MATEMATNYKN BECHUK OPUTMHAJIHNA HAYYHU DAL
62, 1 (2010), 23-35 research paper
March 2010

ON CERTAIN MULTIVALENT FUNCTIONS
WITH NEGATIVE COEFFICIENTS DEFINED
BY USING A DIFFERENTIAL OPERATOR

M. K. Aouf

Abstract. In this paper, we introduce the subclass S;(n,p, q, ) of analytic and p-valent
functions with negative coeflicients defined by new operator Dy. In this paper we give some
properties of functions in the class S;(n,p,q,a) and obtain numerous sharp results including
(for example) coefficient estimates, distortion theorem, radii of close-to-convexity, starlikeness
and convexity and modified Hadamard products of functions belonging to the class S;(n,p, ¢, @).
Finally, several applications involving an integral operator and certain fractional calculus operators
are also considered.

1. Introduction

Let T'(j,p) denote the class of functions of the form
f(z)=2— 3 arz* (ar>0;p,j€N={1,2,...}), (1.1)
k=j+p

which are analytic and p-valent in the open unit disc U = {z : |z| < 1}. A function
f(z) € T(4,p) is said to be p-valently starlike of order « if it satisfies the inequality

Re{z}c(g)}>a (zeU; 0<a<p; peN). (1.2)

We denote by T7 (p, ) the class of all p-valently starlike functions of order a. Also
a function f(z) € T'(j,p) is said to be p-valently convex of order « if it satisfies the
inequality

Re{l—l—zjs(g)}>a (zeU; 0<a<p; peN). (1.3)
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We denote by Cj(p,«) the class of all p-valently convex functions of order o.. We
note that (see for example Duren [5] and Goodman [6])

f(z)ECj(p,a)<:>Zf/;Z)€Tj*(p,a) (0<a<p; peN). (1.4)

The classes T7 (p, @) and Cj(p, o) were studied by Owa [12].
For each f(z) € T'(j,p), we have (see [3])
p! oS k!
(p—q)! w=j+p (k= )!

apz¥71 (g € No = NU{0}; p>q). (1.5)

For a function f(z) in T'(j,p), we define

DY (2) = £9(2),
z

1e(@) () = DF@D(5) = @(5)) = (1+9) (,

D, f'(z) = Df9(2) (p,q)(f (2)) (p,q)f (2)

__p a3 ! k—q anzk—a
(o) k§+p (k—q)! (P—Q> o 0

Dy f'9(z) = D(D, f9(2))

and
n _ n—1
Dy f9(z) = D(Dy~' f@(2)) (n€N)
P ® k! (k—q)" kg
= P71 — | —— ) arz

»—a) k§+p (k=q)! \p—q
(p,j € N; g € Nos p> q). (1.8)
We note that, by taking ¢ = 0 and p = 1, the differential operator D} = D" was

introduced by Salagean [13].

With the help of the differential operator D}, we say that a function f(z)

belonging to T'(j,p) is in the class S;(n,p,q, a) if and only if
(D7 f@D(z))
. { (D39 (2))

Dpf@(z) } >a (p€N;gneNo) (1.9)

for some a (0 < a<p—g¢q,p>q) and for all z € U.

We note that, by specializing the parameters j,p,n,q and «, we obtain the
following subclasses studied by various authors:

(1) S](OvpaQ7a) = S](p,CLOZ) and S](17p7 qaa) = C](paQ7a) (Chen et al. [3])7

(i) Sj(n,1,0,) = P(j,a,m) (j € N; n € Ny; 0 < < 1) (Aouf and Srivasta-
va [1]);
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(iii) S1(n,1,0,a) = T(n,a) (n € Np; 0 < a < 1) (Hur and Oh [7]);
T (p, O 12]),
) $i0.p0.0) = { 20 O )
To(p,j) (Yamakawa [20])
Ci(p, Owa [12]),
0 sitp0.a) = { e O
CTy(p,j) (Yamakawa [20])
(vi) S1(0,p,0,a) = T*(p, ) and S1(1,p,0,a) = C(p,x) (p € N; 0 < @ < p)
(Owa [11] and Salagean et al. [14]);
(vii) $;(0,1,0,a) = Th(j) and S;(1,1,0,a) = Ca(j) (j € N; 0 < a < 1)
(Srivastava et al. [19]);

(viii) S;(n,p,0,a) = S;(n,p,) (p,j € N; n € No; 0 < a < p), where
S;(n, p, o) represents the class of functions f(z) € T'(j,p) satisfying the inequality

ADpf()
I“{ Dy 7(2)

(p.jeN; 0<a<p).

