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INTEGRATED SEMIGROUPS OF UNBOUNDED LINEAR
OPERATORS AND C,-SEMIGROUPS ON SUBSPACES

Ratko Kravarusié, Milorad Mijatovié and Stevan Pilipovié

Abstract. We give conditions under which an infinitesimal generator of an integrated
semigroups of unbounded linear operator becomes an infinitesimal generator of a perturbated
semigroup of bounded linear operators. Also, we analyze when a linear operator in a Banach
space is an infinitesimal generator of an integrated semigroups of unbounded linear operators.

0. Introduction

Integrated semigroups of unbounded linear operators in Banach spaces have
been studied in [8], [9], [10]. This paper is a continuation of such investigations.
Here we use also some results of [17] for exponentially bounded integrated semi-
groups.

We proved in [9] that any semigroup of unbounded linear operators under ad-
ditional conditions is an exponentially bounded semigroup on a subspace with a
possibly stronger norm. On the other hand, in [17] is showed that every exponen-
tially bounded integrated semigroup is an integrated Cp-semigroup on a subspace
(with a possibly stronger norm). We obtain this result for semigroups of unbound-
ed operators. Some assertions from the perturbation theory for bounded operators
are also used.

1. Preliminaries

Let E be a Banach space with the norm || - || and let (S(t));>0 be a family of
unbounded linear operators in E. We denote by D(S(¢)) the domain od S(¢) and
set

D ={z e D(5(s)S(t)) : S(0)x =0, S(t)z is strongly continuous for ¢ > 0,

S(s)S(t)x = /OS(S(T +t)— S(r))xdr = St)S(s)z, for s,t > 0.}
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If D # {0}, then (S(t)):>0 is said to be I-integrated semigroup of unbounded linear
operators in E or an integrated semigroup of unbounded linear operators.

Differentiation spaces C", n € Ny = NU {0} are defined as follows:
(i) C° =D,
(ii) C™ ={=z € D : S(t)z is n-times continuously differentiable function of ¢ > 0}.

If € D, S(t)r € C!, then S'(s)S(t)z = S(s + t)z — S(s)x, s,t > 0. This
implies

S'(5)S' (t)x = S'(s + t)x, x € C*, 5,t > 0.

Let N = {z € D : S(t)z = 0,¢t > 0}. A semigroup (S(t))i>0 is called non-

degenerate if N' = {0}. We shall observe only non-degenerate semigroups.

Let w € RT = (0,00). Define

|zl := sup e IS(t)all, = € () D(S(E)),

>0
E, ={z€D:|z], < oo}

We assume in this paper an additional condition:

For every w > 0 exists C,, > 0, such that || - ||, > C,|| - |-

PRrOPOSITION 1. ([8]) a) If w1 < w2 and x € D, then ||z||y, < ||Z|lw,. Hence,
if w1 < wa, then E,, CE,,. ot

2
b) If z € E,,, then S(t)z € E,, and ||S(t)z||w < %Hm”w.

Let E, denote the closure of the set F, under norm || - || and S(¢)|E,, be the
part of S(t), i.e.

D(S(t)|E,) ={z € E, :x € D(S(t)) and S(t)z € E, }.

THEOREM 1. ([8]) Let (S(t))¢>0 be an integrated semigroup of unbounded linear
operators in E.

_a) Letw > 0 be fized. Suppose that for everyt > 0, S(t)|E,, is a closed operator
in E,. Then (E,,| - ||l.) is a Banach space.
b) If S(t) is a closed operator in E, then S(t)|E,, is closed in E,, fort >0 and
w > 0.
For fixed w > 0 and A € C, Re A > w, define

RNz := /\/ e MS(txdt, z € E,.
0

Observe that as an operator in (E,, || - ||»), R“(\) is bounded but in general un-
bounded in (E, || - ||)-
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THEOREM 2. ([8)] The family (R“(\))re ax>w @S the resolvent of a closed oper-
ator AY in E,, (closed in the || - ||, norm topology), w > 0.

