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ON HOLOMORPHICALLY PROJECTIVE MAPPINGS
OF GENERALIZED KAHLERIAN SPACES

Miéa S. Stankovié, Svetislav M. Minéié, Ljubica S. Velimirovié

Abstract. In this work we define generalized Kihlerian spaces and for them consider
holomorphically projective mappings with an invariant complex structure. Also we consider eq-
uitorsion holomorphically projective mappings and for them we find some invariant geometric
objects.

1. Introduction

A generalized Riemannian space GRy in the sense of Eisenhart’s definition
[1] is a differentiable N-dimensional manifold, equipped with nonsymmetric basic
tensor g;;. Connection coeflicients of this space are generalized Cristoffel’s symbols
of the second kind. Generally it is T%, # T},

In a generalized Riemannian space one can define four kinds of covariant deriva-
tives [3], [4]. For example, for a tensor a} in GRy we have

i _ i ¥4 i i _ i v i
@ = @ + Tpma — 505, ajzl)m = ajm + Dinpaf — Iy,
1
i i P g b — i P i
@G = @ + Tpma — T 505, aj‘llm = ajm + Donpaf — TG0,
3

In the case of the space GRy we have five independent curvature tensors [5] (in
[5] R is denoted by R). In this paper we consider only curvature tensors: R"- =

jmn
i 1t P i /8 al] i — T _ T P i _ TP T
F]m n an m + I‘l]mrlpn FJanm7 ‘12% jmn Fm] n Fn] m + I‘lmgl-‘np Fnjrmp

The Kahlerian spaces and their mappings were investigated by many authors, for
example K. Yano [10], [11], M. Prvanovi¢ [7], N. S. Sinyukov [8], J. Mikes [2] and
many others.
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An N-dimensional Riemannian space with basic metric tensor g;;(z) is a
Kaéhlerian space if there exists an almost complex structure F} (z), such that

FMa)FP(z) = —0F | gpFPF! = gij, g" = g"FiF}, Fl'; =0,

where ; denotes the covariant derivative with respect to the basic metric tensor g;;.
This paper is devoted to the generalized Kahlerian spaces and their mappings.

2. Generalized Kiahlerian spaces

A generalized N-dimensional Riemannian space with (non-symmetric) metric
tensor g;;, is a generalized Kahlerian space GK if there exists an almost complex
structure F}(z) [9], such that

Fy (2)F} (z) = =0}, 2.1)
9paFPF! = gij, g = gMFIFY, (2:2)
F,“ 0, (0=1,2), (2.3)

where | denotes the covariant derivative of the kind € with respect to the metric

9
tensor g;;. From (2.2), using (2.1), we get
9inFV + gpi FT =0, ¢2F] + g/2F} = 0. (2.4,5)

Let us denote - o

Then from (2.4) and (2.5) one obtains F;; + Fj; = 0, F¥/ 4+ FJ% = (. From here we
prove the following theorems [9].

THEOREM 2.1. For the torsion tensor of a generalized Kdihlerian space the
. y — 5 q . .
relation I}, = —Ffl’an;Fj is valid.

A%

THEOREM 2.2. The curvature tensors R”,c (60 = 1,2) in the space GKn

satisfy the next relations

h _
FPR' = FpRY,, a =12, (2.7,8)
Proof. a) From (2.3) we have F! ik~ z‘k] = 0, and then, using the first Ricci
identity [3], [4] we have FhRP k+F”R mk—zr” Fﬁp 0,ie. FP R"mk FhR”“k

0. The relation (2.7) is proved.
b) Analogously, using the Ricci identity for F| ik F"fkj and (2.3) we get

2
2

F? Rh

o F’LR”J,c = 0, wherefrom (2.8) follows. m
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THEOREM 2.3. For the curvature tensors Ia%hijk (6 =1,2) of the space GKn

the next relations are valid

F}fgpijk = F;P-gphjk; a = ].,2. (29,10)

