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HYPERGROUPS OF TYPE U ON THE RIGHT
OF SIZE FIVE. PART TWO

Mario De Salvo, Domenico Freni and Giovanni Lo Faro

Abstract. The hypergroups H of type U on the right can be classified in terms of the
family P| = {lox | « € H}, where 1 € H is the right scalar identity. If the size of H is 5, then
Py can assume only 6 possible values, three of which have been studied in [3]. In this paper, we
completely describe other two of the remaining possible cases:

a) Pr = {{1},{2,3}, {4}, {5} };
b) P = {{1}» {2»3}’ {4a 5}}
In these cases, P; is a partition of H and the equivalence relation associated to it is a regular

equivalence on H. We find that, apart of isomorphisms, there are exactly 41 hypergroups in
case a), and 56 hypergroup in case b).

1. Introduction

In this paper we continue the study undertaken in [3] to determine, apart of
isomorphisms, the multiplicative tables of the hypergroups of type U on the right
of size 5. In that paper this classification is determined according to the possible
cases of the family P. = {ex | + € H}, where ¢ is the right scalar identity of a
hypergroup H of type U on the right. In particular, if H = {1,2,3,4,5} and e = 1,
the possible cases for the family P. are the following:
Cy:1lol={1}102=103=104=105=1{2,3,4,5}.

Cy: 1lol={1};102=103=1{2,3,4,5};104=105={4,5}.
C3: 1lol={1};102=103=104={2,3,4};105 = {5}.
Cy: 1lol={1};102=103=1{2,3};104={4};105={5}.
C5: 1ol={1}102=103=1{2,3};104=105={4,5}.

Ces : € =1 is a scalar identity.

In [3], the first three cases have been studied and we obtained, up to isomor-
phisms, 17 hypergroups. Now we face the fourth and the fifth case. In both cases
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the family P. is a partition of H and the relation R associated to P. is a regular
equivalence. By proposition 4.5 of [3], the quotient H/R is a regular and reversible
on the right hypergroup, with scalar identity R(1) = {1}. This result was already
exploited in [3] for the analysis of the third case for the family P;. Here we will
use it again in the study of the fifth case, in the following way: firstly we search
for the multiplicative tables of the regular and reversible on the right hypergroups
of size three with scalar identity. Then we reject those tables which can not be
quotient hypergroups of hypergroups of type U on the right of size 5. Lastly we use
the remaining quotient hypergroups to obtain the tables of hypergroups of type U
which we want determine.

The plan of this paper is the following: in the next section we introduce some
basic definitions and notations to be used throughout the paper. In the third section
we prove that in the fourth case for the partition P; the hyperproduct 202 has size
> 3, whence we distinguish two subcases: 202 = {1,4,5} and 202 = {1,3,4,5}.
We find 41 hypergroups of type U on the right altogether. In the fourth section,
we study the fifth case for the partition P;. We deduce that there exist only three
regular and reversible hypergroups that are quotient hypergroups, and these ones
give raise to other 56 hypergroups of type U on the right of size 5.

2. Basic definitions and results

A semi-hypergroup is a non empty set H with a hyperproduct, that is, a pos-
sibly multivalued associative product. A hypergroup is a semi-hypergroup H such
that xH = Hx = H (this condition is called reproducibility).

If a hypergroup H contains an element ¢ with the property that, for all z in H,
one has x € xe (resp., ¢ € ex), we say that € is a right identity (resp., left identity)
of H. If ze = {a} (resp., ex = {x}), for all z in H, then ¢ is a right scalar identity
(vesp., left scalar identity). The element ¢ is said to be an identity (resp., scalar
identity), if it is both right and left identity (resp., right and left scalar identity).
If H is a hypergroup with identity ¢, then an element ' € H is called inverse of
an element x € H, if e € zz’ N 2'x.

A hypergroup is said to be regular if it has an identity and every element has
at least one inverse element. A regular hypergroup is called reversible on the right,
if for every z,y,z € H such that x € yz, there exists z’ such that 2’ is inverse
element of z and y € x2’. A hypergroup H is said to be of type U on the right if it
fulfils the following conditions:

Ui): H has a right scalar identity &;
Us): Forallz,ye Hyx € xy = y=c¢.

We refer to [2, 4, 5] for other basic concepts and definitions in hypergroup
theory. Moreover, we recall from [3] the following results.

ProproSITION 2.1. Let H be a hypergroup of type U on the right. For every
x,y,z € H we have:

1. x€ey = zzx C 2y,
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2. ifex = {a}, then z € xy = ez C xy;
3. ce€exy & € €yx;
4. if v € yz and y € xt, then € € zt Ntz.

PROPOSITION 2.2. Let H be a hypergroup of type U on the right, such that
the family P. is a partition of H, then:
1. the right scalar identity € is also left identity;
2. the relation R C H X H such that xRy < ex =€y is a reqular equivalence;

3. H/R is a regular and reversible on the right hypergroup, with respect to the
hyperproduct R(z) ® R(y) = {R(2) | z € zy}.

PROPOSITION 2.3. Let H be a hypergroup of type U on the right such that the
family P. is a partition of H and let R be the relation associated to P.. Then, for
every x,y,z € H, a € R(y) and b € R(z), we have:

1. R(z) € R(y) @ R(2) & R(z)Nab#0 < R(x)C cab;
2. If |R(z)| =1, then R(z) € R(y) ® R(2) < x € ab.
PROPOSITION 2.4. Let H be a hypergroup of type U on the right, of size 5,

such that the family P- is a partition of H. Then H/R does not contain any proper,
non-trivial, stable part.

Finally, we prove an easy lemma that will be useful in next sections.

LEMMA 2.1. Let H be a hypergroup of type U on the right, such that the family
P. is a partition of H. Moreover, let |R(x)| < 2, for every x € H. Then, for every
x,y,a € H such that R(x) = R(y), we have that x € ya = y € za.

Proof. If x = y the result is trivial. If x # y, from x € ya, one obtains that
a#candy€ey=cx Ce(ya) = (ey)a = {z,y}a = xzaUya. Therefore y € za.m

3. Hypergroups of type U on the right of size five in case Cjy

In this section, we determine the hypergroups of type U on the right of size 5,
starting from the possible cases the hyperproduct 2 o 2 can assume. As we will see
later on, there are only two possibilities: 202 = {1,4,5} or 202 = H — {2}. We
begin to prove the following results.

