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FUZZY GRILLS AND INDUCED FUZZY TOPOLOGY
M. N. Mukherjee and Sumita Das

Abstract. In this paper we introduce a new kind of fuzzy topology as an accompanying
structure generated by any given fuzzy grill on the ambient set X in a fuzzy topological space
(X, 7). The basic properties of this induced fuzzy topology are discussed here in some detail. We
have also shown various relations between the fuzzy grill-oriented topology and the original fuzzy
topology under some suitability condition applied on the fuzzy grill under consideration.

1. Introduction and preliminaries

It is well known that the fundamental idea of fuzzy sets was first introduced
by Zadeh [14]. Chang [3] was the initiator of the notion of fuzzy topology in 1968.
In general topology the notion of grills was first proposed by Choquet [5] in 1947,
which has been observed as an excellent tool for studying different topological con-
cepts. In fuzzy setting, the concept of fuzzy grills on fuzzy topological spaces was
initiated by Azad [1], basically for the study of proximities in fuzzy spaces. Subse-
quently, Srivastava and Gupta [12] and Chattopadhyay et al. [4] investigated fuzzy
basic proximity by use of fuzzy grills. Recently some researchers are trying to ex-
tend these studies to the broader framework of fuzzy topology. In [2], the authors
have studied fuzzy compactness, fuzzy almost compactness etc. via fuzzy grills. In
this paper, we also use fuzzy grills to generate a new fuzzy topology larger than the
original one and to study certain basic properties of this new induced topology. We
introduce in Section 2, a closure operator which corresponds to the notion of Kura-
towski closure operator in general topology and this operator induces the aforesaid
new topology via fuzzy grill. In Section 3, we define a suitability condition which
when imposed on a fuzzy grill G, makes the generated fuzzy topology more well-
behaved and applicable. We maintain that in the framework of the investigations
being undertaken in this paper, many other aspects of fuzzy topology namely fuzzy
compactness, fuzzy paracompactness can be studied further, which we propose to
do in future.
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Throughout this paper, by an fts X, we mean a fuzzy topological space (X, 7),
as initiated by Chang [3]. A fuzzy set A in a set X is a function on X into the
closed unit interval [0,1] of the real line. The set {z € X : A(z) > 0} is called the
support of A and is denoted by suppA. The fuzzy sets in X taking on respectively
the constant values 0 and 1 are denoted by Ox and 1x [14] respectively.

For two fuzzy sets A, B in X, i.e., A,B € IX (I =[0,1]), we write A < B if
A(x) < B(x) for each z € X, whereas the notation AgB means that A is quasi-
coincident [10] with B, i.e., A¢B implies A(z) + B(z) > 1 for some x € X. The
negations of these statements are denoted by A £ B and AgB respectively. A fuzzy
singleton or a fuzzy point [10] with support z and value o (0 < a < 1) is denoted
by xq.

A fuzzy set A is non-empty if A # Ox. For A, B € IX, A is called a ¢-nbd of B
[10] if BqU for some fuzzy open set U in X, with U < A; if in addition, A itself is
fuzzy open then it is called an open-g-nbd of B. The collection of all open g-nbds
of any fuzzy point z, is denoted by Q(xz,,). For a fuzzy set A in an fts X, the fuzzy
complement, fuzzy interior and fuzzy closure of A in X are written as 1 — A [or
sometimes as 1x — A] or A, intA and clA respectively.

A subfamily B of the fuzzy topology 7 of an fts (X, 7) is a base for 7 [13] iff
for each fuzzy singleton z,, in (X, 7) and for each open ¢g-nbd U of z,, z,¢B, for
some B € Bwith B<U .

We recall from [10] that z, is called an adherence point of a fuzzy set A if
every g-nbd of z,, is quasi-coincident with A and cl(A) is the union of all adherence
points of A.

