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SOME SUBCLASSES OF CLOSE-TO-CONVEX
AND QUASI-CONVEX FUNCTIONS

Zhi-Gang Wang

Abstract. In the present paper, the author introduce two new subclasses Séﬁ)(a,ﬁ,'y) of

close-to-convex functions and c£’§> (e, B,7) of quasi-convex functions with respect to 2k-symmetric
conjugate points. The coefficient inequalities and integral representations for functions belonging
to these classes are provided, the inclusion relationships and convolution conditions for these
classes are also provided.

1. Introduction

Let A denote the class of functions of the form
f(z) =2+ 3 an2", (1.1)
n=2

which are analytic in the open unit disk 4 = {z € C : |z|] < 1}. Let S, §*,
K, C and C* denote the familiar subclasses of A consisting of functions which are
univalent, starlike, convex, close-to-convex and quasi-convex in U, respectively (see,
for details, [2,4,6,7,8].

Al-Amiri, Coman and Mocanu [1] once introduced and investigated a class ng )
of functions starlike with respect to 2k-symmetric conjugate points, which satisfy

the following inequality
2f'(2) }
x >0 (zel),
{ far(2) ( )
where k > 2 is a fixed positive integer and fax(2) is defined by the following equality

1 k=1

for(2) = % 2 [E_Vf(s”z) + E”f(s”E)} (e = exp(2mi/k); z € U). (1.2)

In the present paper, we introduce and investigate the following two more gen-

eralized subclasses SS(ICC) (o, B,7) and C'SCC) (a, B,7) of A with respect to 2k-symmetric
conjugate points, and obtain some interesting results.
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DEFINITION 1. Let ng)(oz, B,7) denote the class of functions f(z) in A satis-
fying the following inequality

)
Farle) 1L

zf'(2)
ﬁf%(z) + (1 =7)

where0 <a<1,0< <1, 0<+v<1land for(2) is defined by equality (1.2). And
a function f(z) € A is in the class ck) (o, B,7) if and only if zf/(z) € S (o, B,7).

<1-aq, (1.3)

Note that ng)(o, 1,0) = 5‘5’5), so the class S{F) (a, B,7) is a generalization of
the class 8§’§).

In our proposed investigation of the classes ng)(a, 0,7) and Cgﬁ)(a, B,7), we
shall also make use of the following lemmas.

LEMMA 1. (3] Let H(z) = 14 Y 07 hp2" be analytic inU, 0 < a <1, 0 <
06 <1and 0 <y <1, then the inequality
H(z)-1

m <l—« (ZGZ/{)

can be written as
1+ (1—-a)(1l—79)z
1-(1-a)Bz

where “<” stands for the usual subordination.

H(z) =< (z€l),
LEMMA 2. Let0<a<1, 0<3<1and0<vy <1, then we have

SH(a,p,7) CcCCS.

Proof. Suppose that f(z) € 85(,5)(04,67'7), by Lemma 1, we know that the
condition (1.3) can be written as

2f'(z) 1+(1-a)d-9)2

Jor(2) 1~ (1-a)B= (zel). (1.4)
Thus we have
zf'(2)
%{fzk(z)} >0 (z€elU) (1.5)
since L+ (1—a)(1 )z
3‘%{ - (- a)de }>0 (z €el).

Now it suffices to show that for(z) € 8 C S. Substituting z by ez (p =
0,1,2,...,k—1) in (1.5), then (1.5) is also true, that is,

elzf'(etz) B
%{f%(el‘z) }>0 (z €el). (1.6)
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From inequality (1.6), we have
R ehz fl(erz)
far(e9Z)
Note that for(e#z) = e* for(2) and for(e#Z) = e # for(2), then inequalities (1.6)

and (1.7) can be written as

2f'(e"2) ;
§R{ () }>0 (z el), (1.8)

} >0 (zel). (1.7)

and
2f'(e'z) ;
8‘%{ ) }>0 (zel). (1.9)

Summing inequalities (1.8) and (1.9), we can get
2 (f(en2) + 7))

) >0 (z€el). (1.10)

Letting p =0,1,2,... ,k—11n (1.10), respectively, and summing them we can get

z

T (e f’(eHZ))]

R o (?)

>0 (z€lU),

or equivalently,

%{w} >0 (z€lU),

that is for(z) € 8* € S. This means that Ss(lcc)(a,ﬁ,'y) C C C &, hence the proof
of Lemma 2 is complete. m

Similarly, for the class Cﬁ’é) (ar, B,7), we have
LEMMA 3. Let 0<a<1, 0<3<1and 0 <y <1, then we have
CH(a,8,7) cC* CC.