LEMMA 3.1. For every x,y € H — {1}, we have:
3€20y&2€3oy;

Ifx € {4,5}, then2 € xoy < 3 €xoy;
lozoy—{2,3} =zoy—{2,3}

20y —{2,3} =30y —{2,3}

If3¢ 202, then202=203=302=303;
3€202=1€202.

S G oo o~
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Proof. 1. Tt follows from Lemma 2.1.

2.2€z0y=102C1lo(zoy)=(lox)oy=xzoy=3€xoy.

3. If z€ 1oz oy —{2,3}, then there exists an element w € x oy such that
z € 1 ow. Since the family P, is a partition, we have that 1 0z = 1 o w, whence
z = w because z ¢ {2,3}. Then it results that z € xoy, and so lozoy —{2,3} C
x oy —{2,3}. The other inclusion is trivial since 1 is left identity.

4. Tt follows from 3) and the fact that 102 =103.
5. It descends from 1) and 3) and the fact that 102 =103.
6. At once from the point 1) and Proposition 2.1(4). m

PROPOSITION 3.1. 1. [202| > 3;
2.3€202=202=203=H—{2} and302=303=H —{3};
3. 3¢202=202=203=302=2303={1,4,5}.

Proof. 1. By the way of contradiction, suppose that [202| < 2. By the
preceding lemma, apart of isomorphisms, we have five possible cases: (a) 202 =
{1,3}; (b) 202 ={1}; (c) 202 ={4}; (d) 202 ={1,4}; (e) 202 = {4,5}.

In the first case, by Lemma 3.1(1,4), we have that 202 =203 = {1,3} and
302 =303 = {1,2}. In consequence K = {1,2,3} is a subhypergroup of H
(isomorphic to the D-hypergroup S3/S2), which is impossible because hypergroups
of type U on the right of size 5 do not have proper subhypergroups, see Proposition
2.2 of [3].

In all the other cases, by Lemma 3.1(5) and reproducibility, we can suppose
that

202=203=302=303 and 3€204.

In particular we have that 202 =203 C20(204) = (202) 04. In cases b) and
¢), this last inclusion leads to a manifest contradiction.

In the case d), for reproducibility, we have that 5 € 4 o 2. Moreover, from
the fact that {2} U204 =20(202) = (202)02 = {2,3} U4 0 2 we obtain that
{3,565} €204 and 4 ¢ 204. Now, for Lemma 3.1(4), we have that 5 € 304 C
(204)04=20(404). In consequence there exists an element = € 4 o 4 such that
5€2o0x. Since 4 ¢ 404 and 20 {1,2,3} = {1,2,4}, we deduce z = 5, and so
5€205C20(402) =(204)02 C {1,3,5} 02 = {1,2,3,4} U502, which is
impossible being 5 ¢ 5 o 2.

In the case e), by reproducibility, we have that 3 € (204)U(205) = 20(202) =
(202)02=(402)U(502), a contradiction by Lemma 3.1(2).

2. By Lemma 3.1(2) and Proposition 2.1(4), 2 € 302 and 1 € 202. Moreover,
by Lemma 3.1(4) and reproducibility, 5 ¢ 202 =5 € 402 C40(302) =(403)02,
that is an absurdity. So 5 € 2 0 2. Reasoning in a similar way, one obtains that
4 € 202, whence the equality 202 =203 = H — {2}. Analogously one can prove
that 302 =303 =H — {3}.

3. It follows immediately from the point 1) and Lemma 3.1(1, 5). m
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3.1. The case 202 = {1,4,5}

In this subsection we find all hypergroups that, besides to Cjy, fulfil the equality
202 ={1,4,5}. By Proposition 3.1(3), we have that 202 =203=302=303=
{1,4,5}. Now, we prove a lemma.

LEMMA 3.2. 3€204N205.

Proof. From reproducibility, we can suppose that 3 € 2 0 4. By the way
of contradiction, let 3 ¢ 2 o 5. By reproducibility and Lemma 3.1(1), {2,3} C
(405)U(505). Being (202)05 = {1,4,5}05 = {5} U(405)U(505), it follows that
3 € 20(205) and so 4 € 205. Moreover (205) C 20(202) = (202)02 = {1,4,5}02 =
{2,3}U(402)U(502) =4 € 502. Since (202)04 ={1,4,5} 04 = {4} U404U504
and 20 (204) D203 = {1,4,5}, it follows that 5 € 4 04 and so, by Proposition
2.1(4), we have 1 € (204) N (402). Finally, from (204)02 D {1,3}02 = H it
descends 3 € 20 (4 02) whence 4 € 402, that is an absurdity. m

We note that, in the proof of the previous lemma, it is proved that 3 € 204
implies 5 € 4 0 4. Furthermore, by Lemma 3.1(1) and Proposition 2.1(4), we have
respectively 2 € 304 and 1 € 4 04 while, by Lemma 3.1(2), from 5 € 404 C
40(202)=(402)02, we obtain {2,3} C 402. Hence we have that:

3€204 = 2€304; 1€4o04; 56404; {2,3} C402.
By exchanging the role of the elements 4 and 5 we also have:

3€205 =2€305; 1€505;4€505; {2,3} C502.
Finally, since 5 € 404 and 4 € 5 0 5, by Proposition 2.1(4), we have also

1€405N504.

The preceding results can be summarized in the following incomplete table:

e}

1 2,3 4 5
1) | {23 {4} {5}
@ | wasy | 3. | 8.
By | Las | 2.7 | 2.3
My {23,y (s 1 | {1,y
Gy {28y | (.. [{1,4,.. 3

Ul | W N~

We go on to complete the table with the following lemma.

LEMMA 3.3. 1. 1€205N305;,1€502N503;
2.1€204N304;1€402N403;
3. 4€502 (whence 502 =H — {5});
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5€402 (whence 402 =H — {4});
505=H —{5};404=H — {4};
do5=H—{4};504=H — {5};
2044 {1,3,4}; 205 # {1,3,5}.

NS G

Proof. 1. By the way of contradiction, suppose 1 ¢ 205. Then 4 ¢ 305
(otherwise, being 3 € 402, we should have 1 € 205). Similarly 5 ¢ 305 (otherwise
3€502=1€205). Then, by Lemma 3.1(4), 305 = {2} and 205 = {3}. But
(305)05 = {3} while 30 (505) D {2,3}, an absurdity. The rest is a consequence
of Proposition 2.1(3).

