _
ue‘bflll}foo,e] (U) < (I’(Ul) — @(UO) ’
: (P(u1) — ) W(uo) + (e — P(uo)) ¥ (u1)
and uE@JlIl(f;oo,e] \IJ(U) = <I>(u1) — (D(UO)
This completes the proof. O
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