LEMMA 4. [5] Let —1 < By < By < Ay < Ay <1, then we have
1+A12 - 1+AQZ
1+B12 1+BQZ

In the present paper, we shall provide the coefficient inequalities and integral
representations for functions belonging to the classes ng)(a, B,7) and cth (o, B,7),
we shall also provide the inclusion relationships and convolution conditions for these
classes.
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2. Inclusion relationships

We first give some inclusion relationships for the classes ng)(oz,ﬁ,*y) and
e (e, B.7).
THEOREM 1. Let 0 < G < 51 <1, 0< a1 <as <1l and 0 <y <y <1,
then we have
S¥) (as, Ba,72) € S (an, Bi, m).
Proof. Suppose that f(z) € Ss(f)(ag,ﬂg,fyg), by (1.4), we have
2f'(z) 1+ (1 —o)(1—72)2
Jor(2) I—(1—-0ag)Bez
Since 0 < a1 <as <1, 0< G, < B <1and0 < <7 <1, then we have
“1<-(1-a)i<-(1-a)fe<(l-az)(l-n)<(l-a)l-m)<l
Thus, by Lemma 4, we have
2f'(z) 1+(-a)-m)r 1+0-)(d=-m)z
for(2) 1—(1—ag)pBaz 1-(1—a1)bz
that is f(z) € Ss(f)(al,ﬂl,yl). This means that S’ (a2, B2,72) C ng)(ozl,ﬂl,fyl). L]
Similarly, for the class ctk (a, B,7), we have

COROLLARY 1. Let 0< 3 <31 <1, 0< a1 <ag<land 0 <y <y <1,
then we have
Cgf)(azaﬁzﬁﬂ C Cé’j)(auﬁlm).

3. Coefficient inequalities

In this section, we give some coefficient inequalities for functions belonging to
the classes Séf)(a,ﬁ,w) and Cgﬁ)(a,ﬂ, 7).

THEOREM 2. Let f(z) = z+ > o yanz™ be analytic in U, if for 0 < a <
1, 0<B8<1and 0 <y <1, we have

inm(m)m |an|+l§::1 (1= a)(1—7)+1] [R(ax1)] < 1—a)(1+5—7), (3.1)

then f(z) € S (a, B, 7).

Proof. Suppose that f(z) =z + >, anz", and for(z) is defined by equality
(1.2). We now let M be denoted by

M :=1z2f'(2) = fa(2)] = (1 = @) [Bzf"(2) + (1 = 7) far(2)]

o0 o0
> napz™ — > R(an)enz"
n=2 n=2

~(1-a)

)

3 <z S nanz"> L= <z+ 5 (an)cnz”>

n=2 n=2
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where

1 k=l 1, =1lk+1,
n =7 VZ gln=Dv — { "

3 = exp(2mi/k); 1€ N ={1,2,...}).
> 0. nlkil (e = exp(2mi/k) { H

Thus, for |z| = r < 1, we have

M < S (n]an] + [R(an)| e)r™

n=2

—-a) |45 = E 8 lenl + (=) R(an) er”
< (Etalt+ (= @lanl 410 - )1 =) + RG] e}
—-a)i+s-n)r

< ni{n[l + (1 —a)B]|an] + [(1 —a)(1 =) + 1] [R(an)|cn} — 1 — )1+ B —7)

= Z2n[1 + (1 = )] an| + IZ[(l —a)1 =7) + 1] [Ram1)] — (1= a)(1 + 8 =)
n= =1
From inequality (3.1), we know that M < 0, thus we can get inequality (1.3), that
is f(z) € Sgg)(a, B,7). This completes the proof of Theorem 2. m
Similarly, for the class cth (a, B,7), we have

COROLLARY 2. Let f(z) = z+ Y .0y an2" be analytic in U, if for 0 < a <
1, 0<B8<1and 0 <y <1, we have

(e}

> n*[1+(1-a)f] Ian|+l§[(1—a)(1—’y)+1](lk+1) [R(ak1)| < (1=a)(14+5-7),

n=2
th ey
en f(Z) € Cse (O[,ﬂ, ’V)
4. Integral representations

In this section, we provide the integral representations for functions belonging
to the classes Séf)(a, 0,7) and cth (o, B,7).

THEOREM 3. Let f(z) € Ss(lg)(a,ﬁ,v), then we have

for(2) = 2z - exp {21k kz:::; OZ (1— Oé)(lC+5 —9) y
w(erQ) KHZ)
X [1 (- a)fe(e) -2 1 dg}, (4.1)

where for(2) is defined by equality (1.2), w(z) is analytic in U and w(0) = 0,
lw(z)] < 1.
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Proof. Suppose that f(z) € Ss(lg)(a,ﬁ,'y), by (1.4), we have
2F(2) _ 1+ (- a)(1 - 1)e(e) "
far(2) 1—(1-a)fw(z) ' '

where w(z) is analytic in & and w(0) = 0, |w(z)| < 1. Substituting z by €z (=
0,1,2,...,k—1) in (4.2), we have

elzf'(etz)  1+(1—a) - v)w(s“z).

for(erz) 1= (1 — a)fw(erz) (43)
From equality (4.3), we have
etz f'(erz) _ 1+ (1-a)(1— v)w(sﬂé). (4.4)

for(e*z) 1—(1—a)fw(erz)