2. Reasoning as in the preceding proof, one obtains the result.

3.{2,3} =102C (205)02=20(5o2)=4€502.

4. Similar to the preceding one.

5. If 505 = {1, 4}, the equality 50 (502) = (505) 02 leads to the contradiction
H = H — {4}. Thus, by Lemma 3.1(2), 505 = H — {5}. Similarly it results
dod=H—{4).

6. 40(5o2)=H = (405)02=H and so 5 € (405) 02, whence, by Lemma
3.1(3), {2,3} C405. Then 405 D {1,2,3}. Suppose, by the way of contradiction,
that 405 ={1,2,3}. Then 20 (405) = H — {3}, whence 3 ¢ (204)05 =204 =
{1,3} =20(204) = H — {3}. But this is absurd, because (202) 04 = H. In the
same way, one proves that 504 = H — {5}.

7. If 204 = {1,3,4} then, by Lemma 3.1(4), 5 ¢ 3 04 and so we obtain

(402)od=H — {5} and 40(204) = H, an absurdity. Analogously one can prove
that 205 # {1,3,5}. m

Finally we have, up to isomorphisms, the following three hypergroups, when
202=1{1,4,5}:

o | 1 2.3 4 5
1| {1} | {2,3} {4} {5}
2 [ {20 | {1,450 | {1,3,...7 [{1,3,...}
303 | {145 [{L2...} [{12,..}
4 | {4y |H-{4} | H-{4} | H—{4}
H;, = 5 | {5 | H-{5} H — {5} H — {5} (1 <1< 3) where:

e H, is obtained for 204 = {1,3,5};205 ={1,3,4};304 = {1,2,5};305 =

{1,2,4};

e H, is obtained for 204 = H — {2};205={1,3,4};304=H — {3};305 =

{1,2,4};

e Hj is obtained for 204 =H — {2};205=H — {2};304=H — {3};305 =

H - {3}.
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3.2. The case 202 =H — {2}

In this second case, by Proposition 3.1(2), we know that
202=203=H—{2} and 302=303=H—{3}.
Moreover, being for every x € H, x 0 2 = x 0 3, it is obvious that
zo(H—-{2})=zo0(H—-{3})=z0H=H.

From this fact, we obtain the inclusion {2,3} C 40 2. In fact, if by absurd 402 C
{1,5}, then we derive the contradiction 5 ¢ {1,5} 02 D (402)02=40(202) =
40 (H —{2}) = H. Therefore {2,3} N402 # () and the thesis is a consequence of
Lemma 3.1(2).

Moreover, by reproducibility, there exists x € H — {1,2} such that 2 € x 0 4.
Obviously & € 202, hence 2 € 20 (204), and so 1 € 2 04. Then, by Proposition
2.1(3), we obtain 1 € 4 0 2. Consequently all hypergroups of this case satisfy the
following condition:

{1,2,3} C402=403 and 1€204N304.
Analogously, exchanging the role of the elements 4 and 5, we can prove that

{1,2,3} C502=503 and 1€205N305.

PROPOSITION 3.2. 402=403=H — {4} and 502=503=H — {5}.

Proof. By the preceding remarks, we know that {1,2,3} C402N502. If, by
absurd, 402 =403 ={1,2,3}, from H — {5} =40 (402) = (404) 02 it follows
that {2,3} N4o04 =0 and so 404 C {1,5}.

If 404 = {1}, then (404)02 =40 (402) leads to the contradiction {2,3} =
H — {5}.

If404 = {5}, since 405 =40(404) = (404)o4 =504, from4 €40 (502) =
(405)02 = (504)02 = 50(402) = 50{1,2,3} = H— {4}, we obtain a contradiction.

Finally, if 404 = {1,5}, from (404) 04 =40 (404) we obtain 405 C {1,2,3},
and so 5 € (4o04)o5=40(405) C40{1,2,3} = H — {5}, a contradiction.

Exchanging the role of the elements 4 and 5, we can prove that 502 =503 =
H-{5}.=u

In the next propositions we will determine all possible cases assumed from the
remaining hyperproducts.

LEMMA 3.4. 1. {2,3} C404N505;
2. {1,5} C204N304, {1,4}C205N305.

Proof. 1. If we suppose that 404 C {1,5}, then, by Proposition 3.2, we obtain
that H =40 (H —{4}) =40(402) =(404)02 C {1,5} 02 = H — {5}, that is
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impossible. Then, being 404N{2,3} # (), by Lemma 3.1(2), we derive {2,3} C 404.
In an analogous way, we can prove that {2,3} C 50 5.

2. By Propositions 2.1(4) and 3.2, we have that 1 € 204N205N304N305. Now,
if we suppose, by absurd, that 5 ¢ 204 then, by Lemma 3.1(4) and reproducibility,
we obtain 5 ¢ 304 and 5 € 4 04. Therefore, by Proposition 3.2, we have 5 ¢
(H—{4})o4=(402)04 =40(204), whence 204 = {1}, that is impossible, since
the identity (204) 02 = 20 (4 0 2) leads to the contradiction {2,3} = H. Then
{1,5} € 204. Obviously, by Lemma 3.1(4), we obtain {1,5} C 304.

In the same way, we can prove that {1,4} C205N305. m

PROPOSITION 3.3 For every pair (x,y) of elements in {4,5} we have that
{1,2,3} Caoy.

Proof. By Lemma 3.4, we obtain 2 € 404 and 4 € 20 5. Thus, by Proposition
2.1(4), we have 1 € 504N405.

Moreover, the equality (504) 02 = 50 (4 0 2) implies that 504 # {1}, else
we derive the contradiction {2,3} = 50 (H — {4}) = H. Now, by absurd, if we
suppose that 504N {2,3} = (), then we have 504 = {1,4} and the identity
(504)02 =50 (402) implies that H — {4} = H, an absurdity. Then, by Lemma
3.1(2), we obtain {1,2,3} C 504. By exchanging the elements 5 and 4, we can
prove that {1,2,3} C405.

Finally, by Proposition 2.1(4), from the fact that 2 € 504 and 5 € 204 it
follows that 1 € 4 04. So, by Lemma 3.4(1), {1,2,3} C 404. Analogously, we can
prove that {1,2,3} C505. m

By the preceding propositions, we obtain the following partial table:

o

1 2,3 4 5
1y | (2.3 {4} {5}
@ [H-12y | 5.1 | {14,
Gy lH-—3) | 5.1 | {14}
4 |H-{4 [ {1.2.3,...} | {1,.2,3,...}
5y | H-{5) | {1,2,3,...} [{1,2,3,.. 1

Ul | W N+~

In the next proposition, we will determine further results about the hyper-
products z oy with z € {2,3} and y € {4, 5}.

