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ON PSEUDO-BCI IDEALS OF PSEUDO-BCI ALGEBRAS
Young Bae Jun, Hee Sik Kim and J. Neggers

Abstract. The notions of pseudo-atoms, pseudo-BC1I ideals and pseudo-BCI homomor-
phisms in pseudo-BC1I algebras are introduced. Characterizations of a pseudo-BC1I ideal are
displayed, and conditions for a subset to be a pseudo-BCT ideal are given. The concept of a ¢-
medial pseudo-BC algebra is also introduced, and its characterization is provided. We show that
every pseudo-BCT homomorphic image and preimage of a pseudo-BC'I ideal is also a pseudo-BC'T
ideal.

1. Introduction

G. Georgescu and A. Iorgulescu [1] introduced the notion of a pseudo-BCK
algebra as an extended notion of BC'K-algebras. In [2], Y. B. Jun, one of the
present authors, gave a characterization of pseudo-BCK algebra, and provided
conditions for a pseudo-BCK algebra to be A-semi-lattice ordered (resp. N-semi-
lattice ordered). Y. B. Jun et al. [4] introduced the notion of (positive implicative)
pseudo-ideals in a pseudo-BCK algebra, and then they investigated some of their
properties. In [2], W. A. Dudek and Y. B. Jun introduced the notion of pseudo-BCT
algebras as an extension of BCI-algebras, and investigated some properties. In this
paper, we introduce the concepts of pseudo-atoms, pseudo-BCT ideals and pseudo-
BCT homomorphisms in pseudo-BCT algebras. We display characterizations of a
pseudo-BC ideal, and provide conditions for a subset to be a pseudo-BCT ideal.
We also introduced the notion of a ¢-medial pseudo-BC1T algebra, and give its char-
acterization. We prove that every pseudo-BC'I homomorphic image and preimage
of a pseudo-BCI ideal is also a pseudo-BC1T ideal.

2. Preliminaries

Recall that a BCI-algebra is an algebra (X, x,0) of type (2,0) satisfying the
following axioms: for every z,y,z € X,
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(s y) * (@x2)) * (zy) = 0,
o (zx(@ry)ry=0,

e xxx =0,

e zxy=0and yxx =0 imply z = y.

For any BC'I-algebra X, the relation < defined by = < y if and only if zxy = 0

is a partial order on X. A nonempty subset I of a BCI-algebra X is called a BCI-
ideal of X if it satisfies

e 0€el,
e Ve,ye X,xxyel,yel = x €l

3. Properties of Pseudo-BCI algebras

DEFINITION 3.1. A pseudo-BCT algebra is a structure X = (X, =X, *, o, 0),

Gy

where “X” is a binary relation on a set X, “” and “” are binary operations on
X and ‘07 is an element of X, verifying the axioms: for all x,y,z € X,

(al) (zxy)o(zxz) X zxy, (xoy)x(xoz2) Zzoy,
(a2) z* (zoy) 2y, zo(zxy) 2y,

(a3) z <z,
(ad)
(a5)

Y, YT = r =y,
ry<=cxy=0<zoy=0.

Note that every pseudo-BC1T algebra satisfying x «y =z oy for all z,y € X is
a BCI-algebra. Every pseudo-BCK algebra is a pseudo-BC'I algebra.
PROPOSITION 3.2. [2] In a pseudo-BCI algebra X the following holds:
(pl) 2 <0 = =
(p2)
(p3)
(p4)
(pD) zxy =z < xoz=xy.
(p6)
(p7)
(p8)
(p9) =z

Ty => 2+xyz*xx, 20y I z0x.
Ty, yz = x =32

(xxy)oz=(rx0oz)*y.

p6) (z*xy)x(zxy) Jxxz, (zoy)o(zoy) Ixo2.
p7
p8
P9

TY=>Tx2Y*x2, x02 Yo 2.
zx0=xz=2x00.
x(zo(zxy)) =xzxy andzo (zx (zoy)) =z oy.
EXAMPLE 3.3. Let X = [0,00] and let < be the usual order on X. Define

Wy ”

binary operations “x” and “¢” on X by

0 if z <y,
Y= { % arctan(In(})) if y <,

0 if x <vy,
Toy:= -
Y re~ (5 if y < g,
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for all z,y € X. Then X := (X, <,%,0,0) is a pseudo-BCK algebra, and so a
pseudo-BC1T algebra.

PRrROPOSITION 3.4 In a pseudo-BCI algebra X, the following holds for all
z,y € X:

(i) Ox(zoy) Jyox.
(ii) 0o (z*xy) S y*x.
(iif) 0% (x*xy) = (0ox)o (0*y).
() 00 (zoy) = (0x2) « (00y).