A fuzzy point z,, is called an accumulation point of a fuzzy set A [10] if z, is
an adherence point of A and every g-nbd of x, and A are quasi-coincident at some
point different from x, whenever x, < A. The union of all the accumulation points
of A is called the fuzzy derived set of A, denoted by A?. It is also known from [10]
that for any fuzzy set A in an fts X, cl(A) = A\ A%

2. Fuzzy grills and generated fuzzy topology

DEFINITION 2.1. [1] A non-void collection G of fuzzy sets in an fts (X, 7) is
called a fuzzy grill on X if

(i)0x ¢ G

(ii)AEQ,BEIX and A< B= BegGand

(iii) A,BeIX and A\VBeG= AcGor BEG.

DEFINITION 2.2. For any two fuzzy sets A and B in an fts X, we define (A+ B)
and (A — B) to be the fuzzy sets given by

[ A(x) + B(z), if A(x)+ B(z) <1
(A’LBW)_{ 1, it A(z) + B(z) > 1.
and
[ A(z) = B(z), if A(z) > B(z)
(A= B)) = { 0, f A(z) < B(x),

where x € X.
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Before we introduce the most crucial definition of this article, let us recall the
well known definition of Lukasiewicz conjunction A * B on the power set IX, given
by A* B =max(0,A+ B — 1x), for A,B € IXie., for any z € X,

A(z) + B(z) — 1, if A(x) + B(z) > 1,

0, otherwise.

(axB)@) = {

Incidentally it may be noted that the binary operation ‘+’ on I is a t-norm(for
detailed information one may refer to [7, 8, 9]).

DEFINITION 2.3. Let (X, 7) be an fts and G be a fuzzy grill on X. We define
¢ : I — I*, denoted by ¢g(A) or simply by ¢(A) (where A is a fuzzy set in
X) and called the fuzzy operator associated with the fuzzy grill G and the fuzzy
topology 7 to be the union of all fuzzy points x,, of X such that if U € Q(z,), then
AxU €qg.

PROPOSITION 2.4. Let (X, 7) be an fts.

(i) If G is any fuzzy grill on X, then for any two fuzzy sets A and B in X,
A< B = ¢g(A) < ¢pg(B), i.e., g is an increasing function.

(ii) If G; and Gy are two fuzzy grills on X with G; C Go, then ¢g, (4) < ¢g,(A),
for any fuzzy set A in X.

(iii) For any fuzzy grill G on X and any fuzzy set A in X, if A ¢ G then
$g(A) =0x ¢ G.

Proof.(i) zo < ¢g(A) implies that for all U € Q(z,), AxU € G. Now,
A<B=AxU<BxU. Thus for all U € Q(z,), BxU € G, i.e., zo < ¢g(B).

(ii) Let 2o < ¢g,(A). Then for all U € Q(zq), AxU € G1 C Gy = x4 <
bg, (A)

(iil) o < ¢g(A) = for all U € Q(z,), AxU € G. Bt U <1x = AxU < A.
Hence A € G, a contradiction to our hypothesis. Thus ¢g(A) =0x.m

PROPOSITION 2.5. Let (X, 7) be an fts and G be a fuzzy grill on X. Then for
all fuzzy sets A, B in X,

(i) 6(AV B) = 6(A)V 6(B)

(i) p(4(A4)) < ¢(A4) = cl(¢(A)) < cl(A)

(i) p(AV G) = ¢(A), for every G ¢ G.

Proof. (i) Since A < A\/B and B < A\/ B, thus ¢(4) < ¢(A\/ B) and
¢(B) < ¢(A\ B) [by Proposition 2.4(i)]. So,

#(A)\/ ¢(B) < ¢(A\/ B) (1)

Conversely z, £ ¢(A)\ ¢(B) = there exist U, V € Q(x,) such that AxU ¢ G
and BxV ¢ G. Then U AV € Q(z,) and considering different cases depending on
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the values of U, V', A and B, it is a routine affair to show that (A\/ B)«(U A V) <
(AxU)\/(B*V) ¢G. Thus z, £ $(A\ B) and consequently

#(A\/ B) < ¢(A)\/ ¢(B) (2)

From (1) and (2), the result follows.

