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A NOTE ON POSITIVE AND POSITIVE DEFINITE
COLOMBEAU’S GENERALIZED FUNCTIONS

Z. Lozanov Crvenkovié and S. Pilipovié

Abstract. The positivity and the positive definitness of Colombeau’s generalized functions
are investigated.

1. Introduction

The paper is devoted to positive and positive definite Colombeau’s generalized
functions. We extend definitions of these notions given in [5] in order to have
the coherence with the positivity and positive definitness of distributions. More
precisely, with new definitions a distribution f is positive, resp. positive definite,
if and only if the corresponding Colombeau generalized function Cd(f) is positive,
resp. positive definite. Our investigations are motivated by the investigations of
generalized stochastic processes [5].

There exists the so called simplified version of Colombeau’s theory of gener-
alized functions ([2], [3], [7]). Our paper shows the preferences of Colombeau’s
standard theory in which families A,, ¢ € Ny appear.

2. Basic notions

For the general theory of Colombeau’s geenralized functions, we refer to [2],
[3] and [7]. Stochastic processes in the framework of G are considered in [1], [5]
and [6].

Let T be an open interval of R and C§°(T") the space of complex valued func-
tions defined on R with compact supports contained in 7'. Denote Ag(R) = {¢ €
C(R); [(z)dr =1}, and for ¢ € Ny, Ag(R) = {p € Ag; [27p(z)dz =0, 0<
J<q}; AR™) = {¢ € C(R); d(1,--.,2n) = [[i; ¢(:), ¢ € Ao(R) }. Put
e () = Lp(%), ¢e(z) = (%), ¢(z) = p(—x), x € R, € > 0. Further on, ¢ will
be positive (usually small) real number. h. = O(e?) means that h./e® < C as
e — 0. Here, we use spaces A,(R?) and denote ¢(z,y) = ¢o(x)p(y).
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The basic space £(T') consists of functions g: Ag(R) — C*(T). It is an algebra
with multiplication. More important is its subalgebra of moderate elements &, (T'),
where

Eu(T)={9(p,z) €&E(T): VKET)VaeNy) (3N € Ny)
(Vo € An(R)) (sup{|0°g(¢e, )|, z€ K} =0(e"))}.

We use notation g(p, ) or g(@e, x) for elements of £, (T). Denote by T the set
of sequences {a,} with positive elements which strictly increase to infinity. Then
the set of null elements N (T') in £(T) is defined as follows.

N(T)={g(p,z) € E(T): (VK €T)VaeN}) (3N € Ny) (I{a,} €T)
(Vg > N) (Vo € A (R)) (sup{|0%g(pc, )|, z € K} = O(c* M) }.

The quotient space
G(T) = Emu(T)/N(T)

is the space of Colombeau’s generalized functions. An element G = [g(¢.,2)] €
G(T) is a class of equivalence and is represented by any of its elements. The
pointwise product, the addition and the derivation in G(T') are naturally defined
by using representatives.

The space of generalized complex numbers is defined as C = £,/N,, where

Ec={z:AR)—C: (AN e N) (Vo € An(R))(|2(:)| = O(e™™)) }.
Ne={z€&:(3N e N(Hag} € T)(Vp € Ay(R))(q > N) (|z(¢:)| = O(e*~Y)) }.

The space of generalized real numbers R is defined in appropriate way
(2: Ao(R) — R). It is a subspace of C.

The mapping Cd: D'(T) — G(T'), the canonical imbedding of Schwartz’s dis-
tributions into G(T'), is defined in the following way. Denote by k. a sequence
of smooth functions on C*(T') suct that k. > 0, k() = 0forx € {z € T :
dz,R\T) <e}, ke(z)=1forz e {x € T: d(z,R\T) > 2¢}. Let f € D'(T).
Then Cd(f) = [g(¢e,x)], where

9(e,m) = (fre * Pe) (@) = (f(D)re(t), pc(z — 1)), z €T, pe € A(R).

This is an injective mapping. If T'= R then a function k. is not needed.

Let K be a compact set in R and G = [g(¢e,z)] € G(T). The integral
Jx G(z) dz is defined by its representative [, x(x)g(¢e,z)dx, where k € C=(T),
k(z)=1onT.

It is said that G € G(T') is equal to zero in the sense of generalized functions,
G =0 (g.d.), if for every ¢ € D(T), [ G(z)p(z)dr =0in C. G1 = G2 (gd.) iff
G1 — GQ = 0, (gd)

The space of Colombeau’s generalized tempered functions is defined as follows.
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Put
Emt(R) ={g(p,z) € E(R) : (Va € Ny) (AN € No) (Vo € An(R))

eun( (2Dl e By = o)),

Ni(R) = {g(p,2) € E(R) : (Vo € I}) (IN € Ny) (3Ha,} € D)(Vg > N)

(o € Ay(B) Gup{ T2, 0 e m) = 0o ).