PROPOSITION 3.4. For every x € {2,3} and y € {4,5}, we have:
1. |[zoy| >3;
2. Ifxod ={1,4,5} orxob = {1,4,5}, then 404 =405 = H — {4} and
504=505=H — {5}

Proof. 1. By Lemma 3.4(2), if we suppose that |z o y| < 3, then the identity
H=2xzo0(yox)=(xoy)oux leads to an evident contradiction.



Hypergroups of type U on the right of size five. Part two 31

2. Suppose that z 04 = {1,4,5} (the case z 05 = {1,4,5} can be solved in a
similar way). Obviously H = o (4 0 4) because z € {2,3} and {1,2,3} C 404.
So, we obtain 5 € (xo04)o4 ={1,4,5} 04 ={4} U404Ub504 whence 5 € 404.
Therefore 4 04 = H — {4}. Analogously, from the fact that H = z o (40 5), obtain
that 505 = H — {5}.

Finally, from the equality H = 40(504), there exists z € 405 such that 2 € zo4.
By hypotheses, necessarily z = 5, hence 5 € 405 and consequently 405 = H — {4}.
Analogously, since H = 50 (404), we deduce that 504 =H — {5}. =m

REMARK 3.1. The equalities 204 =304 =205 = 305 are impossible, or
else, by Lemma 3.4(2), we obtain 204 =304 =205 =305 = {1,4,5} and the
identity (202)04 =20 (204) leads to the contradiction H = H — {3}. Therefore,
by means of Lemmas 3.1, 3.4 and Proposition 3.4(1), apart of isomorphisms, there
are five possible cases for the hyperproducts x o y, with = € {2,3} and y € {4, 5},
described in the following partial tables:

o 4 5 o 4 5

2 | {1,4,5} | {1,3,4} 2 | {1,4,5} | H—-{2}
T 3 | {1,4,5} | {1,2,4} T 3 | {1,4,5} | H—-{3}

o 4 5 o 4 5

2 | H-{2} | H-{2} 2 | {1,3,5} | {1,3,4}
T, 3 | H—{3} | H-—{3} 7 3 | {1,2,5} | {1,2,4}

o 4 5

2 | {1,3,5} | H—{2}
n |3 25 | H-(3)

We complete this section by listing all possible hypergroups of type U, on the
right, in this subcase. The tables have been obtained by means of Propositions
3.1(2), 3.2, 3.3 and the preceding partial tables. Associativity has been verified by
computer.

1. By Proposition 3.4(2), from the partial tables T} and T3, we obtain the
following two hypergroups:

o | 1 2,3 4 5
Lo {1} | {2,3} {4} {5}
2 | {2} | H—{2} | {1,4,5} | {1,3,4}
3 {3} | H—{3} | {1,4,5} | {1,2,4}
4 | {4 |H-{4} | H-{4} | H-{4}
5 | {5} | H-{5} | H-{5} | H-{5}
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2. The partial tables T5 and Ty give rise in all to 20 hypergroups, which can

o | 1 2,3 4 5
Ly ] {23 {4} {5}
2 | {2} | H-{2} | {1,4,5} | H-{2}
3 {3} | H-{3} | {1,4,5} | H—-{3}
4 {4 |H-{4 |H-{4 |H-{4
5 | {5} |H-{5} | H-{5} | H-{5}

be obtained by completing the following two tables,

by means of the following ten partial tables of the hyperproducts x oy, with x,y €

o | 1 2.3 4 5

1 {1} | {2,3} {4} {5}

2 | {2} |H-{2} | H-{2} H—{2}

31 {3y |H-{3} | H-{3} H— {3}

4 | {4}y | H—-{4} | {1,2,3,...} |{1,2,3,...}
5 ({5} | H—-{5} | {1,2,3,...} |{1,2,3,...}
o | 1 2.3 4

1| {1} | {2,3} {4} {5}

2 | {2} |H-{2} | {1,3,5} {1,3,4}
3 {3} |H-{3} | {1,2,5} {1,2,4}
4 | {4}y | H-{4} |{1,2,3,...} | {1,2,3,...}
5 ({5} | H-{5} |{1,2,3,...} | {1,2,3,...}

{4,5}:

{1,2,3} [{1,2,3} {1,2,3} | {1,2,3} {1,2,3} |{1,2,3}
{1,2,3} [{1,2,3} {1,2,3} |H — {5} H— {5} [{1,2,3}
{1,2,3} |{1,2,3} {1,2,3} |H —{4} {1,2,3} |H — {4}
H - {5} |H—-{5} {1,2,3} |H — {5} H - {5} [{1,2,3}
H - {4} [{1,2,3} {1,2,3} |H — {4} H - {4} [{1,2,3}
{1,2,3} |H — {5} H— {5} |H - {5} H - {5} |H—-{5}
H—-{4} |H — {4}

H—{5} |H-{5}
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3. With the partial table T5 we obtain 16 hypergroups, which are obtained
with by completing the following table,

[¢]

1 2.3 4 5

1) | {23 {4} {5}
2} |H—{2} | {135 | H-{2}
{3} | H-{3} {1,2,5} H — {3}
4y [H-{4) [{1,2.3,...} | {1,2.3,...}
(5} | H={5} | {1,2,3,...} | {1,2,3,...}

Ul | W N~

by means of the 16 partial tables determined by choosing the hyperproducts 404 and
405in {{1,2, 3}, H—{4}} and the hyperproducts 504 and 505 in {{1, 2,3}, H—{5}}.

Finally, we have shown the following result:

THEOREM 3.1. Apart of isomorphisms, there exist exactly forty one hyper-
groups in case Cy.

4. Hypergroups of type U on the right of size five in case Cj

We discuss this case, by obtaining first the tables of quotient hypergroups
H/R where R is the relation associated to the partition P = {lox | z € H}.
From Proposition 2.2, we know that H/R is a regular and reversible on the right
hypergroup, with the class R(1) = {1} as scalar identity. In next propositions, we
will determine the hyperproducts R(z)® R(y), while z,y vary in H — {1} (we recall
that the hyperproduct ® is defined in Proposition 2.2(3)). Now, to make easier the
notation, we put R(z) =% and H = H/R. Obviously in this case we have T = {1},
2=3={2,3} and 4 =5 = {4,5}.

