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FINITE DIMENSIONS MODULO SIMPLICIAL
COMPLEXES AND ANR-COMPACTA

V. V. Fedorchuk

Abstract. New dimension functions G-dim and R-dim, where G is a class of finite simplicial
complexes and R is a class of AN R-compacta, are introduced. Their definitions are based on the
theorem on partitions and on the theorem on inessential mappings to cubes, respectively. If R is a
class of compact polyhedra, then for its arbitrary triangulation 7, we have R,-dim X = R-dim X
for an arbitrary normal space X. To investigate the dimension function R-dim we apply results
of extension theory. Internal properties of this dimension function are similar to those of the
Lebesgue dimension. The following inequality R-dim X < dim X holds for an arbitrary class R.
We discuss the following Question: When R-dim X < co = dim X < co?

Introduction

The following two theorems give us main characterizations of the Lebesgue
dimension.

THEOREM A. A normal space X satisfies the inequality dim X < n > 0 if and
only if for every sequence (F\,Fy), (F2,F3), ..., (FMT E3tY) of n 4+ 1 pais of
disjoint closed subsets of X there exist partitions P; between F} and Fi such that

n+1
Nicy Pi= 2.

THEOREM B. A normal space X satisfies the inequality dim X < n > 0 if and

only if every continuous mapping f: X — I™T1 is inessential.

Pairs (F}, F%) from Theorem A are families ®; of sets such that their nerves
N(®;) coincide with the two point set {0,1} which is zero-dimensional simplicial
complex. Changing the two point set to arbitrary simplicial complexes G; we get
a definition of a dimension function G-dim (see Definition 3.4).
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The cube I"*! from Theorem B is homeomorphic to cone S™ and the sphere
1
S™ is homeomorphic to the join "o, Changing the sphere S° to arbitrary AN R-
compacta R; we get a definition of a dimension function R-dim (see Definition
3.9).
Proposition 3.15 establishes a link between dimension function R-dim, where
R is an AN R-compactum, and extension dimension e-dim:

R-dimX <n < e-dimX <"I'R. (0.1)

According to Proposition 4.5 for homotopy equivalent classes Ry and Ro of
AN R-compacta we have

Ri-dim X = Re-dim X for every normal space X. (0.2)

Theorem 4.8 states that if K is a class of compact polyhedra and 7 is some of
its triangulations, then
K-dim X = K,-dim X (0.3)
for arbitrary normal space X, where /C; is the class of simplicial complexes defined
by the triangulation .

In view of (0.2), (0.3), and West’s theorem on homotopy types of AN R-
compacta, it is sufficient to consider only dimension functions R-dim with R con-
sisting of compact polyhedra. Property (0.1) allows us to apply results of extension
theory introduced by A. Dranishnikov [3].

An internal theory of dimension R-dim is similar to this of the Lebesgue di-
mension. For example, the following statements hold.

Countable sum theorem 5.1.

Point-finite sum theorem 5.3.

Addition theorem 5.7: R-dim(X; U X3) < R-dim X7 + R-dim Xo + 1.
Cech-Stone compactification theorem 5.11.

Universal compact space theorem 5.12.

Decomposition theorem 5.15: If X is a separable metrizable space with R-
dimX < m+n+1, the X can be represented as the union X = AU B so that
R-dim A < m, R-dim B < n.

Completion theorem 5.18.
Inverse system theorems 5.19, 5.20, 5.21.

§ 6 is devoted to comparison of dimensions. Theorem 6.3 states that
R-dim X < dim X (0.4)
for an arbitrary class R and every space X. As for the equality

R-dim X = dim X, (0.5)
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it holds if and only if R contains a disconnected AN R-compactum. In connection
with the inequality (0.4) we study the following problem: When

R-dim X < oo = dimX < oo (0.6)

for every space X7

AN R-compacta R satisfying condition (0.6) are called efd-compacta (nota-
tion: R € efd-C). We give a list of results concerning the class e fd-C. In particu-
lar, Theorem 6.11 states that if H.(R,Q) =0, then R ¢ efd-C.

HYPOTHESIS. R € efd-C < H,(R,Q) # 0.

In § 7 we investigate dimension of products. The inequality
R-dim(X xY) < R-dim X + R-dimY +1 (0.7)

holds for finite-dimensional compact Hausdorff spaces X and Y and a connected
AN R-compactum R (Theorem 7.3).

Inequality (0.7) is not improvable. As an example one can take X =Y = R =
St

§§ 1,2 have an auxiliary character. There we recall some topological construc-
tions and notions and facts of extension theory. All spaces are assumed to be
normal (+77). All mappings are continuous. Compacta stand for metrizable com-
pact spaces. By FinA (FinsA) we denote the set of all finite subsets of A (finite
sequences of elements from A). The symbol LI denotes a union of disjoint sets. For
a space X by exp X we denote the set of all closed subsets of X (including @). The
set of all finite indexed open covers of X is denoted by cove,(X). The symbol ~
stands for a homotopy equivalence.

The author is grateful to Sasha Karassev for pointing out errors in the first
draft of the paper.

1. Simplicial complexes, polyhedra, and AN R-compacta.
Cones, joins, and smash products

1.1. We consider only finite simplicial complexes, so that one can identify an
abstract simplicial complex G with its geometric realization, i.e. with an Fuclidean
complex G with the same vertex scheme. In this context it is clear what is a
simplicial subdivision of a simplicial complex G.

Recall that a simplicial complex G is said to be complete if every face of each
simplex from G belongs to G. In what follows complexes stand for finite com-
plete simplicial complexes. Hence, geometric realizations of complexes are compact
polyhedra.

For a complex G by v(G) we denote the set of all its vertices. Let u be a
finite family of sets and let ug = {U € u : U # @}. The nerve of the family u is
a complex N (u) such that v(N(u)) = {ay : U € up} and a set A C v(N(u)) is a
simplex of N(u) if and only if ({U : ay € A} # @.
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In what follows polyhedra stands for compact polyhedra. Every compact poly-
hedron is an AN R-space (for normal spaces).

1.2. THEOREM [23]. Every AN R-compactum is homotopy equivalent to some
compact polyhedron. m

1.3. The cone of a space X is the space coneX which is the quotient space
X xI/X x 0. The set X x 1 C coneX is called the base of the coneX. As a rule
we shall identify X x 1 and X. Let gx : X X I — cone X be the quotient mapping.
The point gx (X x 0) is said to be the peak of the cone of X and is usually denoted
by ax.

If A is an n-dimensional simplex with vertices ay, ... ,a,, then coneA is an
(n + 1)-dimensional simplex with vertices ag,...,an,aa. Hence the cone of a
complex is a complex.

The join of spaces X and Y is the space X * Y which is the quotient space of
X x I xY with respect to the decomposition whose members are sets  x 0 x Y,
X x1xy(zeX, yeY) and singletons of the set X x (0;1) x Y.

The boundary join (or Bd-join) of spaces X and Y is the following subset X*Y
of the product cone X x coneY: X%Y = cone(X) x Y JX x coneY.

1.4. PROPOSITION ([19]), Lecture 5). If X and Y are locally compact Haus-
dorff spaces, then the spaces X xY and X*Y are canonically homeomorphic. m

1.5. PROPOSITION ([20], Ch. 1). If X and Y are compact Hausdorff spaces,
then there ezists a canonic homeomorphism h : cone(X *xY) — cone X X coneY
such that h(acone(x+y)) = (ax,ay) and h(X *Y) = X3Y . m

By induction we define the iterated join
(L (X1 Xo)*x X3)...)x X,
and the iterated Bd-join
(. (X1xX9)xX3) ... )*xX,,.