Proof. By composition in (2.7) with F}! we get F} FhR ik T R 21, = 0. From

here we have F}Ff Il%quk - Jli’hijk = 0, and by composition Wlth Fr’ we get
F’fllzpijk + Fi”liihpjk =0. (211)

The first kind curvature tensor satisfy the relation Il%h,-jk = —ﬁ%ihjk. Now from
(2.11) we get the relation (2.9). The relation (2.10) we get in the same manner
from (2.8) by using of anti-symmetry for the tensors J;Bh,-jk with respect to the two

first indices. =

THEOREM 2.4. The curvature tensors é{i. (0 = 1,2) of the space GKn

jmn

satisfy the next relations

’I"q ps

Ripq) FYFf, = R(jm) — 2T%, 08, FY Fj, 4207 Fgm, a=1,2, (2.12a,b)

where (jm) denotes the symmetrization without division with respect to the indices
J,m

Proof. (a) From F? itk =0, F". =0Dbysubstitution and division with 2 we get

ilj
Fh . = 0, where ; denotes covariant 2derlvatlve with respect to g;;. The integrability
conditions of th1s equation give the relation F R”;;, — F{R" ., =0, where R" , is
a curvature tensor with respect to symmetric basic tensor g;;. Using the condition
(2.1) we get FthRka + R st = 0, and from here FYFJ Ryqr — Rpijr = 0. With
respect to the condition (2.1), we get F} Ryijx — F} Rppjr = 0. By composition

with g% and contraction by virtue of indices i, j, we get F? »Bpr = FP Rphq,c By
symmetrization with respect to h, k we get

Rui = FPFIR,,. (2.13)
We can express the tensor Il%ijmn in the form [5]:

‘Zl%zjmn = R jmn + F;m n F_Zjn m T F_Z;mF;m - an]:‘;)m
By contraction with respect to indices ¢, n, and by symmetrization with respect to
7, m, we get
le(jm) = R(jm) — 2% T (2.14)

JQ Pm

From (2.13) and (2.14) we have (2.12a).
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(b) The tensor Iz%ijmn we can express in the form [5]:

i _ pi _ i i _ TP i p T
‘§ jmn — R jmn ij;n + an;m ijrpn + anrpm‘
v v v v \ v

By contraction with respect to i, n, and then by symmetrization with respect to j,
m, we get -l;(jm) = R(jm) — 2I'"% T'9,, wherefrom, using (2.13), we get the relation
\% \%

Jjq— pmo
(2.12b). |

3. Holomorphically projective mapings

Generalizing the concept of analytic planar curve in a K#hlerian space [6], [8]
we get an analogous notion for a generalized Kéhlerian space [9].

DEFINITION 3.1. A curve I : z* = z"(¢), (h = 1,2,...,N) is an an analytic
planar curve if the following relation is satisfied

A AP = a(t)A" + b(H)FPAP, (6 =1,2) (3.1)
8

where \* = dz" /dt, and a(t) and b(t) are same function of a parameter ¢.

In GKy it is A* |, 0P = % + ng)\”/\q = )\h‘p)\p. Then the expression on

|p
1 2
the left-hand side in (3.1) is invariant with respect to the both kind of covariant
derivative, and so we can define analytic planar curve in the space GKx by one
) h
relation 4 + TR APAT = a(t)A" + b(t) FFAP.
Consider two N-dimensional generalized Kihlerian spaces GKy and GK n

. —h . —h
with almost complex structures F}* and F;, respectively, where F' = F'; .

DEFINITION 3.2. A diffeomorfism f: GKn — GK y is holomorphically projec-
tive or analytic planar if by this mapping analytic planar curves of the space GKn
are mapped into analytic planar curves of the space GK n.

Let us denote by P}t =T% — T}, the deformation tensor of connection for ana-
lytic planar mapping, where T'%; and T} are the second kind Cristophell’s symbols
of the spaces GKy and GK y, respectively.