PROPOSITION 4.1 For every T,y € H — {1} we have:
IfT#7Yy, thenT €eT®TUT ®7Y;

1ezZy & 1leyeT;

Ty #{1};
TeTQy = 1€
TETRT = TR
T¢IRT => IT®
Z®y| > 2.
IfZz#7andZT=H, thenl €TQYNYD T.

)

Yy
z ;

- {T} ’

Il
SRR

T

© RS G v~

Proof. 1. Immediately from the reproducibility in H.
2. Tt follows from Propositions 2.3(2) and 2.1(3).
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3. By the way of contradiction, we suppose that 7 ® y = {1}. By Proposition
2.4, we have that T # 7, or else the set {1,Z} is stable part of H. By the point 1),
we have that T € T®T, whence the contradiction 1 € (Z®7)®y = 7R (T®Y) = {T}.

4. Let T = {z,2}. From the hypothesis T € T ® § we deduce x € z oy and
z € x oy, therefore z € z o (yoy). So we have 1 € yoy, and finally 1 € 7R 7.

5. If T € T ® T, by the point 4), we have that 1 € T ® T. Moreover, by
Proposition 2.4, the hypergroup H has no proper stable parts, thus 7@z # {1,7}.
Consequently Z® T = H.

6. If |T ® T| = 1, by the hypotheses and the point 3), we can suppose that
TQRT = {y}, with g ¢ {1,T}. Obviously y € T@ 7% or else we have y € TR Y =
IT®([XTRT)=(TRT)®T =7yRT and from the point 4), we deduce that 1 € T® 7.
Now, by reproducibility in H and the point 1), we have T ® § = {1, 7}, whence we
obtain g7 = (TRT) Ry =TQ (T®7Y) = {T,7y}. But this fact contradicts the
point 5). Therefore |7 ® T| # 1 and clearly T ® T = H — {T}.

7. If T = 7, the result follows from 5) and 6). If T # 7 and, by absurd, suppose
that |[Z®7y| = 1, from the point 3), we have that T®y = {Z} or Z®y = {7}. In the
first case, the points 5) and 6) and the identity T® (F®7) = (TRY) ®7 lead to the
contradiction H = {Z}. Also in the second case, we obtain a clear contradiction,
by considering the identity (ZQT) 7 =T ® (T Q7).

8. Without loss of generality, we can suppose 2®2 = H and so {1,3} C 202 =
203,{1,2) C302 =303 and (202) N {4,5} £ 0 # (303) N {4,5).

We note that there exists a € {4,5} such that a € (202) N (303). In fact if
202={1,3,a},thena € 202 =203 C20(202) = (202)02 ={2}U(302)U(a0?2)
and so a € 302 = 303. By the points 5) and 6), we obtain that 4® 4 2 {1,2},
and so aoa O {1,b} with b € {2,3}. Since a € bo2 C (aoca)o2 =ao(ao?2),it
follows that 1 € 4 ® 2N 2 ® 4, completing the proof. m

Note that, in consequence of the preceding proposition, we know that 2® 2 €
{{1,4},H} and 4® 4 € {{1,2}, H}. Now we are going to determine all possible
cases which the hyperproducts 2 ® 4 and 4 ® 2 can assume.

PROPOSITION 4.2. IfT ¢ TQT, for everyT € {2,4}, then 204 = 422 = {2,4}.
Proof. By Proposition 4.1(6), it follows that 2@2 = {1,4} and 4®4 = {1,2}.
Now we observe that, by the identities (4®4)®4 = 4® (4®4) and 2®2)®2 =
2®(2®2), taking in account the Proposition 4.1(1) we obtain {2,4} C2®4N4®?2

and so, by Proposition 4.1(2), we have 204 =4®2 € {{2,4} ,H}.

Suppose 2 ®4 = H, then 202 = 203 = 302 = 303 = {1,4,5} and
4o4=405=504=505=1{1,2,3}, or else if, for example, 202 =203 = {1,4},
we have 20 (404) C20{1,2,3} ={1,2,4} while (204)04 D104 = {4,5}. Now,
since 204N{4,5} # (), we obtain 3 € 404 = 504 C (204)04 = 20(404) = H—{3},
a contradiction. m

PROPOSITION 4.3. If there exists T € {2,4} such that T € T®T, then 204 =
4®2=H.
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Proof. Without loss of generality, we can suppose 4 € 4 ® 4. By Proposition
4.1(5, 6), we have 4@ 4= H and 2®2 2 {1,4}.

By Proposition 4.1(8), 1 € 482N2®4. Since 202N{4,5} # P and 5 € 404 = 405,
we have 5 € 40(202) = (402) 02 and so it follows that 2 € 4 ® 2. We remark that
if 2€ 2®2, in a similar way, we obtain 4 € 2 ® 4.

Now the proof splits into two parts.

I 202 ={1,4}.

By Proposition 4.1(1, 8), we have {1,2} C 24 and by the identity (202)®2 =
2® (2®2), it follows that 4 €24 < 4 €4®2 and so 2® 4 = 4 ® 2. Assume,
by absurd, that 4 ¢ 2 ® 4. Then for every a € {2,3} and b € {4,5}, we have
(aob)N{4,5} =0 and so, by reproducibility in H,202=203=302=303=
{1,4,5}. Moreover, for every a € {2,3}, we have 404 C (aca)o4d=ao(ao4) C
ao {1 2,3} ={1,4,5,a}. It follows that {2,3} N4 04 = () which quickly leads to a
contradiction. So 2®4 = 4® 2 = H and we obtain the claim.

(I 22 =H.
We know that 2®4 D {1,4} and 4®

2
Since 2@4) ®2={1,4} ®2 = {2} U
follows that 4 € 4®2 and s0 4® 2 = H.
At this point we have that:
1. 20a)U(3oa)=H, Vae{2,3};(infact H=10(20a)=(20a)U(30a))
2. dox)U(box)=H, Vze{2,3,4,5}; (the proof is similar to 1.)