(p,jEN; 0<a<p).

} >a  (zel). (1.10)

In our present paper, we shall make use of the familiar integral operator J; ,
defined by (cf. [2] , [8] and [9]; see also [18])

c+p

(opf)(2) = t/Z#Flfu>dt (1.11)

C
z 0

(f € T(j,p); ¢ > —p; p € N) as well as the fractional calculus operator D¥ for
which it is well known that (see for details [10] and [16]; see also Section 5 below)

Di{er) = Y

mzrﬂ—u (p>—1; p€R) (1.12)

in terms of Gamma functions.

2. Coefficient estimates

THEOREM 1. Let the function f(z) be defined by (1.1). Then f(z) €
S;(n,p,q, ) if and only if

[ee] k,q n
> <) (kg o)k gac < (p—q— 0)lpa)  (21)
k=j+p \P — 4

(0<a<p—gq p,j€N; qne No; p>q) where

p! :{p(p—l)----~(p—q+1), q#0,

(r—q)! 1, q=0. 22)

5(p,q) =
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Proof. Assume that inequality (2.1) holds true. Then we find that

o0

‘=g \n k—p
TDr @) (r—q)| < = —
P é(pyg) — X (ﬁ)%(k&)ak |2[* 7P
k=j+p
S (k= p)(E=0)"6(k, q)ay
< <p—q-a.
5(p,q) — k=Z+ (E=0)n6(k, q)a

This shows that the values of the function

2Dy f9 (=)
P(z) = p2 T (2.3)
Dy f@(2)
lie in a circle which is centered at w = (p — q) and whose radius is (p — ¢ — «).
Hence f(z) satisfies the condition (1.9).

Conversely, assume that the function f(z) is in the class Sj(n,p, ¢, ). Then
we have

2Dy fD(2) |
Re {D;}f(‘l)(z) } —
- d(pa)— > (k-0 (%)n 8(k, q)apz""?
Re k:g:rp —
ip,q) — > (g) 5(k,q)arzFP

k=j+p

>a, (2.4)

for some o (0 < a < p—gq), p,j € N, gn € Ny, p > g and z € U. Choose
values of z on the real axis so that ®(z) given by (2.3) is real. Upon clearing the
denominator in (2.4) and letting z — 1~ through real values, we can see that

Za{5(p>Q)— 5 (’“‘q)n&k,q)ak}. (25)

k=j+p \P — 4

b= 0ipa) — 5 (k—0) (z’jj)nau@,q)akz

k=j+p

Thus we have the inequality (2.1). m

COROLLARY 1. Let the function f(z) defined by (1.1) be in the class S;(n,p, q, ).
Then

(P —q—)d(p,q)
(52)" (b= a-a)th.q)

ap < (k>j+p; p,jeN; ¢gne No; p>gq). (2.6)
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The result is sharp for the function f(z) given by
—q—a)d
fe) =2~ (pn ¢—a)(pa) (27)
(5=2)" (k= q— )dlkq)
(k>j+p; p.j€N;gnéeNo; p>q).

REMARK 1. (i) Putting n = 0 in Theorem 1, we obtain the result obtained by
Chen et al. [3, Theorem 1].

(ii) Putting n = 1 in Theorem 1, we obtain the result obtained by Chen et al.
[3, Theorem 2].

3. Distortion theorem

THEOREM 3. If the function f(z) defined by (1.1) is in the class S;(n,p, ¢, a),
then

{ P p=a-a)ipat+p—q) |Zj}|z”m
(p—m)t (B2 (j+p—q—a)(j+p—m)
<|fme)| <

p! (P—a—a)d(p,q)(j+p—q) : —m
A b , P L (3)
(p—m)! () (j+p—q—a)(j+p—m)
(zeU; 0<a<p—gq; p.j e N; gn,m e No; p>max{q,m}). The result is
sharp for the function f(z) given by

2= P (p—q—a)ip.q) i+
7e) (B0 (1 p—q— )i +pra) (32)

p—q

(p,j € N5 ¢,n € No; p> q).
Proof. In view of Theorem 1, we have

(HEZ)™(j+p—q—a)d(j+p,q)
P—a— G+ k2,

o (E=0)n(k— g — a)d(k,q)

< ar <
k=itp  (P—a—a)d(p,q)
which readily yields
o —q—a)s i+ p—q)!
S klay < (p jfp_qa) (p,q)(J +p—aq)! (3.3)
k=j+p (55 i+p—qa—a)
Now, by differentiating both sides of (1.1) m times, we have
p! _ ) k! e
f(z) = ————zpm S gk (3.4)
(p—m)! k=jrp (K —m)!