The operations * and * are commutative and associative up to homeomorphism.
Thus, for compact Hausdorff spaces X1, ..., X,, there defined their multiple join

n
Xi*x...x X, = = X;
i=1

and their multiple Bd-join

Xlgian Xi~

i=1

There exists a canonical homeomorphism
Xi%.. %X, = U(Xi x Hconer>. (1.1)
i=1 j#i

Proposition 1.5 is generalized as follows.
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1.6. PROPOSITION. If X;,...,X, are compact Hausdorff spaces, then there
is a homeomorphism

g: cone X1 X ... x cone X,, — cone(Xy *...*X,)

such that
g(U(Xichoner)) =X;x...xX, (1.2)
i=1 i
and g(a1, ... ,an) = Geone(X,x..xX,), Where a; is the peak of cone X;,i=1,... ,n.m

1.7. REMARK. In what follows we shall identify the multiple join X7 *...x X,
of compact Hausdorff spaces X1, ..., X,, with their multiple Bd-join, i.e. with the
set (1.1). Sometimes, we shall use a short notation:

B(X1,...,X,) = Lnj (Xi x Hconer). (1.3)

For mappings f;: X; — Y}, let

n n
c(f1,.-.,fn) =cone f; X ...X cone f, : HconeXi — HconeYi.

i=1 i=1
Then
c(fiy.o s fn)(B(X1,..., X)) C B(Yy,...,Y,); (1.4)
(froe s fn) T B(Y1, oY) = B(X1,. o, X)), (1.5)
Taking into consideration our agreement Xy * ... * X, = B(Xy,...,X,), put
firoooxfo=clfi, s fa)lBxa,.. x0)- (1.6)

From properties of cones and products, and equalities (1.4), (1.5) we get

1.8. PROPOSITION. The operation of the multiple join
(Xla"' 7Xn) HXl*“-*Xna (fla"' afn) *)fl**fn

is a covariant functor of several variables in the category Comp of compact Haus-
dorff spaces. Moreover, it preserves homotopy equivalences of spaces and map-
pings. A

The next statement is also well known.

1.9. PropoSITION. If X1,...,X,, are ANR-compacta (polyhedra), then their
multiple join X1 % ... % X, is also an ANR-compactum (a polyhedron). m

1.10. For pointed spaces (X, xo) and (Y, yo) their wedge (X, xzo) V (Y, o) is
defined as the quotient space X UY/{zq,yo}. The smash product (X,zo) A (Y, yo)
is the quotient space X X Y/X x {yo} U {zo} x Y.
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1.11. PROPOSITION [19]. If X and Y are connected AN R-compacta, then for
arbitrary pairs (x;,y;) € X, Y, i = 0,1, the spaces (X,z0) A (Y,y0) and (X, z1) A
(Y,y1) are homotopy equivalent. m

In view of Proposition 1.11 we shall denote the smash product (X, z9) A (Y, yo)
(X,Y are connected AN R-compacta) by X AY.

1.12. ProposITION [19]. If X and Y are connected AN R-compacta, then
SXAY)2X*Y.m

1.13. PROPOSITION. If X and Y are polyhedra (AN R-compacta), then X NY
is a polyhedron (AN R-compactum). m

1.14. PROPOSITION. If X is an AN R-compactum, then cone X € AR. m

2. Main notions of extension theory

Recall that the Homotopy Extension Theorem is fulfilled for a pair (X,Y") of
spaces if, for every closed set F' C X, each mapping f: (X x 0)U(F xI) - Y
extends over X x I.

2.1. THEOREM (Borsuk’s theorem on extension of homotopy) (see [15], [22]).
Homotopy Extension Theorem is fulfilled for every pair (X, R), where X is a space
and R is an AN R-compactum. m

2.2. DEFINITION. Let X and Y be spaces and let Z C X. The property that
all partial mappings f: Z — Y extend over X will be denoted by Y € AE(X, Z).
If every mapping f: Z — Y extends over an open set Uy D Z, then we write
Y € ANE(X,Z). It Y € A(N)E(X, Z) for every closed Z C X, then Y is called
an absolute (neighbourhood) extensor of X (notation: ¥ € A(N)E(X)). If Y €
A(N)E(X) for all spaces X, then Y is said to be an absolute (neighbourhood)
extensor (notation: Y € A(N)E).

Brouwer-Tietze-Urysohn theorem on extension of functions yields
2.3. THEOREM. IfY is an A(N)R-compactum, thenY € A(N)E. m

2.4. FACTORIZATION THEOREM [4]. Let X be a compact Hausdorff space and
let R be an AN R-compactum such that R € AE(X). Then for every mapping f :
X — Y to a metric space Y there exist a compactum X’ and mappings f': X — X'
and g: X' =Y such that R€ AE(X') and f =go f'. m

2.5. PROPOSITION. Let X be a space and let Y be a compact Hausdorff space.
IfY € AE(BX), thenY € AE(X). m

Recall that a space X is dominated by a space Y (notation: X < Y) if there
exist mappings f: X — Y and ¢g: Y — X such that go f ~idx.

2.6. THEOREM. Let X be a space and let Y be a compact Hausdorff space. If
Y is dominated by an ANR-compactum, thenY € AE(X) < Y € AE(8X).

Proof. In view of Proposition 2.5 it suffices to check the implication =. Let
F Dbe a closed subset of 3X and let f: I — Y be a mapping. There exist an
AN R-compactum R and mappings ¢: Y — R and ¥: R — Y such that ¢ o p ~
idy. By Theorem 2.3 the mapping ¢ o f extends over some neighbourhood OF'.
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Consequently, there exist a regular closed set F; C X and a mapping f1: F1 — R
such that F' C Fy and fi|p = @ o f (we recall that a set H is said to be regular
closed if H = ClU, where U is open). Let Fy = FyNX and fo =v¢o fi: Fo =Y.
Since Y € AE(X), there exists a mapping f3 : X — Y such that f3|p, = ¥ o fi|g,-
Put fy = pBf3: BX — Y. According to Theorem 2.1 it remains to show that

falF = f. (2.1)
Since F} is regular closed,
BFy = [Fopx = F1. (2.2)
We have f4|p, = f3|m, = o fi1|F,. Consequently, from (2.2) we get fa|p, = Yo fi|F,.
Then fa|p = Yo filp = vo(filr) = vo(pof) = (Yop)of = f because Yoy ~idy.
This the equivalence (2.1) is proved. m

The next statement is well known and based on Theorem 2.1 and Stone-
Weierstrass theorem.

2.7. THEOREM. Let R be an AN R-compactum and let X be the limit space
of an inverse system {Xa,ﬂ'g,A} of compact Hausdorff spaces X, such that R €
AE(X,). Then Re AE(X).m

Recall that an inverse system S = {X,, 7§, A} is said to be a o-spectrum [21]
if

1) all X, are compacta;

2) the indexing set A is w-complete, i.e. for every countable chain B C A there
is sup B in A;

3) the system S is continuous, i.e. for each countable chain B in A with supB =
B3, the diagonal product A{r? : o € B} maps the space X5 homeomorphically onto
the space lim(S|B).

Applying Theorems 2.4 and 2.7 we get

2.8. THEOREM [17]. Let X be a compact Hausdorff space and let R be an
AN R-compactum such that R € AE(X). Then X is the limit space of a o-spectrum
S ={Xa,7§, A} such that R € AE(X,) for everya € A. m

Theorem 2.1 yields

2.9. PROPOSITION. Let Ry and Rs be AN R-compacta such that Ry <p Rs.
Then Ry € AE(X) = Ry € AE(X) for every space X. m

2.10. DEFINITION. Let A be a subclass of the class A of all normal spaces.
We define a preorder <4 on the class ANR(MC) of all AN R-compacta in the
following way: Ry <4 R if and ounly if Ry € AE(X) = Ry € AE(X) for every
space X € A.

The following statement is an immediate corollary of definitions.

2.11. PROPOSITION. If A1 C Ay C N, then Ry <4, Ro = Ry <4, Ry for
arbitrary AN R-compacta Ry and Ry. m

Let the symbols C, MC, Sep stand for the classes of all compact Hausdorff
spaces, metrizable compacta, separable metrizable spaces. The next statement is
well known. We give its proof for convenience of readers.
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2.12. THEOREM. For arbitrary AN R-compacta Ry and Ro the following
conditions are equivalent:

1) Ry <n Ry; 2) Ry <¢ Ry; 3) Ri <mc Ro; 4) Ry <gep Ra2.

Proof. Proposition 2.11 implies that 1) = 2) = 3). The implication 2) = 1) is
a corollary of Theorem 2.6. Now the implication 3) = 2). Let Ry <aqe R and let
R, € AE(X) for some compact Hausdorff space X. By Theoren 2.8 X is the limit
space of an inverse system S = {X,, 5, A} of compacta such that Ry € AFE(X,)
for all @« € A. Since R; < Ra, we have Ry € AE(X,), o € A. Applying
Theorem 2.7 we get Ry € AE(X), i.e. Ry <¢ R2. At last, Proposition 2.11, the
equivalence 3) <= 1), and condition MC C Sep C A yield the equivalence 4)
< 3).m

In what follows we shall denote the equivalent relations <yr, <¢, <ac, and
<gep simply by <.

