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SOME DECOMPOSITIONS OF SEMIGROUPS

Petar V. Proti¢ and | Nebojsa Stevanovié

Abstract. In this paper we will introduce the notion of a-connected elements of a semigroup,
a-connected semigroups, and weakly externally commutative semigroup, and we prove that a
weakly externally commutative semigroup is a semilattice of a-connected semigroups. Undefined
notions can be found in [4].

Let (S, ) be a semigroup and a € S. We define a binary operation (sandwich
operation) o on the set S by x oy = zay, where z,y € S. Then S becomes a
semigroup with respect to this operation. We denote it by (S,a), and we refer
to (S,a) (for any a € S) as a variant of (5,-). Variants of semigroups of binary
relations have been studied by Blyth and Hickey [1], Hickey [2,3].

A semigroup S is called Archimedean if, for every couple a,b € S, there exists
n € ZT such that a™ € SbS.

Let S be a commutative semigroup, a € S, then (S, a) is also a commutative
semigroup. By above mentioned (5, a) is a semilattice of Archimedean semigroups,
ie. S = Uyey Sas Y is a semilattice, S, are Archimedean semigroups for every
a €Y. Now, if z,y € S, then there exists n € Z* such that

zoxo---ox€yoS <= z2"a" ' €yaS.
—

n

This gives the motivation for the following

DEFINITION 1. Let S be a semigroup and a € S. The elements x,y € S are
a-connected if there exist n,m € Z* such that (za)" € yaS and (ya)™ € zaS. The
semigroup S is a-connected if z,y are a-connected for all z,y € S.

We remark that if (za)™ € yaS and (ya)™ € zaS, then (za)? € yaS, (ya)? €
zaS where p = max{n,m}, m,n,p € Z*.
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In [5] S. Lajos introduced the concept of external commutativity to semigroups.
A semigroup S is called an externally commutative semigroup if it satisfies the
permutation identity xyz = zyx. It has been shown in [6] that simple semigroups
and cancellative semigroups are all externally commutative semigroups.

In [7] M. Yamada gave the construction of arbitrary externally commutative
semigroups.

In [6] we have introduced the concept of weakly external commutativity.
DEFINITION 2. If in a semigroup S there exist an element a so that for all

x,y €S
zTay = yax, (1)

holds, then a semigroup S is called a weakly externally commutative semigroup.

ExaMPLE 1. Let the semigroup S be a given by the table

‘1234
112111
211222
311222
41123 4.

Then S is not an externally commutative semigroup since 3-4-4 =2 +#4-4-3 = 3.
However S is a weakly externally commutative semigroup because, z-1-y = y-1-z,
z-2-y=y-2-x,x-3-y=y-3-x forall z,y € S.

Clearly, every externally commutative semigroup .S is a weakly externally com-
mutative.

ExaMPLE 2. Let K be a commutative monoid, T semigroup with zero. Let
¢: T — {0} — K be an arbitrary homomorphism. Let S = K UT — {0} and
multiplication on S defined by:

AB, for AB#0 inT
p(A)p(B), for AB=0 inT,
Aoc=p(A)c, coA=cp(A), cod=cd, for each ¢,d € K.

It is not hard to prove that (5, o) is a semigroup. Moreover, if A, B € T — {0},
s € K are arbitrary elements then,

AosoB = (p(A)s) o B = (9(A)s)o(B) = p(A)se(B)
= p(B)sp(A) = (Bos)p(A) = Boso A.

Consequently, S is a weakly externally commutative semigroup. It is clear that S
will not be commutative or externally commutative if 7" is not such.

AOB:{

In [7] we have proved the the following result.
LEMMA 1. Let S be a weakly externally commutative semigroup, then the set
B={a€S|(Vz,y € S) zay = yax}

is an ideal in S.
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LEMMA 2. Let S be a weakly externally commutative semigroup, x,y € S and
a € B. Then for k € ZT we have

2k—1, 2k—1

(J,‘ay)Qk _ (xa) y zay, (xay)zkﬂ _ (Ia)2k+1 2k+1. (2)

Y

Proof. We prove this lemma by induction. For k = 1, since by Lemma 1
zay € B, it follows that

(ray)? = zayray, (ray)® = vay(ray)ray = rava(zay)yy = (za)®y>.

Suppose that (2) holds, then

(vay)?*+ = (way) Hzay = (wa)*+'y?* L zay,
(zay)™ ™ = (way)* Pray = (xa)* ' y* T (way)zay
= (za)**za(zay)y®+ly = (za)?T3y2H+3 | m
REMARK 1. From Lemma 2 it follows that
(zay)™ € (za)" 'S (3)

for each z,y € S,a € Band m € Z™.

THEOREM 1. Let S be a weakly externally commutative semigroup, a € B
arbitrary fixed element. Then S is a semilattice of a-connected semigroups.