Proof. (i) and (ii). We have 0 x (z o y) = (zox)x (xoy) = yox and
Oo(xxy)=(z*xz)o(z*xy) I y*x by (al) and (a3).
(iii) and (iv). Using (a3) and (p4), we obtain

(Ooz)o(0xy) = ((z*y)*(z*y))ox)o(0xy)
=(((wxy)ox)*(z*xy))o(0xy)
= (((wox)xy)* (z*xy)) o (0xy)
=((0xy) x(zxy)) o (0xy)
= ((0xy) o (0xy)) * (z *y)
=0x*(z*xy)

and

(Oxz)* (00y) = ((zoy)o(zoy))*z)* 0oy
=(((woy)xz)o(zoy))*(0oy)
=(((zxz)oy)o(zoy))*(0oy)
=((0oy)o(zoy))x(0oy)
=((0oy)* (00oy)) o (zoy)
=0¢(zoy). m

DEFINITION 3.5. An element w of a pseudo-BCT algebra X is called a pseudo-
atom if for every x € X, x < w implies x = w.

Obviously, 0 is a pseudo-atom of X.

PrROPOSIITON 3.6. Let X be a pseudo-BCI algebra. If an element w of X
satisfies the identity y = (yo (w*x)) = w*x for all z,y € X, then w is a pseudo-
atom of X.

Proof. Let y € X be such that y < w. Then
w=w*x0=yx*(yo(w*0))=y*(yow) =y*x0=y.

Hence w is a pseudo-atom of X. m

PROPOSITION 3.7. Let X be a pseudo-BC1I algebra and let w be a pseudo-atom
of X. Then the following are true.
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(i) w=zo(zxw),Vre X.

)
(i) (z*xy)o(xxw)=w=xy, Vr,y € X.
(iii) wx (zoy) Jyo(z*xw), Vz,y € X.
(iv) (woz)*x(yoz) X (z0(y*xw))ox, Vr,y,z € X.
(v) Do (y+xw) =w=xy, Yy € X.
Proof. (i) Since z ¢ (z * w) < w by (a2), it follows that w = x o (z * w).

(ii) For every z,y € X, we have
(w49)o(@rw) = (@o(@rw)+y=wsy
by (p4) and (i).
(iii) Using (i), (a2), (p4) and (p7), we have
wk(zoy)=(xo(xxw))*x(zoy)=(xx(xoy))o(r+rw) Iyo(z*xw).
(iv) Using (p4), (p7) and (iii), we get
(wox)x(yoz)=(wx*(yoz))ox 2 (z0(yxw))owx.

(v) For every y € X, we obtain

wxy = (wo0)x*(yo0) by (p8)
= (0o (y*w))o0 by (iv)
=00 (yxw) by (p8)
<w*y, by Proposition 3.4(ii)
and so 0o (y*w) =w*y.m

DEFINITION 3.8. A pseudo-BCT algebra X is said to be ¢-medial if it satisfies
the following identity:

(M1) (xxy)o(zxu)=(z*x2)o(y*u), Vo,y,z,u € X.

ProrosiTION 3.9. A pseudo-BCI algebra X is o-medial if and only if it
satisfies:

(M2) zo(y*xz)=(zxy)o(0x2),Vz,y,2z € X.
Proof. Assume that X is o-medial. Putting z = 0 and u = z in (M1) and using
(p8), we have
(2 5y)o(0+2) = (+0)0(ys2) =z oy,
Suppose that X satisfies the condition (M2). Then

(xxy)o(zxu)=(zo(z*xu))xy by (p4)
=((xxz)o(0*xu))*xy by (M2)
=((@xz)xy)o(0xu) by (p4)
=(zx2z)o(y*u) y (M2)

Therefore X is o-medial. m
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PRropPOSITION 3.10. Ewvery o-medial pseudo-BCI algebra X satisfies the fol-
lowing identities.
(i) zxy =00 (y*x).
(ii) 0o (0% z) = x.
(iii) zo (z*xy) =y.
Proof. (i) For any z,y € X, we have
xxy=(r*xy)o0=(r*xy)o(zr*x)
=(zxx)o(y*xx) =00 (y*x).

(ii) If we put y = 0 in (i), then we have (ii).
(iii) Using (ii), (a3) and (p8), we get

zo(zxy)=(xx0)o(z*xy)=(zxx)o(0*xy)=000*xy)=y. =

4. Pseudo-BCI ideals

Let X be a pseudo-BC1T -algebra. For any nonempty subset J of X and any
element y of X, we denote

x(y,J):={reX|zxyecJ} and o(y,J) ={x e X |zoye J}.