Now we define an equivalence relation ~ on the class ANR(MC). Name-
ly: Ry ~ Ry if both Ry < Ry and Ry < R; hold. An equivalence class of an
AN R-compactum R under this relation is called an extension type of R or ext(R).
Proposition 2.9 yields

2.13. PROPOSITION. If AN R-compacta Ry and Rs are homotopy equivalent,
then ext(Ry) = ext(Rz). m

The set of all extension types is denoted by E. Clearly, the preorder < on
ANR(MC) implies a partial order on E. If it is not ambiguous, we denote this
partial order simply by <. Proposition 2.9 implies

2.14. PROPOSITION. If Ry <, Ra, then ext(R1) > ext(Rz). m

2.15. DEFINITION. Let R € ANR(MC). Recall that the extension dimension
of a topological space X is less than or equal to R (notation: e-dimX < R),
provided the property R € AE(X) holds.

If ext(R;1) = ext(Rgy), then the conditions e-dim X < R; and e-dim X < Ry
are obviously equivalent. So sometimes instead of e-dim X < R we shall write
e-dim X < ext(R).

Proposition 2.14 yields

2.16. PrROPOSITION. If AN R-compacta Ry and Rs are homotopy equivalent,
then e-dim X < R; if and only if e-dim X < Ry for an arbitrary space X. m

Theorem 2.6 implies

2.17. PROPOSITION. For an arbitrary topological space X and an arbitrary
ANR-compactum R the following conditions are equivalent:

1) e-dim X < R; 2) e-dim(fX) < R. m

2.18. DEFINITION. Let X and Y be spaces. We write e-dim X < e-dimY if
and only if e-dimY < R implies e-dim X < R for every R € ANR(MC). We say
that e-dim X = e-dimY if both e-dim X < e-dimY and e-dimY < e-dim X hold.

2.19. THEOREM [5]. Let X and K be spaces. If X can be represented as
the union of a sequence F1,Fy, ... of closed subsets, then K € AE(X) provided
K € AE(F,) for alln and K € ANE(X). m
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By analogy with Theorem 3.1.13 from [9] we get

2.20. THEOREM. Let K be a compact polyhedron and let a space X can be
represented as the union of a family {F, : a« € A} of closed subspaces such that
K € AE(F,) for a € A, and let there exist a point-finite open cover u = {U, : o €
A} of X such that F,, C U, fora € A. Then K € AE(X). m

The proof of the next theorem is similar to that of Theorem 1.2 from [8].

2.21. THEOREM. Let K and L be compact polyhedra and let X be a hereditarily
normal space. If X = AUB and K € AE(A), L € AE(B), then K+L € AE(X).m

Theorem 2.3 yields

2.22. PROPOSITION. Let R be an AN R-compactum and let X be a space
satisfying the following condition:

there exists a closed set F' C X such that R € AE(F) and R € AE(C) for
every closed set C' C X which does not meet F.

Then R € AE(X). m

2.23. DEFINITION [9]. A hereditarily normal space X is said to be strongly
hereditarily normal if every regular open set U C X can be represented as the union
of a point-finite family of open F,-sets of X.

By analogy with Theorem 3.1.19 from [9] we get

2.24. THEOREM. If X is a strongly hereditarily normal space and K is a
compact polyhedron, then K € AE(X) = K € AE(A) foranyAC X. m

2.25. FACTORIZATION THEOREM FOR COMPACT HAUSDORFF SPACES [17].
Let X be a compact Hausdorff space and let R be an AN R-compactum such that
R € AE(X). Then for every mapping f: X — Y to a compact Hausdorff space Y
there exist a compact Hausdor[f space X' and mappings f': X — X' andg: X' =Y
such that R € AE(X"), wX'=wY and f =go f'.m

2.26. THEOREM ([16], see [7] for a separable case). Let K, L be countable CW
complezes and let X be a metrizable space. If K x L € AE(X), then X = AU B,
where K € AE(A), L € AE(B).m

2.27. THEOREM [16]. Let K be a countable CW complex and let X be an
infinite cardinal number. Then there exists a completely metrizable space M such
that wa( <\ K e AE(M/{(), and Mf( contains topologically every metrizable
space X with wX <X and K € AE(X).m

For A\ = wq this theorem was proved by W. Olszewski [18]. A. Chigogidze and
V. Valov [2] got a stronger result. Namely, M can be chosen so that for any
completely metrizable space X of weight < XA and K € AE(X) the set of closed
embeddinds X — M){( is dense in the space C(X, M/{() of all continuous mappings
from X to M¥ endowed with source limitation topology.

2.28. PROPOSITION. Let R;, S;, i = 1,2, be AN R-compacta such that Ry <
RQ, 51 S SQ. Then Rl * Sl S R2 * 52.

Proof. According to Proposition 2.13 we may assume that R;, S; are polyhe-
dra. In this case our assertion is proved in ([7], Proposition 3.3) with respect to
the order <g.p. Applying Theorem 2.12 we complete the proof. m
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2.29. THEOREM ([6], Theorem 7.10). Let h* be a reduced continuous co-
homology theory such that h*(K) = 0 for some countable simplicial compler K.
Then there exists a strongly infinite-dimensional compactum X having the property
KeAE(X). m

2.30. PROPOSITION [12]. Let R = Ry URy. If R, € AE(X), i = 1,2, and
RiNRy € AE(X), then R € AE(X). m

2.31. PROPOSITION [12]. Let R= R1URy and let R € AE(X) and RiN Ry €
AE(X). Then R; € AE(X),i=1,2.m

2.32. PROPOSITION [12]. R; x Ry € AE(X) if and only if R, € AE(X),
1=1,2.m

2.33. PROPOSITION [3]. Let Ry D Ry and let Ry, Ry be AN R-compacta. If
R, € AE(X),i=1,2, then Ri/R, € AE(X). m

2.34. PROPOSITION [3]. Let f: Z — Y be a mapping of AN R-compacta such
that f~!(y) € ANR for all y € Y. Assume that Y € AE(X) and f~!(y) € AE(X)
for a compactum X and all y € Y. Then Z € AE(X). m

Propositions 2.30, 2.32, 2.33, and 2.34 yield

2.35. PROPOSITION. If R, € AE(X), i = 1,2, then Ry A Ry € AE(X) and
Ri*Ry€ AE(X). m

Proposition 2.32 and 2.33 imply

2.36. PROPOSITION. If R € AE(X), then X(R) € AE(X). m

Since Ry * Ry = ¥(R1 A Rz), Proposition 2.36 yields

2.37. PROPOSITION. If Ry A Ry € AE(X), then Ry * Ry € AE(X). m

2.38. THEOREM [7]. Let X andY be metrizable spaces of finite dimension and
let Y be compact. If K € AE(X) and L € AE(Y) are connected CW complezes,
then KANLe€ AE(X xY). m

The next statement is well known.

2.39. OPEN ENLARGEMENT LEMMA. Let ® = (F,...,F,) € Fing(exp X).
Then there exists a family u = (U, ... ,Up) of open subsets of X such that N(u) =
N(@)and F; CU;, j=1,... ,m.m

3. Definitions of dimension invariants
by means of partitions and essential mappings

Recall that a simplicial complex G is said to be complete if every face of each
simplex from G belongs to G. In what follows complezes stand for finite complete
simplicial complexes.

Symbols G, H,G; and so on denote non-empty classes of complexes.

3.1. DEFINITION [10]. Let X be a space, G be a complex, and ® =
(F1,...,Fy) € Fing(expX). A family v = {Uy,... ,Ux} k > m, of open sub-
sets of X is called a G-neighbourhood of ® if F; C U; and N(u) C G.

3.2. DEFINITION. A set P C X is said to be a G-partition of ® € Fing(exp X)
(notation: P € Part(®,G)) if P = X \ |Ju, where u is a G-neighbourhood of .
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Put Expg(X) = {® € Fins(exp X) : N(®) C G}.

3.3. DEFINITION. A sequence G = (G4, ... ,G,) of complexes is called inessen-
tial in X if for every sequence (®q,...,®,) such that ®; € Expg, (X) there exist
G;-partitions P; of ®; such that (\[{P;:i=1,...,r} = 2.