Let D(A) = U,soD(A) and = € D(A). Then there exists w € R* such
that © € D(A“) and there exists y € E,, such that x = R“(\)y for ReA > w. Put
Ax = A—y. Then, we call A the infinitesimal generator of the integrated semigroup

(S(#)e=0-
THEOREM 3. ([10]) a) For x € D(A), S(t)z is a differentiable function of t
fort>0 and S'(t)x — x = S(t) Az, or, equivalently,

S(t)r —tx = /Ot S(s)Ax ds.

b) If z € D(A), then there exists w' € RT such that R“(\)Azx = ARY(\)zx,
Rel > w, w>w'.
Let w € RT and set
D(AY) = {z € E, : (i) S(t)z is differentiable for ¢ > 0 with respect to || - ||;
(ii) Jy € E, such that S'(t)z —z = S(t)y }

For z € D(AY) define y := AYz. Let D(A;) = U
define Az := A{z.

ws0 D(AY) and for x € D(AY) we

THEOREM 4. ([10]) Let A be the infinitesimal generator of the integrated semi-
group of unbounded linear operators (S(t))¢>0 . Then A = A;.

A7l lle

For all w € R, let D, := D(A¥)

THEOREM 5. ([9]) Let w > 0 be fized. Then, for t > 0, S(t)D, C D, and
(S“(t))e>0 = (S(t)|Du)i>0 s an exponentially bounded integrated semigroup on
(Dus || - l|w) with the infinitesimal generator equal to A¥|D,,.

2. Integrated semigroups and Cp-semigroups
Let w > 0, and
D! = {x €D, : S(t)z is strongly continuously differentiable function of

t > 0 with respect to the norm || - ||, }

Then (S“(t))is0 = (S'(t)|DL)s>0 is strongly continuous but not exponentially
bounded. For z € D} and v € R, let

lzllw,y = sup e IS B)all, Duw ={z €D} : [[]lu,y < 0}
>0

It is easy to prove that 15“,’,, is a Banach space (with respect to the norm
Il [lw,~) and B
15" ) zllw, < €”l|2llw,n, t>0, © € Do,y
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Moreover, if v; < vs, then || - [ly.n < || - lo.sy and D, C Dy .. But, on D, ,
we have lost the strong continuity of (Slw(t))tzo. In order to enforce the strong
continuity, we consider the following subspace

Dy = {2 €Dy : [|S“{t)z — z||w, =0, fortl0}.

Tt is clear that D, , is a closed subspace of D, ,, with the norm |[|-||,,,,. Further,
S'“(t)D,, C D, and S'“(t) is strongly continuous on D, , (under the norm
|| - llw,v)- The question is, whether after these restrictions, the space D,,,,, contains
D(A®) = D(A“|D,)? Since [|S“(t)|lo < Ze“t, t > 0, we have the next theorem
which is an appropriate modification of Theorem 4.1 ([17]).

THEOREM 6. Let v > w. Then:
a) (D, - low) is a Banach space. Moreover, D(A¥) C D,,,, C DY, and

1zlls < l12llo,v, © € Duv, lolluw < Mullzl, 4o,z € D(A).

Here ||z|,, 7o = lz||w+||A“ ||, denotes the graf w-norm of A and M is a positive
constant.

b) D, is inwariant under S'“(t) and the restriction (T* )i>0 =
(S’w(t)|Dw,,,)t20 is a strongly continuous semigroup on (Dyu,|| - ||lw,») with the
infinitesimal generator A“"Y which is the part of A in D, .

Thus, for an integrated semigroup of unbounded linear operators (S(t)):>o0
which satisfies Theorem 1.a), there exists a family of subspaces with the stronger

norms and the restriction (S(t))¢>0 on these subspaces are integrated C-semigroup
(Theorem 5. and Theorem 6.).

3. Perturbations. Characterization of generators of
integrated semigroups of unbounded linear operators

We will use some results of perturbation theory [1], [7], [14], [17].