(ii) Let 24 £ cl(A). Then there exists an open g-nbd U of z, in X such that
UgA, ie., A(y) + U(y) < 1, for each y € X and hence A« U = 0x ¢ G. Then
To % $(A) and hence

$(A) < cl(4) (1)

Now we shall show that cl[#(A)] < ¢(A). Let x4 < cl[p(A)] and U € Q(zy). Then
#(A)qU, i.e., there exists y € X such that ¢(A4)(y) + U(y) > 1. Let [¢p(A)](y) = t.
Then y: < ¢(A) and U € Q(y:) imply that A« U € G. Thus

To < H(A) (2)
Fr(c;ln)l (1) and (2) we have clgp(A) = ¢(A). Hence ¢p(¢p(A)) < cl(d(A)) = ¢p(A) <
cl
(111) If G ¢ G, then ¢(G) = 0x [by Proposition 2.4(iii)]. Thus ¢(AV G) =
P(A)V o(G) [by ()] = (A). m

DEFINITION 2.6. Let G be a fuzzy grill on an fts X. Let us define a map
P IX — IX by ¢(A) = A\ ¢(A) for all fuzzy set A in X.

Now we have

THEOREM 2.7. The above defined 'i)’ satisfies the following conditions:
(a) For every fuzzy set A in X, A <(A).

(b) ¥(0x) = 0x.

(¢) Y(AV B) = ¢(A) V (B).

(d) Y($(A)) = P(A).

Proof. (a) By definition of ¢}’ , we have A < A\ ¢(A) = ¥ (A).

(b) Since Ox ¢ G, ¢(0x) = Ox [by Proposition 2.4(iii)] = ¥ (0x) = Ox.

(¢) 9(AV B) = (AV B)V¢(AV B) = (AV B)V $(A)V ¢(B) [by Proposi-
tion 2.5(1)] = (AV ¢(A)) V(BV ¢(B)) = ¢¥(A) V ¥(B) [by Proposition 2.5(ii)].

(d) ©(¥(A) = (AV (A)) = AV S(A) V(A $(A)) = AV $(A) V $(A) V

(b((;z(z;l])) [by Proposition 2.5(1)] = A\ ¢(A)\ ¢(¢(4)) = A\ ¢(A)[by Proposition
2.5(ii)]. m

We are now equipped enough to give the following definition:
DEFINITION 2.8. In an fts (X, 7), corresponding to a fuzzy grill G there exists a

unique fuzzy topology 7¢ (say) on X given by 7¢ = {U € IX /9(1x —U) = 1x —U},
where for any A € IX, ¢(A) = A\ ¢(A) = 1g-cl(A).
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EXAMPLE 2.9. In an fts (X, 7), the trivial fuzzy grill is I \ {Ox}. If we take
G = I*\ {0x}, then by using Proposition 2.5(ii), we have for any non-empty fuzzy
set Ain X, ¢p(A) = cl(A) and ¢(A) = 17g-cl(A) = A\ ¢(A) = cl(A). Thus in this

case T = Tg.

THEOREM 2.10. In an fts (X, 1)

(i) if G1 and Go be two fuzzy grills with G; C Ga, then 1g, C g, .

(i) if G be a fuzzy grill and B ¢ G, then B is closed in (X, 71g).

(iii) for any fuzzy set A and any fuzzy grill G on X, ¢(A) is Tg-closed.

Proof. (i) Let U € 7g,. Then 71g,-cl(lx —U) = ¢g,(1x —U) = 1x —U =
Ix —U=(1x —U) Vg, (1x —U) = ¢g,(1x —U) < (1x —U). Since G; C Ga, by
Proposition 2.4(ii), ¢g,(1x —U) < ¢g,(1x —U) < (1x —U). Thus 1x —U = 1¢g,-
cd(lx = U),ie., (1x —U) is 7g,-closed and hence U € 7¢,. So 7g, C 7g, -

(ii) By Proposition 2.4(iii), if B ¢ G then ¢(B) = 0x. Then 7g-cl(B) =
Y(B) = B\ ¢(B) = B, proving that B is 7g-closed.