Note that *(y,J)No(y,J) ={z e X |zxyec J xoyc J}.

DEFINITION 4.1. A nonempty subset J of a pseudo-BCT algebra X is called
a pseudo-BCT ideal of X if it satisfies
(I1) 0 e J,
(12) Yy € J, *(y,J) C J and < (y,J) C J.

Note that if X is a pseudo-BC1T algebra satisfying x xy = x oy for all z,y € X,
then the notion of a pseudo-BC1 ideal and a BC'I-ideal coincide.

PROPOSITION 4.2. Let J be a pseudo-BCI ideal of a pseudo-BC1T algebra X.
IfredJandy 2 x, theny € J.

Proof is straightforward. m

THEOREM 4.3. For any element a of a pseudo-BCI algebra X, the initial
section la := {x € X | <X a} is a pseudo-BCI ideal of X if and only if the
following implications hold:

(i) Vo,y,2 € X, oxy 22,y 22 = 2 2,
(ii) Vo,y,z € X, zoy <z, y=<2 = = < 2.

Proof. Assume that for each a € X, |a is a pseudo-BC1T ideal of X. Let
z,y,2 € X besuch that zxy 2z, zoy < z,andy < z. Thenz*xy € |z, zoy € |z,
and y € |z, that is, y € |z, z € x(y, |2) and x € ©(y, |2). Since |z is a pseudo-BCT
ideal of X, it follows from (I2) that x € |z, i.e., x < z. Conversely, consider |z for
any z € X. Obviously 0 € |z. For every y € |z, let a € x(y, |2) and b € o(y, | 2).
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Then a*xy € |zand boy € |z,i.e.,,axy = zand boy < z. Since y € |z, it follows
from the hypothesis that a < z and b < z, i.e., a € |z and b € |z. This shows that
*(y,12z) C |z and o(y,2) C |z. Hence |z is a pseudo-BCT ideal of X for every
zeX.m

THEOREM 4.4. If J is a pseudo-BC1 ideal of a pseudo-BCI algebra X, then
(i) Va,y,z€ X, z,y € J, zxy<ax = z2€ J,
(ii) Va,b,ce X, a,be J,cob=<a = ce J.

Proof. Suppose that J is a pseudo-ideal of X and let x,y, 2 € X be such that
z,y € Jand z+xy < x. Then (zxy)ox =0¢€ J, and so zxy € o(z,J) C J. It
follows that z € *(y,J) C J so that (i) is valid. Now let a,b,c € X be such that
a,be Jand cob < a. Then (cob)*xa =0 € J, and thus cob € *(a,J) C J. Hence
¢ € o(b,J) C J, which shows (ii). m

A pseudo-BCT subalgebra of a pseudo-BC1T algebra X is a subset S of X which
satisfies z xy € S and z oy € S for all z,y € S. We provide conditions for a
pseudo-BC'I subalgebra to be a pseudo-BC1 ideal.

THEOREM 4.5. Let J be a pseudo-BCI subalgebra of a pseudo-BCI algebra
X. Then J is a pseudo-BC1T ideal of X if and only if

Ve,ye X,zeJ,ye X—J =>yxzxeX—J and yore X — J.

Proof. Assume that J is a pseudo-BCT ideal of X and let =,y € X be such
that r € Jandye X —J. fyxa ¢ X —J, thenyxxz € J, e,y € x(z,J) CJ
which is a contradiction. Hence yxax € X —J. Now if yox ¢ X — J, then yox € J
and so y € o(z,J) C J. This is a contradiction, and therefore y oz € X — J.
Conversely, assume that

Ve,ye X,zeJ,ye X—J =>yxxeX—J and yor e X — J.

Since J is a pseudo-BC1 subalgebra, therefore 0 € J. For every x € J, let y €
*(x,J). Then yxax € J. If y ¢ J, then y xx € X — J by assumption. This is a
contradiction, and so y € J which shows that =(z,J) C J. Now let z € o(z, J).
Then z oz € J. It follows from the hypothesis that z € J so that o(z,J) C J.
Consequently, J is a pseudo-BCT ideal of X. m

Using [2, Theorem 3.5], we know that every pseudo-BCT algebra X contains a
maximal pseudo-BCK algebra K(X):={z € X |0 < z}.

PROPOSITION 4.6. Let X be a pseudo-BCI algebra. If x € K(X) and y €
X—-—K(X), thenxxye X —K(X) andxoy € X — K(X).