Let (S(t))¢>0 be an integrated semigroup of unbounded linear operators in a
Banach space E, with an infinitesimal generator A. The first question is, what are
the conditions which we have to impose on an integrated semigroup of bounded
linear operators such that its infinitesimal generator is “nearly” close to A?

The second question is, when a linear operator in F is an infinitesimal generator
of an integrated semigroup of bounded linear operators?

In Theorem 8 ([10]), we have given an answer to these questions. But, now,
we use Theorem 4.5 from [17] and give conditions under which a linear operator
is the infinitesimal generator of an exponentially bounded integrated semigroup on
the spaces (D, || - |u), w > 0.

THEOREM 7. (see Theorem 4.5 in [17]) Let A“ generate a non-degenerate
exponentially bounded integrated semigroup on (Dy, ||-||») and let B be a bounded
linear operator on (Dy v, || - llw,y), v > w. Then:
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a) AY = AY + B“" with D(AY) = D(A¥) generates a non-degenerate expo-
nentially bounded integrated semigroup on (Dy, || - ||w)-

b) The part A" of A§ in D, generates a strongly continuous semigroup on
(Do, [+ Mleo,)-

THEOREM 8. Let (S(t);>0 be an integrated semigroup of unbounded linear op-
erators in a Banach space E with an infinitesimal generator A and (S¥(t))¢>0 be the
restriction of (S(t))i>o0 on the subspace (D,,,||-||w) with the infinitesimal generators
A% w > 0. If there exists a family of bounded linear operators (B¥")y>w>o0 defined
on (Dyv, ||+ llw,v) such that w1 < wo implies Bt C B¥2Y2 (for some vi > w1 and
for some va > ws), then there exists an integrated semigorup of unbounded linear
operators defined on a space “no less than” D =] Do

Proof. By Theorem 7, for every w > 0 the operator A§ = Av 4 Bww
with D(AY) = D(AY), generates an exponentially bounded integrated semigroup
(T (t))i20 on (Dy, || - [lw)- Then [T (#)]l, < M'e'*, ¢ > 0.

We will prove that w; < ws implies 7% (¢) C T“2(t). Indeed, by Proposition
3.1 ([17))

R(\, A1 4B“1) = X / e NTY (t)dt, R(\ A“24Bv>"2) = ) / e~ MTw2(t) dt.
0 0

Here v > wq,v9 > wo,
1T (#)llwy < M{e“t* and [|T%2(t)|lw, < Mje®?t, t > 0.

For A > max{wj,wh} the integrals exist in the norms || - ||, and || - ||, and
therefore in the norm || - ||. We have A“* + B¥t*1 C A“? + B*>*2 and for z € D,

R()\,Auh +Bw1,u1)m — R()\, sz +Bw2’"2):p_

This implies 7% (t)z = T**(t)z, t > 0. For x € D =, D, set

w>0
Ttz =T(#)z ,t>0,if z € D,,.

It easy to prove that family of operators (T'(t));>0 on D satisfies all conditions
for the integrated semigroup. m

EXAMPLE 1. Let (S(t)¢>0 be the given integrated semigroup of unbounded
linear operators in E. Fix tg > 0. Then the family (S'“""(to)),>w>0 satisfies the
assumptions of Theorem 8. Namely, for w; < ws we choose v; > w; and vy > vy.
Clearly, S'“t"1(tg) C S'“2:*2(tg). Moreover, the operators (S'“1**1(tg)),>w>0 are
bounded on (D, ]| - ||). Then, we can take B¥"* = A“ 4 §'“1¥1(¢,).

Let D', = D(AY) = D(A%). Then D, C D', C E,, because D, C E,,.

THEOREM 9. Let (T(t))i>0 be an integrated semigroup on D = |J 5, Do

by Theorem 8. Then there exists an extension (T'(t))i>o0 of (T'(t))i>o0 defined on
D'y =UysoD'w if one of two equivalent conditions holds:
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a) The operator J*(t) = JT(S)A‘()J ds, t > 0, defined on D(AY) = D(A), is
closable (in the norm || - ||)-

b) The operator 1“(t) = %mf(f f]j?;o eMRY(N)Ag L ds, t > 0, defined on
D((A%)?), is closable (in the norm || -||).
. In the case that one of the equivalent conditions holds, we have that T t) =
T(t)|D'w,t > 0 are closed operators on D', for w > 0.