(iii) We have by using Proposition 2.5(ii), 7g-cl(¢(4)) = ¥(#(4)) = ¢(A) V
d(p(A)) = ¢(A), which implies that ¢(A) is 7g-closed. m

REMARK 2.11. For any two fuzzy grills G; and Gs in an fts (X, 1), it can be
checked that G; U G, is also a fuzzy grill on X. But G; N Gy may not be a fuzzy
grill on X, as shown by the following example.

EXAMPLE 2.12. Let X = {a,b} and 7 = {0x,1x, A, B}, where A(a) = 0.2
and A(b) = B(a) = B(b) = 0.5. Then (X, 7) is an fts. Let G; consist of 1x and all
fuzzy sets G1 on X such that 0.3 < G1(a) < 1and 0 < G1(b) < 1, and G, consist of
1x and all fuzzy sets G2 on X such that 0 < Ga(a) < 1 and 0.2 < Ga(b) < 1. Then
G1 and G are fuzzy grills on X. Now let B and C' be two fuzzy sets in X such that
B(a) = 0.4,B(b) = 0 and C(a) = 0,C(b) = 0.3. Then B € Gy but B ¢ Gs. Also
C ¢ G but C € Gg. Let A= B\ C. Then A(a) = 0.4 and A(b) = 0.3 and thus
A =B\ C € G; NGy, but neither B € Gy NGy nor C € G; N Go.

PROPOSITION 2.13. For any two fuzzy grills Gi and Gs in an fts (X, 1), if we
deﬁne G NGy = {Gl/\Gg/G1 S g1,G2 € Gy and (G1 < Go or Go < Gl)}, then
G1 NGy is a fuzzy grill on X.

Proof. Since Ox & G1,G2 , we have 0x & Gy A Gy. Let A € G; A Go, then
A = G1 \ G2 where G € Gy, G2 € G2 and at least one is contained in the other.
Let Gl/\Gg = (G41. Now for any B > A, Gl/\GQ < B= Gy <Be€gG. Then
B=BAlx €Gi ANGs,since B€ Gy, 1x € Gy and B<1y. Finally A=B\C €
g1 A gg = A= Gl/\GQ where Gl € 91, G2 € g2 and (G1 S G2 or G2 é Gl)}
Suppose, without any loss, G; < G2. Then A = B\/C = G5 € G; A Gy which
implies (B € Gy or C € Gy) and (B € Gy or C € Gy). Since B=1x AB=B/A\lx,
C=1xNC=CAlxandlx € G \Ga, it follows that B € G AGy or C € G AGs.

THEOREM 2.14. Let G; and Go be two fuzzy grills on an fts (X, 7). Then for
any fuzzy set A in X,
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(a) dg, (A)V ¢g,(A) = ¢g,ug,(A).
(b) ¢g,(A) \ bg,(A) < dg,ng,(A).

Proof. (a) Clearly G1,G2 C G; U Gs. Then by Theorem 2.4 (i), ¢g,(A) <
$g,u6,(A) and ¢g, (A) < dg,ug, (A), for any fuzzy set A in X. Thus

6, (A)\/ 66, (4) < dg,06,(A) (i)

Conversely, 24 % ¢g,(A)V ¢g,(A) = x4 £ ¢g,(A) and x4 % ¢g,(A). Now, z, %
$g, (A) = there exists some U; € Q(x,) such that AxU; ¢ Gy; and x4 £ ¢g,(A) =
there exists some Us € Q(z,,) such that AxUs ¢ Go. Then Ax (U A\ Us) ¢ Gy UG,
where Uy AUz € Q(z4) so that z, % ¢g,ug,(A). Thus

$a,06,(A) < ¢, (A) \/ bg, (A (i)
From (i) and (ii), the result follows.

(b) Let ys < da, (4) A ¢, (A). Then ys < g, (A) and ys < dg, (A). Thus for
each U € Q(yg), AxU € Gy and A+U € Go. Let AxU =G. Then G € Gy, G € Go
and G < G give G = GAG € G1 ANGa, ie,, AxU € G; A Gy and consequently
Ys < dging,(A). =

We cite an example to show that the reverse inclusion in Theorem 2.14(b) is
not true in general.