3.4. DEFINITION. Let G be a class of complexes. To every space X one assigns
the dimension G-dimX, which is an integer > —1 or co. The dimension function
G-dim is defined in the following way:

(1) G-dimX = -1 — X =g

(2) G-dim X < n, where n = 0,1,..., if every sequence (Gy,...,Gpnt1), Gi €
=1,...,n+ 1, is inessential in X;

(3) G-dim X = o0, if G-dim X > n for alln =—-1,0,1,....

If the class G contains only one complex G we write G = G and G-dim X = G-
dim X.

Let {0,1} be a two point set and let A™ be an n-dimensional simplex. The
next assertion is evident.

3.5. PROPOSITION. For every space X we have A"-dim X < 0. m

G, i

From a characterization of Lebesgue dimension by means of partitions we get

3.6. THEOREM. For every space X we have {0,1}-dim X = dim X. m

3.7. Symbols R, R and so on denote non-empty classes of metrizable AN R-
compacta. If R contains only one AN R-compactum R we write R = R. Put
C(X,coneR) = J{C(X,coneR) : R € R}.

3.8. DEFINITION [10]. Let o = (f1,... , f) be a finite sequence of mappings

fi: X —coneR;, ReR,

f=hHAo Afy: X —T[, coneR;,
and let F = f~Y(Ry *...* R,) (see Remark 1.7). The sequence o is said to be
R-inessential if the mapping f|p : F — Ry % ...* R,, extends over X.

3.9. DEFINITION. Let R be a non-empty class of metrizable AN R-compacta.
To every space X one assigns the dimension R-dim X which is an integer > —1 or
00. The dimension function R-dim is defined in the following way:

(1) RdimX = -1 — X =g,

(2) R-dim X < n, where n = 0,1,..., if every sequence ¢ = (f1,..., fnt+1),
fi € C(X,coneR), is R-inessential;

(3) R-dim X = o0, if R-dim X > n for all n > —1.

If the class R contains only one compactum R we write R = R and R-dim X =
R-dim X.

From a characterization of Lebesgue dimension by means of essential mappings
we get

3.10. THEOREM. For every space X {0,1}-dim X = dim X. m

3.11. REMARK. At a glance the assertions of Theorems 3.6 and 3.10 coincide.
But these theorems deal with different dimension functions: G-dim and R-dim.
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For a class Z of compacta and an integer m > 1, we put
YZ={Zyx...%xZp:7Z; € Z}.

We shall write R C AE(X) if R € AE(X) for every R € R.
3.12. PROPOSITION. For arbitrary R and X, we have R-dim X < n <=
"R c AB(X).
Proof. ITmplication =. Let R-dim X <n, Ry,... ,R,+1 € R, and let fy: F' —
Ry % ...% R,41 be a mapping of a closed set ' C X. Propositions 1.9, 1.14 and
2.3 imply that cone(Ry *...* R,+1) = R € AE(X). Hence there exists a mapping
f: X — R such that f|r = fo. By Proposition 1.6, R = H?Ll cone R;. Let
n+1
pj: HconeRiHconeRj, j=1...,n+1,
i=1
be projections onto factors. Let f; = pjo f. Then f = fiA...Afn41. Since

flr = fo,

FCF =f Ri*...% Rpy1). (3.3)
From R-dim X < n, it follows that the sequence (f1, ..., fn+1) is R-inessential and,
consequently, there exists a mapping g : X — Ry *...* R, such that g|p, = f.
Hence the equality f|r = fo and condition (3.3) imply that g|r = fo. So g is a
required extension of fy over X and Ry ... R,41 € AE(X).

1
Implication <. Let "R AE(X). We have to prove that an arbitrary
sequence
fi: X - coneR;, R; €R, 1=1,...,n+1,

is R-inessential. Put

n+1
f=h0 . Afpy: X — H cone R; = cone(Ry *...x Rp11)
i=1
and F = f~Y(Ry *...% Ryy1). Since Ry * ... % R, € AE(X), the mapping
fo=flFp:F — Ry *...% Ry extends over X. Thus the sequence (f1,..., fnt1)

is R-inessential. m

3.13. COROLLARY. For an arbitrary AN R-compactum R, R-dim X <n <=
"I'R € AE(X). In particular, R-dim X <0 <= R € AE(X).m

Another corollary of Proposition 3.12 is

3.14. PROPOSITION. If R-dim X < n and F is a closed subset of X, then
R-dmF <n.m

From Definition 2.15 and Corollary 3.13 we get
3.15. PROPOSITION. For arbitrary space X, R-dim X <n <= e-dimX <
njk_lR. In particular, R-dimX <0 <= edimX < R.m

3.16. REMARK. Definition 3.4 of dimension function G-dim is based on Defini-
tion 3.2 and the definition of the set Expg(X). In these definitions the embeddings
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N(®) ¢ G and N(u) C G do not depend on each other. It is possible to give
another definition of dimension function G-dim, where the embedding N(u) C G is
an extension of the embedding N(®) C G. We shall show that this new approach
gives us the same dimension function.

3.17. DEFINITION. Let G be a complex and let X be a space. Denote by
Exp%(X) the set of all triples T = (®r, ar, er), where:

Or =& = (F,...,Fy) € Fing(exp X),m < |[v(G)];

ar=a:(1,...,m) — v(G) is an embedding;

er =e: N(®r) — G is a simplicial embedding
such that e(F;) = a(j).

3.18. DEFINITION. Let T € Exp%(X) and let &7 = (Fi,...,F,). A family
u= (Uy,...,Ux),k > m, of open subsets of X is said to be a G-neighbourhood of
T if F; C U; and there exists an embedding o': (1,... ,k) — v(G), &'|(1,... m) = @,
and a mapping ¢’: N(u) — G, defined by the equality ¢'(U;) = ¢/(j), is a simplicial
embedding.

3.19. DEFINITION. A set P C X is called a G-partition of T € ExpZ(X)
(notation: P € Part(T,G)) if P = X \ Ju, where u is a G-neighbourhood of T'.

3.20. DEFINITION. A sequence (Gi,...,G,) of complexes is called 6-
inessential in X if for every sequence (Ti,...,T,), T; € Expgi (X), there exist
G;-partitions P; of T; such that {P;:i=1,... ,r} = 2.

The inclusion Part(T, G) C Part(®r, G) yields

3.21. PROPOSITION. If a sequence (G1,... ,Gy) is O-inessential in X, then it
is inessential in X . m

3.22. DEFINITION. The dimension function G-dimy is defined as the function
G-dim (Definition 3.4). The only difference is that in the item (2) we require a
f-inessentiality of a sequence (Gi,...,Gp+1) instead of its inessentiality.

3.23. THEOREM. For every space X we have G-dim X = G-dimy X .

To prove Theorem 3.23 we need an additional information.

3.24. LEMMA. Let ® = (Fy,...,F,,) € Fing(exp X) be a sequence such that
the set X \ U ® is infinite. Let G be a complex with v(G) = {a1,... ,ar}, k > m.

Assume that the correspondence Fy — aj, j = 1,... ,m, generates the embedding
N(®) — G. Then there exists a sequence ®1 = (F},... ,F}') € Fing(exp X) such
that F; C Fjl, j =1,...,m, and the correspondence Fj1 = aj, j =1,...,k,

generates the isomorphism N(®1) — G.

_ Proof. Let G be a geometric realization of G and let ai,...,ay be vertices of
G. Denote by H the set of barycenters of all simplices of G. Let : H — X \|J®
be some injection. Put

O; =B(HNOa;), j=1,...,k,

where Oa; is the star of @; in G. Let Q = (Oy,...,0}). From the definition of
H we get that the correspondence O; — a; generated an isomorphism N(Q) — G.
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Put
F/=F;U0;, j=1,...,m; F/=0;, j=m+1,... k.

Then ®; = (F{, ..., F}l) is the required sequence. m

3.25. LEMMA. Let & = (Fy,...,F,) € Fing(exp X) be a sequence such that
X =U®. Then

Part(®,G) = {@} = Part(T, G),

where T = (®7, ar,er) € Exp%(X) is an arbitrary triple with & = . m

3.26. LEMMA. Let ® = (Fy,...,F,,) € Fing(exp X) be a sequence such that
N(®) = G. Then Part(®,G) C Part(T,G) for an arbitrary triple T € Exp%(X)
with (I)T = .