Analytic planar curves of the spaces GKx and GK y are given by relations

d\" h \P\4 h h\p d\" Th \P\1 — 57 h 3 h\p
C +THNN = a(ON + BOFEN, T + Th PN = a0\ + B Fp N,
respectively. From these relations we get (T}, — Th )APA? = (t)A" + o(t) NP,
where we denote () = a(t) — a(t), o(t) = b(t) — b(t). Putting ¥(t) = ¥,\?,
o(t) = o\, we have (Th, — Tk — 4,68 — 6, F})A\PA? = 0, wherefrom it is ffj =

T} + w(iég?) + J(iFB + &f5, where (ij) denotes a symmetrization without division
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by indices ¢, j and Z is an anti-symmetric tensor. The vector o; we can select so
that o; = —¢, F}. Then we have

Tl =Tk +9udly — v FLFf + & (3.2)
Contracting by indices h, 4 in (3.2) and using F} = 0, &, = 0 we have
T2, T2 = (N +2)¢;. (3.3)

From (3.3) we can see that ¢; is a gradient vector. Substituting from (3.3) into
(3.2) we get HT}; = HT}

i7» where we denote

h L(F” 0 — T4 FLF,

h _
HTij _FQ_N+2 p(iVj qap~ (i J))'

(3.4)

Here HTZ denotes an object of the form (3.4) in the space GK x. The magnitude

H Ti’;- is not a tensor. We shall call it holomorphically projective parameter of the
type of Thomas’s projective parameter. From the facts given above, we have

THEOREM 3.1. Geometric objects (3.4) of the space GKn are invariants of
holomorphically projective mappings.

4. Equitorsion holomorphically projective mappings

Let f: GKny — Gfiv be a holomorphically projective mapping, and let the
torsion tensors F?j and F?j of the spaces GKny and GK y satisfy the condition
v A\

T}, = T4. In this case the mapping f is called an equitorsion holomorphically

projective mapping of the spaces GKn and GK . Then (3.2) implies ,’3 =0.
4.1.Holomorphically projective parameters of the first kind
Curvature tensors of the first kind 1:2 and ? of the spaces GKy and GK v,

respectively, are connected by the relation [5]

+PP P — PP P! 4 oTP P! (4.1)

i i
1jmn 1 jmn+ jmln_ jnlm jm* pn jin® pm mn jp

where P!t =T — T is a deformation tensor. Substituting (3.3) and £; = 0 into
(4.1) we get

Rimn = B'jmn + 0 Yin + 6 Y1mn] = 8 bjm
+ F]P(F;zlppm - F,’;Izlp,m) + F;(angb,,m — ngzlp,m)

M R A R A e S
4.2
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where we denote i; = v;; — ¥ith; + ¢ Ff¢,F. Contracting with respect to
indices 4, n in (4.2)1 we obtalin
?jm = ]lgjm + ?[mj] - N¢jm - FPngw(pq)
+ 2%, 0y — 20, 0, Ff Fy — 200, FAF (4.3)
v

Anti-symmetrization without division in (4.3) with respect to indices j, m yields
(N + 2¢jm) = Rijm) = Bijm) + 4T 000 — 200,000 FFy

+ 2F§-’quFﬂnF; - ZF%T¢QFI‘,1F]T + 2F§-’T¢QFI§F,;.