Then
G:(R) = Eas(R) /N2 (R)
is the space of Colombeau’s tempered generalized functions.

Let ¥ € S and G = [g(y., )] € Gi. Then (G,9¥) = [ G(z)Y(z)dz is defined
by its representative

/R (e r)p(@)de, o€ A(R), &€ (0,1];

G1,G2 € Gi(R) are equal in the sense of generalized tempered distributons, G; =
G2 (g.t.d.) if (G1,¢) = (G2,) in C, for every ¢ € S.

3. Positive and positive definite Colombeau’s generalized functions

Recall, an element in D'(T') is positive if for every positive ¢ € D(T), ¢ > 0,
(fi9) >0, [4].

DEFINITION 1. Let G € G(T). Then G is positive, G > 0, (resp. negative,
G <0) on T if G has a representative g(p.,x) such that

(Vo € D(T),p 2 0)(Ya > 0)(AN € N)(Vp € Ax)(T=o € (0,1))
(9(@e, ), p(z)) > +c* >0, fore<eg (1)
(resp., (9(¢e,2), p(x)) > —e* <0, for £ < &)
PROPOSITION 1. (i) If G = [g(@e,x)] € G(T') is such that G > 0 and G <0,
then for every p € D(T), p > 0,
(9(e, 2), p(x)) € N
(i) Let f € D'(T). Then Cd(f) is positive if and only if f is positive.
Proof. (i) By assumption, there exists representatives g1 (e, ) and g2(ve, )

such that

(Vp € D(T), p 2 0)(Ya > 0)(3N € N)(Vy € An)(3zo € (0,1))
(91(¢e, ), p(7)) > +e* 20, & < e,
(92(0e, ), p(2)) > —€* <0, € <&,

—e* < {91z, ¥) — g2(pe, T), p2)) <%, £ < zo.
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Thus, for every a > 0,
0 < (g1(pe, ) +¢% p(7) < (g2(e, @) +26%, p(x)) < (L+2C)e", & <eo,

where C = [p(z)dx > 0. This implies that for every p € D(T), p > 0,
(9(ve, p(2))) € Ne.
(ii) Let f € D'(T') be positive. Then for ¢ € A,, and every p € D(T), p > 0,

(f % genp) = (o Be) = (£(@), / ol — et)p(—t) dt)

= (@), [ ola) + (et @) -+ “q%”qp(q)(w (1))l —t) dit)

= (f(2),p(z)) + C(f, p)e,

where C(f, p) is a suitable constant. This implies that f* . satisfies (1), i.e. Cd(f)
is positive.
If Cd(f) = f * ¢ satisfies (1), by letting ¢ — 0, it follows

(f,p) >0, forevery p>0,peDT),

i.e. f is positive. m
Recall, an f € D'(R) is positive definite if for every 8 € D(R),

(£,0%6%) 20,
where 0*(z) = 6(—x).

DEFINITION 2. Let G € G(R). Then G is positive definite if it has a represen-
tative g(pe, z) € Ep(R) such that
(V8 € D(R))(Va > 0)(IN € N)(Vp € Ayx)(3eg € (0,1))
. a (2)
(9(pe,x),0(x) % 6%(x)) > +e* >0, for e < gp.

PROPOSITION 2. Let f € D'(R). Then f is a positive definite distribution if
and only if Cd(f) is positive definite.

Proof. Let Cd(f) be positive definite. Then, (f*.) satisfies (2) and by letting
¢ — 0 we obtain that f is positive definite.

Conversely, if f € D'(R) is positive definite, by expanding

/(9 *0%)(x — et)p(t) dt

into a Taylor series, as in Proposition 1, we obtain the assertion. m

Colombeau space G;(R) is not a subspace of G(R) since there exists R(p.,xz) €
E(R) with the property

R(pe,x) € (Em:(R) \ Vi(R)) N N(R),



Positive and positive definite Colombeau’s generalized functions 17

but every element of £,74(R) defines an element of G(IR) which enables the definition
of the canonical mapping i: G(R) — G(R):

G 3 G =[G:] = i(G) = [G: + N(R)] € G(R).

DEFINITION 3. An F € G,(R) is positive (respectively, positive definite) if

i(F) € G(R) is positive (respectively, positive definite).
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