Proof. Let P € Part(®,G). It means that there is a one-to-one correspondence
ag: (1,...,m) — v(G) such that the correspondence

ea(F)) = aa(j)

generates the simplicial isomorphism eg: N(®) — G, and there is a neighbourhood
u= (Up,...,Uy) of &, P = X \ Ju, with another one-to-one correspondence
ap: (1,...,m) — v(G) generating an isomorphism e} : N(u) — G by means of
the correspondence e, (U;) = ag(j). Put T = (®,as,e5). Then u becomes a
G-neighbourhood of ® if we put o/ = a. Since eg is an isomorphism, the mapping
e’ : N(u) — G, defined by €'(U;) = /(j), is an isomorphism as well. m

Proof of Theorem 3.23. The inequality < is a consequence of Proposition 3.21.
Now let G-dim X < n and let (Gy,...,Gpr41) be a sequence of complexes from
G. We have to prove that this sequence is #-inessential. Let T; € Exp%(X ), i =
1,...,n+1. Let &y, = (F{,... , F}, ). We enlarge the sequences ®7, to sequences
®! in the following way. If X \ | ®r, is finite, then we put Fi"' = Fi U (X \|J®r,),
F;l = Fj, j=2,...,m;. If X\ |J®, is infinite, then we take a sequence ®} from
Lemma 3.24. Since G-dim X < n there exist partitions P; C Part(®}, G;) with
Pin...NP,y1 = 2. Applying Lemmas 3.25 and 3.26 we finish the proof. m

4. Equality £-dim X = K, -dim X

4.1. DEFINITION. Let R be a class of AN R-compacta and let X be a space.
According to Definition 2.15 we write e-dim X < R, provided R C AE(X), i.e. the
property R € AE(X) holds for every R € R.

Proposition 3.12 implies

4.2. PROPOSITION. For arbitrary R and X, we have R-dimX < n <=
e-dim X <"F'R. m

4.3. DEFINITION. We say that Ry is dominated by Ro (notation: Ry <j Ra2)

if every R; € R; is dominated by some Ry € Rs. A class Ry is homotopy equivalent
to a class Ry (notation: Ry ~ Ry) if both Ry <j, Re and Ry <j, Ry hold.

4.4. PROPOSITION. If Ry <p Ra, then Ri-dim X < Ro-dim X for an arbi-
trary space X.
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Proof. The assertion is obvious if Ro-dim X = co. Let Ro-dim X = n < oo.
To prove that Ri-dim X < n it suffices, according to Proposition 4.2, to show

that e-dim X < "'R,. Let RY,...,RL,, € Ry. Since Ry <) Ra, there exist
Rjz € Ry such that R]l <p R]z7 7 =1,...,n+ 1. From Proposition 1.8 we get
n+1 n+1
* R} <p = Rjz-. The equality Ro-dim X = n and Proposition 4.2 imply that
j=1 j=1
Rix...xR2 , € AE(X).
n+1
Consequently, in view of Proposition 2.9, = le- € AE(X). Applying Propo-
j=1
sition 4.2 once more we get Ri-dim X <n.m
As a corollary we have
4.5. PROPOSITION. If R1 >~ Ro, then Ri-dim X = Ro-dim X for every X. m
Theorem 1.2 and Proposition 4.5 yield

4.6. PROPOSITION. For every class R of ANR-compacta there exists a class
K =K(R) of polyhedra such that R-dim X = K-dim X for every space X.m

So, when we investigate dimension functions of type R-dim, we can consider
only classes R consisting of compact polyhedra. These classes we shall denote by
K, L and so on. In what follows all polyhedra are assumed to be compact.

Another corollary of Proposition 4.5 is

4.7. PROPOSITION. Let K and L be homotopy equivalent polyhedra. Then
K-dim X = L-dim X for every space X.m

Let K be a class of polyhedra. For each K € K we fix a triangulation ¢ = ¢(K)
of K. The pair (K,t) is a simplicial complex which is denoted by K;. The family
7 ={t(K) : K € K} is said to be a triangulation of the class K. Let K, = {K; :
terTh.

4.8. THEOREM. Let K be a class of polyhedra and let T be some its triangula-
tion. Then K.-dim X = KC-dim X for every space X.

To prove Theorem 4.8 we need some additional information.

Let w = (Uy,...,Up) € coveo(X). Recall that a mapping f : X — N(u)
is said to be u-barycentric, if f(x) = (v1(x),... ,om(x)), where (©1,...,Pm) is
some partition of unity subordinated to the cover u, and ¢;(x) is the barycentric
coordinate of f(z) corresponding to the vertex a; = U; € v(N(u)).

Let G be a simplicial complex with vertices ai,...,an. By Oa; = O; we
denote the star of a; in G, that is the union of all open simplices ¢ from G such
that a; € v(0). Put w = w(G) = (Oay, ... ,0ay).

For g € G, let pj(g) be the barycentric coordinate of the point g cor-
responding to the vertex a;. The function p;: G — [0;1] is continuous and
supp pj = ,uj_l(O; 1] = Oa;.

4.9. PROPOSITION. The mapping p: G — N(w(G)) defined as pu(g) =
(11(9)y - -+ s tm(q)) is a simplicial isomorphism and an w(G)-barycentric mapping. m
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If ® = (F1,...,F,) is a sequence of closed subsets of a space X, then a
sequence u = (Uy,...,U,,) of open subsets of X is called an open enlargement of
¢ if F; CUj, j=1,...,m. Every finite sequence ® of closed subsets of X has an
open enlargement u with N(u) = N(®) (Lemma 2.39).

4.10. DEFINITION. Let ® = (F},..., F,,) be a closed cover of X. A mapping
f:X — N(®) = G is said to be a ®-barycentric, if it is u-barycentric for some
open enlargement u of ® such that N(u) = N(®) and

Cl(f(FJ)) - Oaj, j=1... ,m. (41)

4.11. PROPOSITION. For every finite closed cover ® of X there exists a
D-barycentric mapping f: X — N(P). m

4.12. DEFINITION. Let ® = (Fy,... ,F,,) € Fing(exp X) and let ' = F; U
...UF,,. Let u= (Uy,...,U,) be an open enlargement of ®. A mapping f : F —
N(®) = G is said to be (u, ®)-barycentric if it is (u|F)-barycentric and satisfies
condition (4.1).

4.13. LEMMA [10]. Let G be a simplicial complex with vertices ay,... ,ax
and let u = (Uy, ... ,Ug) be a G-neighbourhood of a sequence ® = (Fy,... ,Fy,) €
Fing(expX), m < k. Put F = FU...UF,,, U =U;U...UUy, and let B
be a closed set such that I C B C U. Then every (u,®)-barycentric mapping
for F— N(u|F) C N(u) C G extends to a mapping f : X — cone G such that

f~H(Oay) CU;,  CU(f(Fy)) C Oay; (4.2)
fYa)NnB =g, (4.3)

where Oa; is the star of the verter a; in coneG and a is the peak of coneG. m

4.14. LEMMA. Let Ry,...,R, be ANR-compacta, let Fy,... ,F, be closed
subsets of a space X, and let h;: X — cone R;, i =1,... ,n, be mappings such that

hi(F;) C R;. (4.4)
Then the mapping h = hi/\ ... Ah, satisfies the condition
h(Y) C B(Ry,...,Ry), (4.5)
whereY = F1U...UF,.
Proof. According to (1.3)
B=DB(Ri,... ,Ry) =B, U...UB,, (4.6)

where B; = R; X H#i cone R;. So it suffices to check that
h(F;) C B;. (4.7)
Let p;: H?:l cone R; — cone R; be the projection onto the factor. Then

h; =p;oh; (4.8)
B; =p; ' (Ry).
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From (4.8) and (4.9) we get that (4.7) is equivalent to (4.4). m

4.15. LEMMA. Let fo, f1: X — R be mappings to an AR-compactum and let
folr = filr for some closed set F C X. Then there exists a homotopy f:: X — R,
0 <t <1, such that fi|r = folr forallt€l. m

4.16. LEMMA. Let f;: X — coneR;, i = 1,...,n, be mappings, where
Ry,... R, are ANR-compacta. Suppose there exist mappings g;: X — cone R;
and homotopies f} : X — cone R; such that

f="r  fi=g (4.10)
(fH Y (R:) D Fi= 7 (Ry); (4.11)
g(X) HconeRi\{(al,... Lan)}, (4.12)

where g = g1 A ... Ag, and a; is the peak of cone R;. Then there exists a mapping
f: X — B(Ry,...,R,) = B such that fly = f, where f = fiA...Af, and
Y=FU...UF,.