3. (aox)={1,4,5}, Vae€{2,3} and x € {4,5}; (if for example, 204 =205 =
{1,4} then 20 (205) =20{1,4} = {1,2,4} while (202)05 21053 5)
4. 202 =203 # {1,3,4,5}; (otherwise (202)04 = H while 20(204) C {1,2,4,5})
5. 302=303#{1,2,4,5}; (similar to 4.)
Let 202 = {1,3,z} and 302 = {1, 2,y}, with {z,y} = {4,5}. Since (202)02 =
H — {z} while z € 20 (2 02) we obtain a contradiction. Hence 2 ® 4 = H. At this

point, changing the role of 2 and 4 we obtain that 4 ® 2 = H. This completes the
proof. m

REMARK 4.1. By Propositions 4.1(5, 6), 4.2, 4.3 and 4.4, the possible quotient
hypergroups H of a hypergroup of type U on the right of size 5, whose partition
associated to the identity 1is Py = {{1},{2,3},{4,5}}, are the following ones:

® |1 ®| 1 4

T {2 | {5 {3 {2 {4}

2 {2} |{1.4} |{2.4} 2 {2} | {1.4} |{1,2,4}
7, 1 ({4} |{2,4} |{1,2} I, 1 [{4} [{1,2,4} |{1,2,4}
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2|1 | 2 1 2|1 | 2 1

T 2 T 2 |

2 [{2) [{1.2.3} [{1.2.3} 2 ({2} [{1.2.3} [{1.2.3}
o AW [T [y ] 5 [1][1 {21 [{[127)

In particular, we observe that the quotient hypergroups Hs and H, are iso-
morphic. Moreover, if we denote by F(Hs) and F(H,) the families of hypergroups
of type U on the right, of partltlon P = {{1},{2,3},{4,5}} and respectively of
quotient hypergroup H. 2 and H, 5, then every hypergroup in F(Hs) is isomorphic
to a hypergroup in F(H,) and vice versa. In fact, it is easy to verify that if (H, o)
is a hypergroup in F(H) and j is the permutation 1 i g ;1 g , then the
hyperproduct ¢ such that z oy = {j(z) € H | z € j(x) 0 j(y)}, for every x,y € H,
is such that (H,o) is a hypergroup in the family F(H,) isomorphic to (H,o) (an
isomorphism is the same map j).

In next propositions, we are going to use the tables Hi, Hy and H3 to obtain
all distinct hypergroups of this case.

THEOREM 4.1. Apart of isomorphisms, there exists a unique hypergroup of
type U on the right, whose partition associated to the identity is P, = {{1},{2, 3},
{4,5}} and whose quotient hypergroup is Hy. This hypergroup is given by the
following hyperproduct table:

o |1 ] 23 45
1|1 [ {23} | {45
2 |2 | {1,4} | {3,5}
3 13 | {15} | {2,4}
4[4 {25 | {13}
5 |5 | {3,4} | {1,2}

Proof. Obviously, in the hypergroups that have P, as partition and H; as
quotient hypergroup, taking into account the Proposition 2.3(1), it results:

e 204=1{2,4} = (20b)U(30b) ={2,3,4,5},Vb € {4,5};
e 1®2={2,4} = (4oa)U(50a)=1{2,3,4,5},Va € {2,3};
e 2®2={1,4} = (20a)U(30a) ={1,4,5},Va € {2,3};
e 1®4={1,2} = (40b)U(50b) ={1,2,3},vb e {4,5}.

In consequence, we can prove the following assertions (where the proof is omit-
ted, it means that it can be obtained by analogous arguments):

© 202=203={1,4} (in fact, if 202 =203 = {1,4,5}, then we should have
(202)04=H, whilel1 ¢204=2¢20(204), that is an absurdity);
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e 302 =303 ={1,5} (as the preceding argument, taking into account that
(202)U(302) ={1,4,5});
e 204 =205={3,5} (in fact, (202)02 ={2,3,5} = 20(202) = {2} U(204) =
{2,3,5} =204 ={3,5});
e 304=305=1{2,4};
e 502=>503={3,4} (in fact, from (204)02={3,5}02={1,5} U (502)
and 20 (402) C20{2,3,5} it follows that 2¢ 502 and so 502 =503 = {3,4};
e 402=403={25};
e 404=405={1,3} (in fact (202)04={1,4} 04 ={4,5} U(404)
while 20 (204) =20{3,5} ={1,3,4,5} and so 404 = {1, 3});
e 504=505={1,2}.
So the table is complete and the hypergroup in the claim is obtained. m

We remark that the hypergroup found in the preceding theorem is also of type
C on the right (i.e. a hypergroup H with a right scalar identity e such that for
all z,y,2 € HyzyNzz # 0 = ey = ez, [9]), and that there is only another one
hypergroup having the same property, as shown in [8], which is the one belonging
to the case C1, see [3].

THEOREM 4.2. Apart of isomorphisms, there exist eleven hypergroups of type
U on the right, whose partition associated to the identity is Py = {{1},{2, 3}, {4,5}}
and whose quotient hypergroup is Hs.

Proof. Also in this case, by using the same preceding tecniques, one can prove
that:

o {2,3} Cbyoby,Vby, by € {4,5} (it follows from 4® (2®2) = (4®2) ® 2, noting
that: bo4 = bo5,b € {4,5), bo (202) = {b} Uboband (ho2) o2 D {2,3));
402Ubo2=403Ub503=H;
204U304=205U305=H;
404Ubo4d=405Ubob=H;
202U302=203U303={1,4,5}.
Then, being 4 ® 4 = H,, we obtain

4od=405={1,2,35} and 5o0d=505={1,234}.
Moreover, 2@ 2 = {1,4} = a; oas C {1,4,5},Vay, as € {2,3}. If we suppose that
202 ={1,4}, then from (202)02={2,3}U(402) and 20(202) = {2} U(204),
it follows that 4 ¢ 2 04, whence 204 = {1, 3,5}, that is:

202={1,4} = 204 ={1,3,5}.

Now, suppose 204 = {1,3,5} and 202 = {1,4,5}. Thus obtain 20(202) = H— {4}
and (202) 02 = H, that is an absurdity. So it must be |2 0 2| = 2. Since it is not
restrictive to suppose 2 0 2 = {1,4}, it results:

202={1,4} & 204 ={1,3,5}.
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On the other hand, if |2 0 2| = 3, then we have:
202={1,4,5} 204 =1{1,3,4,5}.
Analogously, considering the hyperproduct 3 o 3, one proves that:
303={1,5} 305=1{1,2,4}

and
303={1,4,5} & 305={1,2,4,5}.

Note that
202={1,4} =3 €402

(indeed 40(202) =H = (402)02=H = 3 € 402) and analogously
303={1,6}=2€502.