(k>j+p; p,j € N; gm € Ny; p>max{g,m}) and Theorem 2 follows from (3.3)
and (3.4). m
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REMARK 2. (i) Putting n = 0 in Theorem 2, we obtain the result obtained by
Chen et al. [3, Theorem 7].

(ii) Putting n = 1 in Theorem 2, we obtain the result obtained by Chen et al.
[3, Theorem 8].

4. Radii of close-to-convexity, starlikeness and convexity

THEOREM 3. Let the function f(z) defined by (1.1) be in the class S;(n,p, q, @).
Then

(i) f(2) is p-valently close-to-convez of order ¢ (0 < ¢ < p) in |z| < r1, where

k—gqy\n —g—« _ ﬁ
r1:inf{<pq> (k —a— )itk ) (p “’)} (4.1)

k (p—q—a)i(p,q) k

(k=j+p;p.j€N;qneNop>q).
(i) f(2) is p-valently starlike of order ¢ (0 < ¢ < p) in |z| < ra, where

[k g - a)d(kg) (g =
rz—lr,if{ (p—q—a)d(p,q) (k—<p>} (4.2)

(k>j+p; p,j €N;gneNos p>q).
(iii) f(z) is p-valently convex of order ¢ (0 < ¢ < p) in |z| < rs, where

[ g b0 - ) | T
5T % (P—qg—a)d(p,a)  k(k—)

(k>j+p; p,j € N; gn € No; p> q). Each of these results is sharp for the
function f(z) given by (2.7).

(4.3)

Proof. Tt is sufficient to show that

(2
{;f,f—p <p—¢ (zl<r; 0<p<p; peN), (4.4)
2f (2
f()—p <p—p (Jz]<ry 0<p<p; peN), (4.5)
f(z)
and that
1+Z;,(i§)—p <p—p (Jz2|<rsy; 0<p<p; peN) (4.6)

for a function f(z) € Sj(n,p, ¢, «), where r1,79 and r3 are defined by (4.1), (4.2)
and (4.3), respectively. The details involved are fairly straightforward and may be
omitted. m
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5. Modified Hadamard products

For the functions

(oo}

fulz) =2 = > ak,yzk (ak,, >0; v=1,2) (5.1)
k=j+p

we denote by (f1 ® f2)(z) the modified Hadamard product (or convolution) of the
functions f1(z) and f2(z), where

(f1® fa)(z) = 2P — io: ap.1 - aga2". (5.2)
k=j+p

THEOREM 4. Let the functions f,(z) (v =1,2) defined by (5.1) be in the class
Sj(napvqa a)' Then (fl ® fZ)(Z) € Sj(nvp7 Qa’y)y where

jp—q—a)*(p,q)

V=0-9 - T : - (83)
(HEZ0)n(j +p— g — a)26(j +p,q) — (p — g — a)?6(p, q)
The result is sharp for the functions f,(z) (v = 1,2) given by
fy(Z) — P _ = (p_ q— O‘)é(pa Q) - zj+p (54)
(B2 +p—q—a)d(j+p,q)

(p,j € N; gyn € Nos p>q; v=1,2).

Proof. Employing the technique used earlier by Schild and Silverman [15], we
need to find the largest v such that

o (E4)m(p—q—7)d(k,q)
k=itp P —q—7)0(p,q)

ag,1-ag2 <1 (5.5)

(fu(2) € Sj(n,p,q,a), v =1,2). Since f,(z) € Sj(n,p,q,a) (v = 1,2), we readily

see that
(A=0)"(p — g — )3 (k. q)
iy (P—q—a)d(p,q)
Therefore, by the Cauchy-Schwarz inequality, we obtain
o (E=2)(k — g — a)d(k,q)
Wit P—a—a)i(p,q)

ag, <1 (r=1,2). (5.6)

Va1 ag2 < L. (5.7)

Thus we only need to show that

k—q=7)  _(k=g-0)
p—q—7) = p—q—a)

(k> j+p; p,j €N), or, equivalently, that

Vak,1 - a2 (5.8)

p—q—7)(k—q—a)
VRO = T T g )
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(k> j+p; p,j € N). Hence, in the light of inequality (5.7), it is sufficient to prove
that

(p—q—0a)i(p,q) p—qg—Nk-qg-—0a)
(A=d)n (k—q—a)(s(k,q) =g o)k -g ) (310
(k>j+p; p,j €N). It follows from (5.10) that
o (k=p)(p —q—a)*3(p,q)
L = 5y T B
(k>j+p; p,j€N).
Now, defining the function G(k) b
Gk) = (p—q) (k=p)p—q—0a)®i(p,q) (5.12)