Proof. f zxy € K(X), then z¢ (zxy) € K(X) because K (X) is a pseudo-BCT
subalgebra of X. Hence 0 < zo(x*y) = y, and so y € K(X). This is a contradiction.
Now if zoy € K(X), then x % (zoy) € K(X) and so 0 R zx (zoy) <y by (a2).
Therefore y € K(X), a contradiction. m

THEOREM 4.7. Let X be a pseudo-BCI algebra. Then the maximal pseudo-
BCK algebra K(X) is a pseudo-BCI ideal of %.
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Proof. Let x,y € X be such that x € K(X) and y € X — K(X). Using (al)
and (p8), we have

(yxx)oy=(y*xxz)o(y+x0) 0%z =0

and
(yox)xy=(yox)*(yo0) X002 =0

since x € K(X). It follows from (pl) that (yxx)oy =0 and (yox)*y = 0 so that
yxx Syandyoxr 2y Ifysxaz e K(X),then 0 X yxz <y, and so y € K(X)
which is a contradiction. Now if y oz € K(X), then 0 < y oz < y which implies
that y € K(X), a contradiction. Hence yxx € X — K(X) and yox € X — K(X).
By means of Theorem 4.5, we know that K(X) is a pseudo-BCT ideal of X. m

THEOREM 4.8. Let J be a pseudo-BCI ideal of a pseudo-BCI algebra X.
Then the following are equivalent.
(i) J contains the maximal pseudo-BCK algebra K (X).
(ii) Ve,ye X,z <y, z € J = y € J.

Proof. The sufficiency is straightforward. Assume that K(X) C J. Let z,y €
X be such that x <y and x € J. Then x *y = 0, and so

0=000=00(xxy)=(z*xz)o(z*xy) Jyx*u.

Thus y xz € K(X) C J, which implies that y € *(z,J) C J. =
DEFINITION 4.9. Let X and ) be pseudo-BCT algebras. A mappingf: X — %)

is called a pseudo-BCI homomorphismif f(xxy) = f(x)*f(y) and f(zoy) = f(x)of(y)
for all z,y € X.

Note that if f : X — 2 is a pseudo-BCI homomorphism, then §f(0x) = Oy
where Ox and Oy are zero elements of X and 2), respectively.

THEOREM 4.10. Let f: X — ) be a pseudo-BCI homomorphism of pseudo-
BCT algebras X and ). (i) If J is a pseudo-BCI ideal of %), then §=(J) is a
pseudo-BCT ideal of X. (ii) If f is surjective and I is a pseudo-BCI ideal of X,
then f(I) is a pseudo-BCI ideal of ).

Proof. (i) Assume that J is a pseudo-BCT ideal of ). Obviously 0x € ~1(J).
For every y € ~1(J), let

a€x(y,f7(J)) and b€ oy, i~ (J)).

Then a xy € f71(J) and boy € f71(J). It follows that f(a) * f(y) = f(a x y)
and §(b) ¢ f(y) = f(boy) € J so that f(a) € (f(y), J) € J and §(b) € o(f(y )
because J is a pseudo-BCT ideal of X and f(y ) € J. Hence a € §!
b € §71(J), which shows that *(y,§~(J)) € §71(J) and o(y,§~*(J)) C 1(
Hence §71(J) is a pseudo-BCT ideal of X.

(ii) Assume that f is surjective and let I be a pseudo-BCT ideal of X. Obviously,
Oy € f(I). For every y € f(I), let a,b € Y be such that a € *(y,f(/)) and
b € o(y,f(I)). Then axy € f(I) and boy € §f(I). It follows that there exist
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Zy,Zo € I such that f(z.) = a*xy and f(z,) = boy. Since y € f(I), there exists
x, € I such that f(z,) = y. Also since f is surjective, there exist z,,2; € X such
that f(z,) = a and f(z) = b. Hence

f(za *x y) = f(za) * f(zy) = axy € f(I)

and
f(ze © my) = f(xp) © f(wy) = boy € (1),

which imply that z, * z, € I and x, oz, € I. Since [ is a pseudo-BC1I ideal of
X, we get x4 € *(xy, ) C I and xp € o(zy,I) C I, and thus a = f(z,) € f(I) and
b = f(xp) € f(I). This shows that x(y,f(I)) C §f(I) and o(y,f(I)) C f(I). Therefore
f(I) is a pseudo-BCT ideal of ). m

COROLLARY 4.11. Letf: X — %) be a pseudo-BCI homomorphism of pseudo-
BCT algebras X and ). Then the kernel

Ker(f) := {z € X | f(z) = Oy}
of f is a pseudo-BC1I ideal of X.

Proof is straightforward. m
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