Proof. According to Proposition 1.6 there exists a retraction

T HconeRi \ {(a1,...,an)} — B.
i=1

Put h=rogand h; = p; o h. Then
hi|gfl(Ri) = gi‘g;I(Ri)- (4.13)

Indeed, let = € g; *(R;). Then R; > gi(z) = (p; o g)(x). Consequently, g(z) €
p;'(R;) = (by (4.9)) = B; C B. Since r|p = id, we have h(z) = g(z). Hence
hi(z) = gi(z). Thus equality (4.13) is checked.

The conditions (4.10) and (4.11) imply that F; C g; *(R;). Hence (4.13) yields
9ilF, = hil - (4.14)

Lemma 4.15 and the equality (4.14) imply an existence of a homotopy g!: X —
cone R; such that

@ =g, g =h; (4.15)
9i Fi- (4.16)

F = gilm, = hs

From (4.11) and (4.16) we get condition (4.4) for the homotopies gf. Consequent-
ly, in accordance with Lemma 4.14 the homotopy ¢' = gi/A ... Ag! satisfies the
condition

g"(Y) C B(Ry,... ,Ry). (4.5)

In view of (4.15) the homotopy g' connects the mappings g and h. On the other
hand, according to (4.10) the homotopy f* = fiA.../Af! connects the mappings
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f and g and satisfies the condition f*(Y) C B(Ry,...,R,) because of (4.11) and
Lemma 4.14. Thus we can define a homotopy h! : Y — B putting

; fy)  for <3
h'(y) = 2—1 1
g y) for t> 3.

This homotopy connects the mappings f|y = h® and h|y = h'. By Theorem 2.1
the homotopy A’ can be extended to a homotopy 7': X = Bsothat i = h. Then
f= EO is the required mapping. m

Proof of Theorem 4.8. Denote the class K, by G = G(K) and its members K,
by G = G(K). We have to prove the inequalities

G-dim X < K-dim X, (4.17)

K-dim X < G-dim X. (4.18)
Let K-dim X < n and (Gy,...,Gnt1) € FinG, ®; € Expg,(X), i =1,... ,n+
1. To prove inequality (4.17) we have to find G;-partitions P; of ®; such that
NP = @. Let ®; = (Fy, ..., F.). By definition of Expg, (X) we have N(®;) C
Gi. Let v(G;) = {a},... ,a} }, m; < k;. Put F; = F{U...UF}, . According to
Proposition 4.11 there exists a ®;-barycentric mapping f°: F; — N(®;) C G;. This
mapping extends to a mapping f; : X — cone G;. Since K-dim X < n, the mapping

n+1 n+1
f=ho.  Afpi: X — H cone G; = cone( * Gi>
i=1 =1
n+1
is inessential. Consequently, there exists a mapping g: X — « G; = B =
i=1
B(Gy,... ,Gpy1) such that
gly = flv, (4.19)
where Y = f~1(B). In view of Definition 4.10 we have
Cl(fi(F) = C1(s2(F)) € Ol j <mi, (4.20)

where Oag» is the star of aé» in G;. From (4.20) it follows the existence of closed sets
Fj, 7 < k;, such that

cl (fi(F]?)> CTCOd,  j<m, (4.21)
and the family ~; = {T},... ,T} } is a cover of G;. Put "*'T% = pi_l(F;-)7 where
Di: ;L;rll coneG; — coneG; is the projection onto the factor. Recall that B =
By U...U B4, where

B; =G x [ [{cone G, : j # i} = p; "(G). (4.22)

Since v; cover G, condition (4.22) implies that B; = J{""'T'} : 1 < j < k;} and
hence 4
g ' Bi={g (") 1 1< j <k} (4.23)
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Put _ 4 _
V=g () = gy (). (4.24)

The mapping g: X — B C H?:ll cone G; is the diagonal product of the mappings

gi =piog: X — coneG;. Thus from (4.19) we get

gily = filv, (4.25)
Conditions (4.21), (4.24), and (4.25) yield
F/Cc'F;,  j<m, (4.26)
Since X = g~1(B), from (4.23) and (4.24) we get
X={J{'F:1<j<hk, 1<i<n+1} (4.27)

Put ®} = {'F{,... ,'F] }. Proposition 4.9 and conditions (4.21) and (4.24) imply
that

N(®}) C G;. (4.28)
But the closed family ®; has a neighbourhood O®} = {O'F}!,... ,O'F}! } with
N(O®}) = N(®}). Consequently, (4.26) and (4.28) imply that O®! is a G-
neighbourhood of ®;. Further, (4.27) implies that (J{OF! : 1 < i <n+1} €
cov(X). Hence P, N...N P11 = @, where P, = X \ [JO®!. Thus P; are the
required G;-partitions of ®; and inequality (4.17) is proved.

Now let £,-dim X < n and let f;: X — coneK; € K,i=1,... ,n+ 1, be
mappings. To prove (4.18) we have to show that the family o = {f1,..., fat1} is
K-inessential. Denote a simplicial complex (K;); by G;. Let v(G;) = {ai,... ,ai, }.
There exist closed sets ' C G; such that T} C Oa! € w(Gy), v = {T'%,... ,Ti,.}
is a cover of G;, and

N(vi) = G;. (4.29)
Put
i =1
7= ), (430
&, = {F{,... ,F. }. (4.31)
If follows from (4.29)—(4.31) that ®; € Expg,(X) and N(®;) C G;. Since G-
dim X < n, there exist families u; = (U}, ... 7Ufni), i =1,...,n+ 1, of open
subsets of X such that
F; CU; (4.32)
i\
Put U; = U{U...UU}, and F; = F{ U...UF}, . From (4.33) we get X =
Uy U...UUp41. There exist closed sets By, ..., By,+1 such that
F, C B, C Ui, (435)

X =B1U...UB,41. (436)



44 V. V. Fedorchuk

In view of (4.30) and (4.32) f; is an (u;, ®;)- barycentric mapping, i = 1,... ,n+1.
According to Lemma 4.13 there exist mappings g;: X — coneG;,i=1,... ,n+1,
such that

gilr, = filp- (4.37)

7 -1 7 7
F; C g; (Oa}) C Uj, (4.38)
g; (@) N B = 2, (4.39)

where Oa; is the star of aé in coneG; and a; is the peak of coneG;. Put g =
n+1
gD NG X = H?:ll cone G; = cone( * Gi).
j=1
Conditions (4.36) and (4.39) imply that

900 € cone( " G) \ {(an,.- - anin))

j=
Applying Lemma 4.15 to the pair (f;,g;) (see (4.37)) we get a homotopy f} con-
necting f; = f0 and g; = f! so that f!|p, = filr,. Condition (4.30) implies that
F; = fi_l(Gi). Hence we can apply Lemma 4.16 which yields an existence of a
mapping ?: X — Gy *...% Gpyq such that ?'Flu___an+1 = f1i...Afpy1. Hence
the family o is inessential. m

4.17. REMARK. An analysis of the proof of Theorem 4.8 shows that we
actually used Definition 3.22.

4.18. THEOREM. Let K be class of polyhedra and let [K] = | J{[K] : K €
K}, where [K] be the class of all simplicial complezes which are triangulations of K.
Then K-dim X = [K]-dim X for every space X.

Proof. If we consider a triangulation ¢ of a polyhedron K as a pair (G, h),where
h = h(t): G — K is a homeomorphism between a simplicial complex G and K,
then the set T'(K) of all triangulations of K has cardinality < 2%¢. Take some set
' with card T' = 2% and denote by K! the class of all indexed polyhedra from K:

K'={K,:KecKk,yeT}.

Clearly, IC ~ K'. Hence
K-dim X = K- dim X, (4.40)

because of Proposition 4.5. Let T(K) = {(G,, hy) : v € I'}. If we consider h, as a
homeomorphism h.: G, — K, then 7 = |J{T(K) : K € K} is a triangulation of
the class /C!. Hence according to Theorem 4.8 we have

K-dim X = (K'),-dim X. (4.41)
On the other hand, one can identify the class (K'), with the class
[K]={Gy : (G4, hy) € T(K), K € K}.