Summing equalities (4.3) and (4.4), and making use of the same method as in
Lemma 2, we have

2fw(z) 1A
ka(Z) o 2]{7 n=0

L+ (- a)(1—w(e2) | 1+ (1 —a)(l—)w(e)
= (1 a)fw(erz) - (1—-a)feez) |’
(4.5)

from equality (4.5), we can get

5), w
for(z) 1 LRI [[14 (01— o)1 —7)w(E2)
for(2) 2z 2k { [ 1—(1-a)fw(erz) +
. 1+(10¢)(1’y)w(5#z)] 2}' (46)
1—(1—a)fw(erz)

n=0 %

Integrating equality (4.6), we have

1og{f2kz<z>} .. k;/ (- a><1C+ 8-,

y l w(e) w(eC)

= 0- el 11 amw(guo] o

From equality (4.7), we can get equality (4.1) easily. This completes the proof of
Theorem 3. m

THEOREM 4. Let f(z) € ng)(a,ﬁﬁ), then we have

_ Zex 1A (170‘)(1+677) w(&?”g)
f(2) = / p{% )y / ¢ ll—(l—a)ﬁw(sﬂo

w(erd) 14 (1 a)(1 - y)w(©)
1—(1—a)Bw(er Q] dc} 1—(1—a)Bw(©) ds, (4.8)

where w(z) is analytic in U and w(0) =0, |w(z)| < 1.

_|_
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Proof. Suppose that f(z) € ng)(oz,ﬁ, v), from equalities (4.1) and (4.2), we
can get

oy Jaw(z) 1+ (1 —a)(d —y)w(z)
f&) = = el

~ {M-l Z(la)(lwv)[ w(eC)
= exp 5

)y ; 1= (1 — o) ()
w(erq) 14+ (1 =) —)w(z)
s (1- a)ﬂw(s“()] dc} 1-(1-a)buw(z)

Integrating the above equality, we can get equality (4.8) easily. Hence the proof of
Theorem 4 is complete. m

Similarly, for the class C,g’é) (o, B,7), we have

COROLLARY 3. Let f(z) € Cglf,)(a,ﬁ, ), then we have

z ¢ Ca B
fgk(z):[) CXP{Qlkkzl/ (1 )(1<+5 'Y)X

w(e"C) w(erc)
d¢ » d
[ e )
where for(z) is defined by equality (1.2), w(z) is analytic in U and w(0) = 0,
lw(z)] < 1.

COROLLARY 4. Let f(z) € Cs(lg)(a,ﬂ, ), then we have

1 k 1 1-a)1+5-7) w(erC)
/ / e"p{zk = / § [1—(1—a)ﬁw(a‘“<)

w(e#C) 1+ (1= a)(1—y)w(9)
1-(1- a)ﬂw(e“é)] ’ } (- "

where w(z) is analytic in U and w(0) =0, |w(z)| < 1.

5. Convolution conditions

Finally, we provide the convolution conditions for the classes Sé’é)(a, B,v) and
¢t (o, B,7). Let f, g € A, where f(z) is given by (1.1) and g(z) is defined by

9(2) = z+ 2 bu2",
n=2
then the Hadamard product (or convolution) f * g is defined (as usual) by

(Fra)(z) =2+ > anbuz™ = (g f)(2).

n=2
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THEOREM 5. A function f(z) € Séf)(oz,ﬁ, v) if and only if

1 d— % M- (1-a eia_l"‘(l—a)(l—'y)e“’ .
Z{f {(12)2[1 (1~ a)ge”] 5 h}()

o) (1 — ~)ei?
ooy -(f*h)(Z)}#O (5.1)

forall z € U and 0 < 0 < 27, where h(z) is given by (5.6).

Proof. Suppose that f(z) € Sglé)(a, B3,7), we know that the condition (1.3) can
be written as (1.4), since (1.4) is equivalent to
2f'(2) , 14 (1 —a)(1—9)e”
far(2) 1—(1—a)Be?

for all z € Y and 0 < 0 < 27. It is easy to know that the condition (5.2) can be
written as

(5.2)

{1 - A= @B o)~ [+ (L= )= )] fa(a)} £0. (53)

On the other hand, it is well known that

2f'(2) = f(2) * ﬁ (5.4)
And from the definition of for(2), we know that
Far(z) = 3 [(f# W) () + ) (55)
where -
hz) = & 2 (5.6)

k=1 —evz

Substituting (5.4) and (5.5) into (5.3), we can get (5.1) easily. This completes the
proof of Theorem 5. m

Similarly, for the class Cg’f) (o, B,7), we have

COROLLARY 5. A function f(z) € Cgf)(a,ﬂ,’y) if and only if

z , —a)(1—~)e? '
T ———y

—a)(1 — ~)eif
R ~[f*<zhf>]<z>}¢o

forall z € U and 0 < 6 < 2w, where h(z) is given by (5.6).
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