(4.4)
Symmetrizing without division with respect to j, m in (4.3) we arrive at
Rijm) = Bijm) = Nobgm) —2F] Frydhpq) — 205,00 F F
— 207 ), Ff,Fy — 200 o), FyF} — 2% 4, FAF,. (4.5)
\% \%

By composition with FJ . contraction with respect to j, m, and using the con-
ditions (2.12a), we get frorn (4.5)

Rijm) = Rigm) = Nobioo) Fj Fiy = 2 m) + 20545 Fy F
\%
+ 2 By Ff 4 0 Py, + 2 m FSF]. (46)

Using (4.4,5,6) and (2.12a) we get
2N 2

(N + 2)@1&]” = Jlgjm — @-m + 21“1’ iU — ~ 3 szquFT
2
N-— QFZ%F"%F; T N-2 W%FTFQ
- N zrgfme;ng — 2F%T¢ngFJT. (4.7)

Eliminating 1; by using the condition (3.3) we reduce the equation (4.7) to the
form (N + 2)9jm = le,-m - }1%]-m + ]fjm - -1ij7 where we denote
1

2 N - 1
Pim= @2 1o N =1pp ps FIF; — —~—T" % FLF7
Pim = §z Tmilar = 3Tl N—2 Jsam
1 1
- s Tu P = T T Ff — Th T3 FIF). (48)

In the same manner the geometric objects P Pjm of the space GK y is defined. Elim-
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inating @fjm from (4.2) we obtain HPWi jmn = HPVYi jmn, Where the magnitude

HPVY gmn = Il%ﬂm" N+2[61 (£ 113 )+53(¥[m"]_lf[m"])
_Jz(ljm_lljjm)‘FFfFrt(}lzp ) z'(llzzm_l?pn)
+ F?Fg(Rpm - zfpm) - F-"F},’Z(an —Ppn ) — 2r;,m1“gj — 26} rl;nn .
+ 2anr§qFQF’ + 2r1;nnrgqF‘1F’] (4.9)

is expressed by geometric objects of the space GKn. In the same manner the
magnitude H PV}/’ jmn is expressed by geometric objects of the space GKn. The

magnitude H PI/}/" jmn is not a tensor, and we call it the equitorsion holomorphically

projective parameter of the first kind of the space GK . From the facts given above,
we have

THEOREM 4.1. The equitorsion holomorphically projective parameter (42) 18
an invariant of equitorsion holomorphically projective mapping f: GKny — GKx.
4.2. Holomorphically projective parameters of the second kind

For the curvature tensors }22 and ? of the spaces GKn and GK n the relation

R :R + Pi

5 jmn jmn

+PP.Pi PP pi 4 oTP pi (4.10)

i
]\n njlm mj~ np njt mp nm pj
2

is valid [5], where P}, is a deformation tensor.

Analogously to the previous case we obtain H P?i jmn = H PV;/'Z' jmn, Where

we denote
HPM;Z jmn = égzjmn + N + 2[5Z (Rjn - Pjn) + 52‘ (R[mn] - I;[mn])

— 8, (Bjm — Pim) + FYFi(Bom — Pom) = FYFi (Bpn — Ppn)

+ F;F;;(Rpm - 123,,,,1) — FIF?, (an - Dy n) — 26 rgm - zr;mrgj
+ 2F£LmF§qF‘1F’ + QFﬁmI‘quqF’] (4.11)
2 s T N 1 S T
123jm N +2 (Ffmrgp - FgmrsquF N — 2F£mrsquF
1
N 2F’T’JF§ngLFI§‘ N 2I‘§,’QF§]F;F;§Z N 2F£ql“§m F;F]?).

(4.12)

The magnitude H PV;/" jmn 18 nOt a tensor, and we call it the equitorsion holomor-

phically projective parameter of the second kind of the space GK . From the facts
given above, we have
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THEOREM 4.2. The equitorsion holomorphically projective parameter of the
second kind is an invariant of equitorsion holomorphically projective mapping of
the spaces GK and GK .

4.3. The case of Kihlerian spaces

In the case of holomorphically projective mappings of Kéhlerian spaces the
magnitudes H Pvgﬂ jmns> (8 = 1,2), given by (4.9,11) reduce to the holomorphically

projective curvature tensor [8]

1

HPW? jmn = Rijmn + N——|-2

(R]-[néfn] + F;’Rp[mF;;] + 2F}F?Ryp,).
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