EXAMPLE 2.15. Let X = {a,b} and 7 = {Ox,1x, A, B}, where A(a) = 0.5
and A(b) = 0.6, B(a) = B(b) = 0.3. Then (X,7) is an fts. Let Gy consist of
all fuzzy sets G7 in X such that 0.6 < Gi(a) < 1 and 0 < G1(b) < 1, and Go
consist of all fuzzy sets G2 in X such that 0 < Ga(a) < 1 and 0.1 < Ga(b) < 1.
Then G; and Gy are fuzzy grills on X. Then by Proposition 2.13, G; A Gs is also a
fuzzy grill on X. Now we see that the fuzzy point by 4 < ¢g, ag, (A) since for each
U e Qbga), U) > 0.6. So (AxU)(a) > 0.1, (AxU)(b) > 02 = (AxU) € Gy
and hence (A*U) € Gy A Ga. Now we take V = 1x , then (A V)(a ) = 0.5 and
(A V)(b) = 0.6. In this case, (A*V) ¢ G; which 1mphes bo 1 % ¢g, (A). Thus we

)-

have bo 4 £ ¢g, (A) \ dg,(A) and hence ¢g, g, (A) £ ¢g, (A) \ dg,(A

THEOREM 2.16. Let Gy and Gs be two fuzzy grills on an fts (X, 7). Then
TG1UGs = TG, N TG, = TGAG, -

Proof. (a) Since Gy , G2 C G1 U Ga, then by Theorem 2.10(i),

TG1UG, € Tg, N Tg, (1)
Conversely let V € 7g, N7g,. Then V € 7g, and V € 7g,. Thus ¢g,(1 — V) <
1 -V and ¢g,(1 = V) < 1—-V [since (1 — V) is closed in 7g, and 7g,]. Then

dg,(1=V)V g,(1-V)<1-V = ¢g,g,(1—V) < (1-V) [by Theorem 2.14(a)
=V € 1g,ug,- SO

Tg, N TG, € 76,06, (11)

From (i) and (ii), 7g,ug, = Tg, N 7g,- Now G1 A Ga € G1 U G = 7g,u6, C TGiAGs-
Also since G1,G2 C G1 A Ga, then 7g, 46, C 7g,,Tg, (by Theorem 2.10(i)) and so
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TGiAG, © Tg, NTg,. Thus we get 7g, N 7g, = Tg,ug, C TG, A6, C Tg, N Tg, and hence
TG UG: = TG, N TG, = TG AGs -
We have already given the definition of the fuzzy derived set A% of a fuzzy set

A in an fts X. In the context of the present study, we now have:

THEOREM 2.17. In an fts (X,7) and corresponding to a fuzzy grill G on X,
Ade < A% and A% < ¢(A), for all fuzzy set A in X, where A% denotes the fuzzy
derived set of A in (X,7g).

Proof. Let z, < A%. Since 7 C 7g, every g-nbd of z, in (X,7g) is quasi-
coincident with A implies that every ¢g-nbd of z, in (X, 7) is quasi-coincident with
A. Thus z, < A% so that A% < A?. Again for any fuzzy point z, in X, 2, <
A% implies that z, < 7g-cl(A) = ¥(A) = A\ ¢(A). Now if z, < A, then
corresponding to each U € Q(z,) in 7g, there exists y € X such that x # y and
A(y)+U(y) > 1. Thus z, is a Tg-accumulation point of the fuzzy set A* such that