(2=0)(k — g — a)?3(k,q) — (p — ¢ — @)?5(p, q)

(k>j+p; p,j € N), wesee that G(k) is an increasing function of k. Therefore,
we conclude that

jlp—q—a)*$(p,q)

(HED(j +p—q—a)23(j + p,q) — (p — a — @)23(p, q)
(5.13)

Yy<G@G+p) ={@P—q -

)

which evidently completes the proof of Theorem 4. m

Putting n = 0 and n = 1 in Theorem 4, we obtain

COROLLARY 2. Let the functions f,(z) (v = 1,2) defined by (5.1) be in the
class Sj(p,q,«). Then (f1 ® f2)(2) € S;(p,q,7), where

y=P-q9 — ‘?p

q—)*(p,q)
G+ o) = (5.14)

(G+p—q-— (p—q—)?(p.q)

The result is sharp.

REMARK 3. We note that the result obtained by Chen et al. [3, Theorem 5] is
not correct. The correct result is given by (5.14).

COROLLARY 3. Let the functions f,(z)(v = 1,2)) defined by (5.1) be in the
class Cj(p,q,a). Then (f1 ® f2)(2) € C;(p,q,7y), where

Jjlp—q—a)*é(p,q+1)
(J+p—q—a)?(j+p,qg+1)—(p—q—a)ip,q+1)

The result is sharp.

y=@-q - (5.15)

REMARK 4. We note that the result obtained by Chen et al. [3, Theorem 6] is
not correct. The correct result is given by (5.15).

Using arguments similar to those in the proof of Theorem 4, we obtain the
following results.
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THEOREM 5. Let the functions fi(z), resp. fa(z) defined by (5.1) be in the
class Sj(n,p,q, ), resp. Sj(n,p,q,7). Then (f1 ® f2)(2) € S;(n,p,q,(), where

jlp—q—a)(p—q—71)i(p,q) (5.16)
jtp—q—a)j+p—q—7)(j +p,q) —Q(p,q)

Cz(p_Q)_ (J"‘ﬂ)n(

P—q
where
Q=p-qg-a)p—qg-7). (5.17)
The result is the best possible for the functions
Cg—a)s ,
fi(z) =28 = = n(p. 2= )0z 9) : P (p,j € N; q,n € No; p > q)
(5500 +p—a—a)d(j+p,q) (5.18)
Cg—7)§ .
w1 = D00 T (p.j € N5 g,n € Nos p > q).

fQ(Z):Z - (]-;p%;q)n(] +p*Q*7')5(j+paq) (519)

THEOREM 6. Let the functions f,(z) (v =1,2) defined by (5.1) be in the class
S;j(n,p,q,c). Then the function

o0
h(z) =22 — > (ai,l + azg)z”C (5.20)
k=j+p

belongs to the class S;(n,p,q, &), where

2j(p — g — )*3(p, q)
(He=t)n(j+p—q—a)25(j +p,q) —2(p— g — @)?3(p,q)
The result is the sharp for the functions f,(z) (v = 1,2) defined by (5.4).

E=(—q) - (5.21)

6. Applications of fractional calculus

Various operators of fractional calculus (that is, fractional integral and frac-
tional derivatives) have been studied in the literature rather extensively (cf., e.g.,
[4], [10], [17] and [18]; see also the various references cited therein). For our present
investigation, we recall the following definitions.

DEFINITION 1. The fractional integral of order u is defined, for a function

f(Z), by

PPN S A (9
Do) = g | e (>0, (61)

where the function f(z) is analytic in a simply-connected domain of the complex z-
plane containing the origin and the multiplicity of (z—¢)*~1! is removed by requiring
log(z — ¢) to be real when z — ¢ > 0.

DEFINITION 2. The fractional derivative of order p is defined, for a function
f(z), by

I B L (5
D) = f | g 0<u<, (62)

where the function f(z) is constrained, and the multiplicity of (z —{)™* is removed,
as in Definition 1.
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DEFINITION 3. Under the hypotheses of Definition 2, the fractional derivative
of order n + p is defined, for a function f(z), by

DR F() dyl{D”f()} 0<pu<1;neN). (6.3)

In this section, we shall investigate the growth and distortion properties of
functions in the class S;j(n,p, ¢, ), involving the operators J., and D#. In order
to derive our results, we need the following lemma given by Chen et al. [4].