Consequently, [K]-dim X = (K1),-dim X = (4.41) = K-dim X = (4.40) = K-
dimX. =
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Let G be a class of complexes. For each G € G we fix a simplicial subdivision
s = s(@) of G. This subdivision can be considered as a triangulation of an Euclidean
complex G which is a geometric realization of G. The pair (G, s) is a simplicial
complex which is denoted by G5. The family o = {s(G) : G € G} is said to be a
simplicial subdivision of the class G. Let G, = {Gs : s € g}

Theorem 4.8 yields

4.19. THEOREM. Let G be class of a complezes and let G, be some its simplicial
subdivision. Then G-dim X = G,-dim X for every space X.m

5. Dimension R-dim

Dimension functions R-dim have intrinsic properties similar to those of the
classical Lebesgue dimension dim. In what follows X is a space and R is a class of
AN R-compacta.

5.1. COUNTABLE SUM THEOREM. If X can be represented as the union of a
sequence F1, Fs, ... of closed subsets with R-dim F; < n for all i, then R-dim X <

n.
n+1
Proof. Let Ry,..., Ryy1 € R. Since R-dimF; < n, we have =+ R; € AE(F;)

J=1
in view of Proposition 3.12. According to Proposition 1.9 and Theorem 2.3,
n+1 n+1
* R; € ANE(X). Consequently, * R; € AE(X) in accordance with Theo-
j=1 j=1
rem 2.19. Applying Proposition 3.12 once more we get R-dim X < n.m

Theorem 5.1 yields

5.2. 0-DISCRETE SUM THEOREM. Let p; = {F! : a € A;}, i € N, be discrete
families of closed subsets of X such that R-dim F! < n and X = Ui Fi. Then
R-dimX <n.m

5.3. POINT-FINITE SUM THEOREM. If a space X can be represented as the
union of a family {F, : a € A} of closed subsets such that R-dim F, < n fora € A,
and if there exists a point-finite open cover {U, : a € A} of X such that F, C U,
fora e A, then R-dim X < n.

Proof. By Proposition 4.6 there exists a class K of polyhedra such that
R-dimY = K-dimY for every space Y, (5.1)

in particular,
K-dimF, <n, a € A. (5.2)

n+1
Let Ki,...,Kp+1 € K. From (5.2) and Corollary 3.13 we get + K; € AE(F,)
i=1

+1
for all @ € A. Theorem 2.20 implies that + K; € AE(X). Applying Corollary

=1
3.13 we get K-dim X < n. Hence R-dim X < n, because of (5.1). m

5.4. DEFINITION. We say that loc-R-dim X < n if for every point x € X
there is a neighbourhood Oz such that R-dim Cl(Oz) < n.
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Theorem 5.3 yields

5.5 THEOREM. If X is a weakly paracompact space, then loc-R-dim X =
R-dim X. m

5.6. REMARK. For the Lebesgue dimension dim(R = {0,1}) Theorems 5.3
and 5.5 were proved by A. Zarelua [24].

5.7. ADDITION (URYSOHN-MENGER) THEOREM. If a hereditarily normal
space X is the union of its subsets A and B such that R-dimA < m and
R-dim B < n, then R-dimX <m +n + 1.

Proof. According to Proposition 4.6 we can assume that R consists of polyhe-
dra. Let Ry,..., Rytnt+2 € R. Proposition 3.12 yields

Ryx...% Rm+1 S AE(A), Rm+2 L Rm+n+2 € AE(B) (53)

It follows from Theorem 2.21 and (5.3) that (Ri*. . *Ry41)*(Rmt2%. . *Rpmint2) €
AE(X), ie. m+:+2 R; € AE(X). Consequently, Proposition 3.12 implies that
RdimX <m4n+1.m

5.8. DEFINITION. Let A be a subset of a space X. We say that rd-R-
dim A < n if R-dim F' < n for every FF C A and F is closed X.

Propositions 2.22, 3.12, and 4.6 yield

5.9. DOWKER’S TYPE THEOREM. Let F' be a closed subset of X such that
R-dim F' <n and rd-R-dim(X \ F') <n. Then R-dim X <n.

Theorem 2.24 and Propositions 3.12 and 4.6 imply

5.10. SUBSPASE THEOREM. If X is strongly hereditarily normal, then
R-dim A < R-dim X for any A C X.

Theorem 2.6 and Proposition 3.12 yield

5.11. THEOREM. R-dim X = R-dim5X. m

From Theorem 2.25, Corollary 3.13, and Theorem 5.11 we get

5.12. THEOREM [17]. Let X be an infinite cardinal, number, n be a non-
negative integer, and let R be an AN R-compactum. Then there is a compact
Hausdorff space Hf’" such that wa’" = )\, R-dim Hf’" =n, and Hf’" contains
topologically every space X with wX < A and R-dim X < n.

An immediate corollary of Theorem 5.12 is

5.13. THEOREM. For every space X with R-dim X < n there exists a com-
pactification bX such that wbX = wX and R-dimbX < n.m

5.14. REMARK. For A\ = wy Theorems 5.12 and 5.13 were proved by J.
Dydak [8].
Theorem 2.26 and Propositions 3.12 and 4.6 imply

5.15. DECOMPOSITION THEOREM. Let X be a metrizable space such that R-
dimX <m+n+1. Then X can be represented as the union X = AU B so that
R-dimA <m and R-dimB <n.m



Finite dimensions modulo simplicial complexes and AN R-compacta 47

5.16. COROLLARY. Let X be a metrizable space with R-dim X < n. Then X
can be represented as the union X = X1 U ... U X417 so that R-dim X; <0, i =
1 ,m+1.m

Theorem 2.27 and Propositions 3.12 and 4.6 yield

5.17. THEOREM. Let R be an AN R-compactum, \ be an infinite cardinal
number, n be a non-negative integer. Then there exists a completely metrizable
space Mf’" such that wa"" = )\, R-dim Mf"" =n, and Mf"” contains topologi-
cally every metrizable space X* with wX < X and R-dimX <n.m

P

As a corollary we get

5.18. COMPLETION THEOREM. Let X beNa metrizable space with R—dij <
n. Then there is a completely metrizable space X containing X with R-dim X <n.m

Theorem 2.7 and Proposition 3.12 imply

5.19. THE FIRST INVERSE SYSTEM THEOREM. Let X be the limit space of an
inverse system { X, g, A} of compact Hausdorff spaces X, such that R-dim X, <
n. Then R-dim X <n.m

Theorem 2.8 and Corollary 3.13 yield

5.20. THE SECOND INVERSE SYSTEM THEOREM. Let X be a compact Haus-
dorff space such that R-dim X < n. Then X is the limit space of a o-spectrum
S ={Xa, 7§, A} such that R-dim X, < n for everya € A. m

Theorem 5.20 and Shchepin’s spectral theorem [21] imply

5.21. THE THIRD INVERSE SYSTEM THEOREM. Let X be the limit space of
a o-spectrum S = {Xq, 7§, A} such that R-dim X, > n for every a € A. Then
R-dimX >n.m

6. Comparison of dimensions

6.1. DEFINITION. Let Ry, Ro be classes of AN R-compacta. We say that
R1 < Ry if for every Ry € Ry there is Ry € R1 such that Ry < Rs.

6.2. PROPOSITION. If Ri < R, then Ro-dim X < Ri-dim X for every
space X.

Proof. Let Ri-dim X < n and R%, ... ,R%H € Ry. Since R1 < Rs, there are

R} € Ry, i =1,...,n+ 1, such that Rz1 < R?. According to Proposition 2.28 we
have

Rix...xR. <Rix..xRl,. (6.1)

From R;-dim X < n and Proposition 3.12 we get
Ri*...x R, € AE(X). (6.2)

Conditions (6.1) and (6.2) yield the condition R} % ...x RZ , € AE(X). Hence
Rao-dim X < n in view of Proposition 3.12. m

6.3. THEOREM. For an arbitrary class R and for every space X we have

R-dim X < dim X. (6.3)
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Proof. In [4] it was noticed that {0,1} < R for every AN E-space R. Hence
{0,1} < R for every AN R-compactum R by Theorem 2.3. Consequently {0,1} <
R. Applying Theorem 3.10 and Proposition 6.2 we complete the proof. m

Proposition 3.12 (or 6.2) yields
6.4. PROPOSITION. If R1 C Ro, then Ri-dim X < Ro-dim X. m
In connection with inequality (6.3) two problems arise.
PROBLEM 1. When
R-dim X =dim X (6.4)
for every space X7
PROBLEM 2. When

R-dimX < oo = dimX < oo (6.5)

for every space?
We start with the first problem.