Finally, up to isomorphisms, one obtains the following hypergroups:

o |1 2,3 4.5
111 |{23} {4,5}
2 |2 41,4} {1,3,5}
313 |{L,5} {1,2,4}
4 | 4 C H — {4}
H — 5 15 D H - {5} (1<i<3)
where:

e H; is obtained for C = {1,3,5},D = {1,2,4};
e Hy for C ={1,3,5},D=H —{5};
e Hsfor C=H—-{4},D=H — {5}.

o |1 2,3 4.5
1|1 {2,3} {4,5}
2 |2 {1,4} {1,3,5}
313 | {1,4,5} | H-{3}
4 14 C H - {4}
H, = 515 D H - {5} (4<i<8)

where:
e H, is obtained for C = {1,3,5},D = {1,2,4};
o Hs for C ={1,3,5},D=H — {5};
e Hgfor C=H—{4},D ={1,2,4};
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o H;for C=H—{4},D = H — {5};
o Hyfor C=H —{4},D = {1,3,4}.

o |1 2,3 4.5
1|1 ] {23} {4,5}
2 |2 [ {1,4,5} | H-{2}
3 13 | {1,4,5} | H—-{3}
4 |4 C H — {4}
H;, = |9 D H - {5} (9<i<11)

where:
e Hy is obtained for C' = {1,3,5},D = {1,2,4};
e Hy for C ={1,3,5},D=H — {5};
o Hyfor C=H—{4} , D=H—{5}.m

We complete this section by computing all the hypergroups of type U on the
right such that the partition Py = {{1},{2,3},{4,5}} and the associated quotient
is H3. In this case, we must have the following properties:

l.1€xoy, zoyn{2,3} #0 and zoyn{4,5} #0, for every x,y € H — {1};
2. (xoa)U(xob)=H — {x}, for every x € H, a € {2,3} and b € {4,5};
3. (ao2)U(boz)=H, for every {a,b} € {{2,3},{4,5}} and z € H — {1};
4. (xoy)oz==xo(yoz)=H, forevery x € H and y,z € H — {1}.
Now define on the set H = {1,2,3,4,5} the hyperproduct x such that:
a) 1 is a right scalar identity;
b)1x2=1x3={2,3}and 14 =1x5={4,5};
c)zx2=xx3and x x4 =x x5, for every x € H — {1};
d) x ¢ x*y, for every z,y € H— {1};
e) the above conditions 1), 2), 3) are verified.
It is not difficult to see that the following properties hold:
e the hyperproduct x is reproducible;
o rx(yxz)=H, for every z,y,z € H— {1};
o (zxy)xz=a*(yxz)if 1 € {x,y,z};
o (zxy)xz=u*(yxz)ifexy=H — {z}.

The following lemma is essential to establish when the hyperproduct * is as-
sociative; if this is true, then (H,*) is a hypergroup of type U on the right, whose
partition associated to identity is Py = {{1},{2,3},{4,5}} and with quotient hy-
pergroup Hs.
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LEMMA 4.1. Let {a1,a2} = {2,3}, {b1,b2} = {4,5}, x vy = {1,a1,b1} and
z € H— {1}, then:

(xxy)*z=H < [b) €a; a1 =aj *xas] and [a; € by xby = by * ba].

Proof. If z € {2,3} = {a1, a2}, then (zxy)xz ={1,a1,b1} x2 = {2,3} U (a1 x
z)U (by xz) = H gives by € a1 xa; = ay x az. Analogously, if z € {4,5} = {b1, b2},
we obtain a; € by x by = by % bo.

Vice versa, if by € a1 xa; = a1 xaz and a3 € by x by = by % by then, for
every z € {z1,22} € {{a1,a2},{b1,b2}} we obtain (x xy) x z = {1,a1,b1} xz =
{z1,22} U(a1 x2)U(byxz)=H.m

Now we are able to prove the following:

THEOREM 4.3. Apart of isomorphisms, there exist forty four hypergroups of
type U on the right, whose partition associated to the identity is Py = {{1},{2, 3},
{4,5}} and whose quotient hypergroup is Hs.

Proof. We know that for all z,y € H—{1},3 < |z*y| <4. Ifzxy=H —{z}
we call the hyperproduct z xy full (F.); in particular, if x = y, we call it diagonally
full (D.F.).

It is easy to see that at least two hyperproducts are D.F.. In fact otherwise
we can suppose 2x2 = {1,3,4} and 3x3 = {1,2,5}. By Lemma 4.1, we obtain the
contradiction 5 € 2 x 2. Let

x |1 2,3 45
1| {1} | {23} | {45}
2 [{21 | 4 X
3 | {3} | B Y
4 [{13 | C Z

g_ |5 ] D W

We have the following possible cases:

x| 1 2,3 4,5

11} | {23y | {45}

2 {2} |H-{2} | X

3 13 | H-{3) Y

4 | {4} C H— {4}
\ A B.ZW are D.F.. | > | 1} D H— {5}

and the hyperproducts X,Y, C, D:
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(a) are all F.; we obtain one hypergroup:

1 2,3 4,5
{1} | {23} {4,5}
{2 | H-{2} | H-{2}
(3) | H-{3} | H-{3}
{4} | H-{4 | H-{4
{5y | H-{5} | H-{5}

13 IS IO I N S VA

(b) exactly three are F.; apart of isomorphisms, we obtain the hypergroup

1 2,3 4,5
{1 | {23} {4,5}
{2p | H-{2) | {134
3y | H-{3; | H-{3}
{4) | H-{4} | H-{4
{5 | H-{5 | H-{5}

Ul | W DN =] %

(c) exactly two are F.; we obtain four hypergroups, where:

X ={1,3,4};Y = {1,3,5};C = H — {4}; D = H — {5}
X ={1,3,4};Y = H—{3};C = H— {4} ;D = {1,3,4}
X ={1,3,4);Y = H—{3};C =H—{4};D = {1,2,4}
X ={1,3,5);Y = H—{3};C =H— {4} ;D = {1,2,4}

(d) exactly one is F.; we obtain two hypergroups:

X=H-{2};Y ={1,2,4}:C ={1,2,5}; D = {1,3,4}
X=H-{2};Y ={1,2,4}:C ={1,3,5}; D = {1,2,4}

(e) no hyperproduct is F.; we obtain two hypergroups:

X ={1,3,4};Y ={1,2,5};C = {1,2,5}; D = {1,3,4}
X ={1,3,4};Y ={1,2,5};C = {1,3,5}: D = {1,2,4}

Therefore the case 1. gives rise to 10 hypergroups.
2. B,Z,W are D.F. and A=2x2=2x3=1{1,3,4}:
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x| 1 2.3 4,5

1| {1} | {23 (4,5}
2 | {2} | {1,3,4} X

3 {3} | H-{3} Y

4 | {4} c H— {4}
5 | {5} D H— {5}

In this case, by reproducibility 5 € X = 2x4 = 2 %5 and, by Lemma 4.1, there
are no hyperproducts equal to {1,2,5} or else 5 € 2x2 = A. Concerning the
hyperproducts X,Y, C, D we have the following possibilities:

(a) All are F.; we obtain 1 hypergroup:

1 2,3 4,5
{1y | {23} {4,5}
{2} | {134} | H-{2}
(3} | H-{3} | H-{3}
{4) | H-{4 | H-{4
{5 | H-{5 | H-{5}

CU | W DN = %

(b) Exactly three are F.; we obtain five hypergroups:

X={1,3,5};Y=H—{3};C=H—{4};D=H — {5}
X=H-{2};Y={1,24};C=H—{4};D=H — {5}
X=H-{2};Y=H-{3};C={1,3,5};D=H - {5}
X=H-{2};Y=H—{3}:C=H—{4};D={1,2,4}
X=H-{2};Y=H-{3};C=H-{4};D=1{1,3,4}

(c¢) Exactly two are F.; we obtain eight hypergroups:

X ={1,3,5};Y = {1,2,4};C = H— {4};D = H — {5}
X ={1,3,5);Y = H—{3};C ={1,3,5}; D = H — {5}
X ={1,35};Y = H—{3};C=H—{4};D = {1,2,4}
X ={1,35};Y = H—{3};C=H—{4};D = {1,3,4}
X =H—{2};Y ={1,2,4};C = H— {4} ;D = {1,3,4}
X =H—{2};Y ={1,2,4};C = H— {4} ;D = {1,2,4}
X=H-{2};Y ={1,2,4};C ={1,3,5}; D = H — {5}
X=H-{2};Y=H-{3};C={1,3,5};D = {1,2,4}
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(d) Exactly one is F.; we obtain five hypergroups:

X ={1,3,5};Y ={1,2,4};C ={1,3,5}; D = H — {5}
X ={1,3,5};Y ={1,2,4};C = H — {4}; D = {1,2,4}
X ={1,3,5};Y ={1,2,4};C = H — {4}; D = {1,3,4}
X ={1,3,5};Y =H—{3};C={1,3,5}; D = {1,2,4}
X=H-{2};Y ={1,2,4};C = {1,3,5}; D = {1,2,4}

(e) No hyperproduct is F.; we obtain one hypergroup:

| X ={1,3,5};Y = {1,2,4};C = {1,3,5}; D = {1,2,4} |

Then the case 2. gives rise in all to twenty hypergroups.

3. Only two hyperproducts are D.F.. In this last case, by Lemma 4.1, we
can suppose that B and Z are D.F. (if, for example, Z and W were D.F. then
A=2x2={1,3,4} and B=3x3={1,2,5} and so 5 € 2x2, a contradiction) and
distinguish two possibilities:

A={1,3,4}, W ={1,2,4} or A={1,3,4},W ={1,3,4}.
If A={1,3,4} and W = {1, 2,4} then we have:

x| 1 2.3 45
1| {1y | {2.3) {4,5}
2 | {2} | {1,3,4} X

3 | {3} | H-{3} Y

4 | {4 c H— {4}
5 | {5} D {1,2,4}

By Lemma 4.1, there are no hyperproducts equal to {1,3,5} or {1,2,5} and so,
it is easy to see that at least two hyperproducts are F.. There are the following
possibilities for the other hyperproducts X,Y,C, D:

(a) All are F.; we obtain one hypergroup:

1 2,3 4,5
{1 ] {23 {4,5}
{2} {133a4} H - {2}
{3} | H-{3} | H-{3}
{4} | H-{4} | H-{4}
{5} | H-{5} | {1,2,4}

Ul | W N~ %
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(b) Exactly three are F.; we obtain two hypergroups:

X=H-{2};Y ={1,2,4};C=H —{4};D = H — {5}
X=H-{2};Y=H—{3};C=H—{4};D = {1,3,4}

(c) Exactly two are F.; we obtain one hypergroup:

| X =H—{2};Y ={1,2,4};C = H—{4};D = {1,3,4} |

In case A ={1,3,4} and W = {1, 3,4} we have:

x| 1 2.3 45

1 {1 | 2.3 (4,5}
2 | {2} | {1,3,4} X

3 | {3} | H-{3} Y

4 | {4} c H— {4}
5 | {5} D {1,3,4}

In this case, by reproducibility, 5 € X and 2 € D. As regards the remaining
hyperproducts X,Y,C, D, we have the following possibilities:
(a) All are F.; we obtain one hypergroup:

x| 1 2.3 45
1 {1} | {23} {4,5}
2 | {2} | {1.3,4} X

3 | {3} | H-{3} Y

4 | {4} c H — {4}
5 | {5} D {1,3,4}

(b) Exactly three are F.; we obtain two hypergroups:

X={1,35});Y =H—-{3};C=H—-{4};D=H — {5}
X=H-{2};Y={1,24};C=H—{4};D=H — {5}

(c) Exactly two are F.; we obtain four hypergroups:

X ={1,3,5};Y ={1,2,4};C=H — {4};D = H — {5}
X ={1,3,5};Y = H—{3}:C ={1,3,5};D = H — {5}
X=H-{2};Y ={1,2,4}:C={1,3,5};D=H — {5}
X={1,3,5};Y =H—{3};C=H—{4};D ={1,2,4}
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(d) Exactly one is F.; we obtain two hypergroups:

X ={1,3,5};Y ={1,2,4};C = H - {4}; D = {1,2,4}
X ={1,3,5};Y ={1,2,4};C ={1,3,5}; D= H — {5}

(e) No hyperproduct is F.; we obtain one hypergroup:

] X ={1,3,5};Y ={1,2,4};C = {1,3,5}; D = {1,2,4} ‘

So the case 3. gives rise in all to fourteen hypergroups. m

Finally, we obtain the following result:

THEOREM 4.4. Apart of isomorphisms, there exist exactly fifty siz hypergroups
i case Cs.
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