Proof. We define a relation p on S by

zpy <= (In € Z) (za)™ € yaS, (ya)" € zaS. (4)

From (za)? = zaxa € xaS it follows that p is a reflexive relation. Clearly p is a

symmetric relation. Let z,y € S be elements such that xpy and ypz. Then
(In € Z1) (xa)™ € yaS, (ya)" € zas,

and
(3m e ZT) (ya)™ € za8, (za)™ € yaS$,

There exist t, s € S such that (xa)™ = yat, (za)™ = yas. Now by (3) we have

(
( )(n+1)(m+1 (:Ca n(m+1)( )7n+1 — (yat)m-‘rl(wa)m+1
c (ya)m ((Ea)m-"_l - ZCLS
(Za)(n+1)(m+l) (Za)n (m+1) ( )m+1 _ (yas)nJrl(ZG)nJrl

(ya)"S(2a)"*" C 2aS$,

m

whence xpz so p is a transitive relation.

Hence, p is an equivalence relation.
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Clearly, from xpy we have that (za)?"*! € yaS. Let z € S be an arbitrary
element. Since a € B and B is an ideal, by Lemma 2 we obtain

(22a)?""? = z(zaz)* T 2a = 2(vaz)* ! ntly2ntlg

2n+1 ZZ2n+1

za = x(za)

a € zyaSzz*"la

2n+1

= z(za)

2n+1

= zzaSyz a = yzaSrz a C yzal'.

2n+2

Analogously, (yza) € xzal, so rzpyz. Hence p is a right congruence on S.

Similarly,

2n+2 _ Z( 2n+1 2n+122n+1 2n+1

(zza) zaz) za = z(xa) za € zyaSz za C zyaS,

and analogously (zya)?"*2 € zxaS. Hence, zzpzy and the equivalence relation p is
a left congruence on S.

By what has been said above it follows that p is a congruence on S.

Let 2 € S. Then, since az?, za € B, we obtain

(z%a)? = zx(ax?)az’a = va(ar?)zz’a € zaS,

and

3 = ga(ra)ra = vra(ra)a € r2aS.

(za)
Thus zpx?. Hence p is a band congruence on S.

Let z,y € S, then
(zya)? = z(yaz)ya = y(yar)za = yy(az)ra = yra(az)y € yras.

Analogously, (yza)? € ryaS. Consequently zypyx. So p is a semilattice congruence
on S, whence S is a semilattice of a-connected semigroups. m

COROLLARY 1. Any externally commutative semigroup S is a semilattice of
a-connected semigroups for every a € S.

Proof. Any element a € S satisfies xzay = yax for all z,y € S. m

A semigroup S is called a medial semigroup if it is satisfies the permutation
identity zyzt = xzyt.

EXAMPLE 3. Let a semigroup S be given by the table
123

The semigroup S given by the above table is a medial semigroup and .S is not
externally commutative semigroup since 2-1-3=2#3=3-1-2.

THEOREM 2. A medial semigroup S is a band of a-connected semigroups for
each a € S.
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Proof. On the medial semigroup S, for arbitrary fixed a € S we define the
relation p, given by (4). By Theorem 1 we see that p is an equivalence relation.

Let x,y € S be elements such that zpy. Then
(3ne Z7) (za)" € yaS, (ya)" € xaS.

If z € S is an arbitrary element, then by mediality

(r2a)" " = (za)"2" " wa € yaSzz"va = yzaSz"xa C yzaS .

Dually, (yza)"*™! € zzaS. Similarly, (2xa)" "t € 2yaS, (2ya)"*! € zzaS. Hence p
is a congruence relation on S.
Let x € S be an arbitrary element, then

2

(z%a)? = 2?az’a = vaz’a € zas,

(za)? = raza = v%aa € z%aS,

whence p is a band congruence on S. By the definition of p, each p-class is a-
connected. Thus S is a band of a-connected semigroups. m

DEFINITION 3. Let S be a semigroup and a € S, elements x,y € S are simply
a-connected if
za € yasS, ya € xalS.

Let S be a semigroup and a € S. The semigroup S is said to be simply
a-connected if every two elements are simply a-connected.

For example, a group G is simply a-connected, for every a € G.
EXAMPLE 4. The semigroup S given by the table

is simply 1-connected and it is not a group. Moreover, S is trivially simply 2-
connected since 2 is a zero on S and S is not simply 3-connected because 1-3-3 #
3-3-1.

The semigroup S in Example 2 is not simply a-connected since, for example,
1-1¢3-1-5,1-2¢3-2-5,2-3¢3-3-85.

REMARK 2. Let S be an arbitrary semigroup and a € S, then the relation 7
defined on S by

Ny <= za € yaS*, ya € zaS"

is, clearly, a left congruence relation on S. If S is commutative semigroup, then
7 is a semilattice congruence and so a commutative semigroup is a semilattice of
simply a-connected semigroups, for every a € S.
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EXAMPLE 5. Let the semigroup S be given by the table
2 45

N W W wNn | W
S UL W W N
U NN W[OS

S U W N
LW NN DN W
N W Ww w N

Since S is a commutative semigroup, it is a-connected for every a € S. If a = 2,
then n = S x S. If @ = 5, then n-classes are S, = {2,3,4}, Sz = {5,6} and
Y = {a, 8} is a semilattice.
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