LEMMA 1. [4] Let the function f(z) be defined by (1.1). Then
L(p+1) & (e+pl(p+1)

DU DN = 5 =™ X bt ot O
(W€ R; ¢c>—p; p,j €EN) and
Jep(DE{f(2)}) =
(C +p ( ) SP—H i (C +p)r(k + 1) akzk—u (6 5)
(c+p—wlp+1-p) kirp €tk —p(k+1—p) '

(w € R; ¢ > —p; p,j € N), provided that no zeros appear in the denominators in
(6.4) and (6.5).

THEOREM 7. Let the function f(z) defined by (1.1) be in the class S;(n,p, q, @).
Then

P(p+1)
D7 {(J, Wl
D2 (e 2 { S
(c+j+p)TG +p+ 1+ p)(HEt ") (G+p—q—a)5(i+p,q)
(zeU;0<a<p—q; p>0; c>—p; p,j€N;qn€e Ny p>q) and
- L(p+1)
DIH{(J. T
A A O R e e

(c+p)IG+p+1)(p—g—a)i(p,q) |Z|j}|z|p+u (6.7)
(c+i+p)CG+p+ 1+ p)(HED) (i +p—q—a)d(i +p.q)

(zeU; 0<a<p—q u>0;¢c>—p; p,j € N; gn € Ny; p>q). Each of the
assertions (6.6) and (6.7) is sharp.

Proof. In view of Theorem 1, we have

(H2=)(j +p— g — a)d(j +p,q) >
(p —q— OZ)(S(;D, q) k=j+p ak
o (E=0)"(k — g — a)d(k,q)

k=i4p  (P—q—a)i(p,q)

< <1, (6.8)

ag
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which readily yields
x (p—q—)d(p,q)
>

ag S j+p—q . . . (69)
k=j+p (550 +p—a—a)d(j+p,q)
Consider the function F(z) defined in U by
_Tlp+14p) J
F(2) = S D (U ()

S (c+plk+DI(p+ 1+ p) a2k

— Zp —
=4p (¢ +R)D(k+ 1+ 0)T(p+1)

=z — 3 ®(k)apz* (2 €0)
k=j+p

where
B (k) = (c+p)T(k+1)T(p+ 1+ p)
(c+kT(k+1+pu)T(p+1)
Since ®(k) is a decreasing function of k when p > 0, we get
(c+p)PG+p+ I (p+1+p)
(c+i+pIG+p+1+mlp+1)
(¢> —p; p,j € N; pn>0). Thus, by using (6.9) and (6.11), we deduce that
F)| 2 [~ @G +9) |20 5 a >l -
k=j+p
(c+p)IG+p+DI(P+1+p)(p—q—a)i(pq) P
(c+j+pLG+p+ 1+l + D)D" +p —q—a)d(j +p,q)
(z € U) and

(k>j+p; p,j€N; u>0).  (6.10)

0<®(k) <P(j+p) =

(6.11)

. &3]
[FE) <[P+ @G +p) [ 3 ar <[P+
k=j+p

(c+p)l(G+p+ DI+ 1+pu)(p—q—a)i(p,q) P
(c+i+PTG+p+1+wl(p+ 1)) +p—g—a)(j +p,q)

(z € U), which yield the inequalities (6.6) and (6.7) of Theorem 7. The equalities
in (6.6) and (6.7) are attained for the function f(z) given by

D (e = { s
(c+ PTG +p+ D~ 0)d(p.q) ZJ}ZW 6.12)
(c+j+pT0 +p+ 145" +p—q—a)d(j +p.aq)

or, equivalently, by

)= P (c+p)(p—q—a)i(p,q) it
Ver ) Cr it DG ipg-apGing

Thus we complete the proof of Theorem 7. m
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Using arguments similar to those in the proof of Theorem 7, we obtain the
following result.

THEOREM 8. Let the function f(z) defined by (1.1) be in the class S;(n,p, ¢, a).
Then

i B Fp+1)
D2 (NN = { ey s
(c+p)IG+p+1p—gq-a)ip,q) o7 b e
(c+i+p)PG+p+1—m(EE"( +p—q—a)d(j+p.q) (6.14)
(zeU; 0<a<p—q; 0<u<1;e¢>—p; p,j€N; qnée No; p>q) and
i ; F(p+1)
D2 (e = { it
(T +p+ D —q= )P q) o b apn
(c+j+p)PG+p+1—p) ()" (j+p—q—a)d(j+p.q) (6.15)

(z€eU; 0<a<p—q 0<pu<l;c>—p; p,j€N; q,n€ No; p>q). Each of
the assertions (6.14), and (6.15) is sharp.

REMARK 5. Putting n = 0 and n = 1 in Theorem 7 and Theorem 8, we obtain
the corresponding results for the classes S;(p, ¢, @) and C}(p, g, ), respectively.
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