6.5. THEOREM. Equality (6.4) holds for every space X if and only if R
contains a disconnected AN R-compactum R.

Proof. =. Our condition implies
R-dimX < 0= dimX <0. (6.6)

Assume that all R € R are connected. Take an arbitrary metric space X with
dim X = 1. Then R € AE(X) by Kuratowski-Dugundji theorem (see [1], Theo-
rem 9.1). So R-dimX < 0 < 1 = dim X. This contradicts to (6.6). Thus the
implication = is checked.

<. Let R contains a disconnected AN R-compactum R. Then {0,1} = S° <,
R. Let X be an arbitrary space. We have

dim X = S°-dim X < (by Proposition 4.4) < R-dim X < (in accordance with
Proposition 6.4) < R-dim X < (in view of Theorem 6.3) < dim X.

Thus R-dim X =dim X. m
As for the second problem, it reduces to the zero-dimensional case.
6.6. THEOREM. The condition

R-dimX < oo = dimX < oo (6.7)

holds if and only if
R-dimX < 0= dimX < oo (6.8)

for every space X.

Proof. Tt suffices to check that (6.8) = (6.7). Moreover, in view of Proposition
6.4 we can assume that R = R. Let R-dimX < n. We start with compact
metrizable spaces X. According to Corollary 5.16, X = X; U...U X,, 41, where
R-dim X; < 0. In view of (6.8) dim X; < oo and, consequently, dim X < co.
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Now let X be a compact Hausdorff space. By Theorem 5.20 X is the limit
space of a o-spectrum S = {X,, 7§, A} such that R-dim X, < n for all a € A.

Consequently, condition (6.8) for compacta implies that dim X, < oo. Let B,, =
{a € A:dim X, <m}. Clearly,

A= U{Bm imE wh. (6.9)

Since A is w-complete, (6.9) implies that B,, is cofinal for some m € w. Hence
X = lim(S|By,) and dim X < m. Thus implication (6.8) = (6.7) is proved for
compact Hausdorff space X.

Now let condition (6.8) holds for every space X and let Y be a space with
R-dimY < oco. By Theorem 5.11 we have R-dim 8Y < oco. Then condition (6.8)
for compact spaces implies that dim Y < oo. The equality dimY = dim Y
completes the proof. m

6.7. DEFINITION. An AN R-compactum R is said to be an extensionally
finite-dimensional compactum or efd-compactum (notation: R € efd-C) if

R-dmX <0=dimX < o0 (6.10)

for every space X.
From the proof of Theorem 6.6 we get
6.8. PROPOSITION. If (6.10) holds for every compactum X, then R € efd-C.m
Theorem 2.29 implies
6.9. THEOREM. Let H.(R,Q)=0. Then R ¢ efd-C. m

6.10. COROLLARY. All Moore complexes M(Zy,,n), in particular the real
projective plane RP2, are not efd-compacta. m

6.11. HypoTHESIS. If H.(R,Q) # 0, then R € efd-C.

Theorem B yields

6.12. PROPOSITION. S™ € efd-C for allm > 0. m

Proposition 6.2 implies

6.13. PROPOSITION. If Ry < Ry and Ry € efd-C, then Ry € efd-C'. m
From Proposition 4.4 we get

6.14. PROPOSITION. If Ry <j Ro and R; € efd-C, then Ry € efd-C. m

6.15. PROPOSITION. If S is a classical compact surface, then S € efd-
C <= S#RP?

Proof. Corollary 6.10 yields the implication =. On the other hand, it is well
known that if S # RP?, then S' < S. So applying Propositions 6.12 and 6.14 we
complete the proof. m

An immediate corollary of Proposition 6.14 is

6.16. PROPOSITION. If R € efd-C, then R x S € efd-C, RV S € efd-C for
an arbitrary AN R-compactum S. m
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6.17. PROPOSITION. For an arbitrary AN R-compactum R the following con-
ditions are equivalent:

1) R e efd-C; 2) RV R € efd-C, 3) R+« ReefdC.

Proof. According to Propositions 2.35 and 2.37 we have R < RV R < Rx R.

Consequently, Proposition 6.15 implies that 3) = 2) = 1). It remains to check the

implication 1) = 3). Let R € efd-C and let X be a space such that R+ R-dim X <

n. Hence, "+ (R*R) € AE(X) in view of Corollary 3.13. But "% (R+R) = % 'R.

Applying Corollary 3.13 once again we get R-dim X < 2n + 1. Thus dim X < oo,
because R € efd-C. m
A partial case of Hypothesis 6.11 is

6.18. QUESTION. Let M be an orientable closed manifold. Is it true that
M € efd-C?

7. Dimension of products

7.1. THEOREM. Let X andY be finite-dimensional metrizable spaces. Then

R-dim(X xY) < R-dim X + R-dimY + 1. (7.1)

To prove this theorem we need an auxiliary information.

7.2. DEFINITION [11]. A mapping f: X — Y from a metric space X to a
space Y is said to be strongly 0-dimensional if for every € > 0 and every y € f(X)
there exists an open neighbourhood V' of y such that f~1'V splits into the union of
disjoint open sets of diam < e.

The next statement is rather obvious.

7.3. LEMMA. Let f;: X; — Y; be strongly 0-dimensional mappings of metric
spaces X; = (X;, pi), i = 1,2. Then the mapping f = f1 X fa: X1 x Xy — Y1 xYs is
strongly 0-dimensional with respect to the metric p in X1 x Xo which is the ly-product
of the metrics p1 and pa, i.e. p*((x1,23), (21,23)) = pi (a1, 2%) + p3(23,23). m

7.4. THEOREM [16]. Let K be a countable CW -complex and let X be a metric
space. Then e-dim X < K if and only if there exists a strongly 0-dimensional
mapping f: X — 'Y to a separable metrizable space Y of e-dimY < K. m

Proof of Theorem 7.1. Assume that X and Y are compact spaces with R-
dim X = m, R-dimY = n. If R is disconnected, then R-dim = dim by Theorem
6.7. Hence inequality (7.1) is a corollary of the logarithmic law

dim(X xY) <dimX +dimY

proved by M. Katétov [11] and K. Morita [14]. If R is connected, then in view of

Corollary 3.13 we have "% 'R € AE(X), "f'R € AE(Y).
m+1 n+1

Put Ry = ( * R)A( * R). Theorem 2.38 implies that Ry € AF(X xY).

Hence, in view of Proposition 2.37, we have "R € AE(X xY). Applying
Corollary 3.13 once again we complete the proof.
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Consider now a general case. We may again assume that R-dim X = m, R-
dimY = n; m,n < co. Fix metrics in X and Y. According to Theorem 7.4 and
Proposition 3.15, 4.5 there exist strongly O-dimensional mappings f : X — Xp
and g : Y — Yj to separable metrizable spaces Xy and Yy of R-dim Xy < m and
R-dimYy < n. In view of Theorem 5.13 there exist metrizable compactifications
bX, and bY) of R-dimbXy < m and R-dimbYy < n. In accordance with (7.1) for
compact spaces we have

R-dim(bXy x bYy) <m+n+ 1. (7.2)
Theorem 5.10 and (7.2) yield
R-dmXgxYy<m-+n+1. (7.3)

Then
R-dmX xY<m+n-+1

because of Theorem 7.4, Propositions 3.15, 4.5, Lemma 7.3, and condition (7.3). m

7.5. REMARK. Inequality (7.1) is not improvable. In fact, S'-dim X = 0 for
every one-dimensional compactum X. But S'-dim(X x X)=1=0+0+ 1.

Theorems 5.19, 5.20, and 7.1 imply

7.6. THEOREM. Let X and Y be finite-dimensional compact Hausdorff spaces.
Then R-dim(X xY) < R-dim X + R-dimY + 1. m

7.7. PROPOSITION. If X is a metrizable space of finite dimension, then
R-dim(X x I) < R-dim X + 1 (7.4)

for an arbitrary AN R-compactum R.

Proof. If R is disconnected then R-dim = dim according to Theorem 6.7.
Thus (7.4) is a usual inequality of the Lebesgue dimension. If R is connected, then
R e AE(I), i.e. R-dim I = 0. Applying Theorem 7.1 we complete the proof. m
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