Proof. a)= b) Let J“(t) be closable on D(A¥). Let (z), be a sequence on
D(AY) such that =, — 0 and J¥(t)z,, = y as n = co. Then y = 0. Moreover, we
have

¢
T )Xy — txn = / T(t)A§ z, ds.
0

If £, —» 0 and T¥(t)x,, — 2z as n — oo, then T¥(t)x, — tx, — 2z and this implies
z = 0. Hence T“(t) is closable.

Let (z,,)n be a sequence on D((A¥)?) such that z, — 0 and I“(¢)z, — u as
n — oo. Then I¥(t)z,, = T%(t)z, — tz,. We have then that 7% (t) is closable and
it follows v = 0 and I¥(t) is closable. The converse is also true (we use the fact
that D(AY) = D((Ag)3).

If conditions in a) or b) hold, then the operator T%(t) is closable. Denote the
smallest, closure by T~ (t) and define

Tt)x =T (t)z, if t € DT (t)) =D'.,.
Then T'(t) is well defined and (T'(t));>0 is an extension of (T'(t));>o. For z €
D(Ao) = U, >0 D(AY), define

Aoz = Agz, if x € D(AY).

We will prove that the infinitesimal generator A; is an extension of the infinitesimal
generator Ag. It is sufficient to prove A§ C AY.

Let € D(A§). Then
Ttz —z = T¥(t) A .

Thus 7% (t) is differentiable and there exists y = A%z € E,, such that T'“ (t)z—z =
T“(t)y. This implies & € D(AY) and AYz = A§z. Hence, A§ C AY. m

Let A be a closed linear operator in E. Then, by Theorem 4.2 [17], A generates
a non-degenerate exponentially bonunded integrated semigroup if and only if the
following conditions hold:

a) There exists some A € R such that R(\, A) exists as an everywhere defined
bounded linear operator on E.

b) There exists a norm || - ||, on D(A) such that
() llzll < allzlle < callzl|a for z € D(A),

il

(ii) the part A¥ of A in E, = D(A) generates a strongly continuous semi-
grup (T“(t))¢>0 on E,. This leads to the next theorem.
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THEOREM 10. Let E be a Banach space and let (E,, || - ||“)u>0 be a nested
family of nontrivial subspaces of E such that w1 < wy implies E,, C E,.,. Let A be
a linear operator with the domain and range in E' = J .o E.. Let A“ denote the
part of A in E,. In addition, suppose:

(i) For every w > 0 there exists K, > 0 such that ||z||¥ > K,||z||, z € E, .
(i) If w; <ws and x € E,,, then ||z||“2 < ||=||“*.

(iii) For every w > 0 there exists A\, € R such that R(\,, A¥) exists as an
everywhere defined bounded linear operator on E,,.

(iv) There exists a norm || - ||“*Y on D(A¥) such that

2] < er(@)[lz]|*” < ca(w)llll%e ,

and the part of AY in E,, = D(A¥)
group (T“V(t))i>0 on E,, .

lI-lleo,»

generates a strongly continuous semi-

Then there exists an integrated semigroup (S(t))e>0 of (in general unbounded)
linear operators defined “no less than” on E' = - E..

Proof. By Theorem 4.2 [17], for every w > 0, A generates an exponentially
bounded integrated semigroup (S“(t))¢>0. Then A“* C A“2 implies S“i(t) C
S«2(t) (see the proof of Theorem 8) and we can define an integrated semigorup
(St))i>0 on E' =, 50 Fu-m

REMARKS. The norms || - || and || - ||“°¥ in Theorem 10 are different from the
norms || - ||, and | - ||o,». Namely, the norms || - ||, and || - ||w,, are defined in the
case where we have an integrated semigroups but in Theorem 10 we have not got
such an assumption.
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