Alz), ifz#zx
A*(z) = .
aq, if z=x, where 0 < a1 < a.
Obviously A* < A so that ¢(A*) < ¢(A) and also z, ¢ A*. Then z, < ¢(A4%)
since z, < Tg-cl(A*), ie., xo < P(A*) < ¢(A) so that z, < ¢(A). Thus z, <
Ads = 7, < ¢(A) and hence A% < ¢(A).
THEOREM 2.18. Let (X, 7) be an fts and G be a fuzzy grill on X. Then
(a) for any fuzzy set G ¢ G in X, G99 = 0x and hence G is T7g-closed.
(b) for any fuzzy set A in X, ¢(A) = cl(A— H) for some fuzzy set H ¢ G.
Proof. (a) Since G ¢ G then ¢(G) = 0x and hence by Theorem 2.17, G% = 0x
and hence 7g-clG = G.
(b) We first show that for any fuzzy set G ¢ G, one has

¢(4) < cl(A-G) (1)

In fact, for any fuzzy set G ¢ G, let z, £ cl(A — G). Then there exists V € Q(z4)
such that Vg(A — G), i.e.,

Vi) +(A-G)(y) <1, forally <X (

Lety € X. If A(y) < G(y) then V(y)+(A—G)(y) = V(y) < 1. Thus A(y)+V (y)
1+ G(y) = Aly) + V(y) =1 < G(y). If A(y) > G(y) then V(y) + (A — G)(y)
V(y) + A(y) — G(y) < 1 [by virtue of (2)]. Thus V(y) + A(y) — 1 < G(y). So we
have VA< G ¢ G, ie,VxA¢G. Then z, £ $(A) and hence (1) is established.

On the other hand, let z, £ ¢(A). Then there exists a U € Q(z,) such
that A« U = H(say) ¢ G. We claim that (A — H) 4+ U < 1x. Let y € X.
If Aly) +U(y) > 1, then (A+U — 1x)(y) = A(y) + U(y) — 1 = H(y). Then
Aly) +U(y) — H(y) =1, ie,

Aly) - H(y) +U(y) =1 (3)

[\
~

I IA
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If A(ly) +U(y) <1then (A+U —1x)(y) =0= H(y) =0. Thus
A(y) +U(y) — H(y) <1 [since H(y) = 0] (4)

From (3) and (4), we have (A — H) + U < 1x and then Ug(A — H). Also U €
Q(xa) = T £ cl(A— H).Thus

cl(A—H) < ¢(A) (5)

From (1) and (5), ¢(A) =cl(A—H). m
We now want to find a suitable fuzzy open base for the fuzzy topology 7g. For
this we require the following:

RESULT 2.19. For any two fuzzy sets A and B in an fts (X,7), A— (A— B) < B.

Proof. Here two cases will arise. For any y € X,

Case-I: if A(y) < B(y), then (A — B)(y) = 0 and hence [A — (A — B)](y)
A(y) < B(y).

Case-II: if A(y) > B(y), then [A—(A—-B)|(y) = A(y) - [A(y) - B(y)] =
B(y). In both the cases we have [A — (A — B)|(y) < B(y). Thus A— (A—B) <
B.m

THEOREM 2.20. Let (X,7) be an fts and G be a fuzzy grill on X. Then
B(G,7)={V —-A:Ver and A¢ G} is a fuzzy open base for 1g.

Proof. We first show that B(G,7) is a sub-collection of 7¢. Let U € B(G, 7).
Then U = V—Asuch that V € 7and A ¢ G. We want to show that ¢(1-U) = 1-U
for which it suffices to show that ¢(1 —U) < 1 —U. If possible, let there exist a
fuzzy point z,, such that

To < Q(1-U) (i)
but
To £ (1-U) (ii)
Now (i) implies that for each W € Q(z,), W+ (1 —U) —1 € G. It is easy to check
that
W+(1-U)-1=W-U (a)
Thus W - U € G. ie.,

iii)

W—(V-Aeg

(
Again by (ii), 2o £ 1 -U) = a>1-U(x) =1— (V- A)(z) = a+ V(z) >
1+ A(x) > 1 [in fact, V(z) < A(zx) is not possible since in that case (V — A)(z) =0
andso 1—(V—A)(xz) =1-0 < o. Thus V(z) > A(z) and (V—A)(z) = V(z)—A(x).
Thena>1—(V-A)(x)=1-V(z)+ Ax) = a+V(z) > 1+ A(x)].

Thus V € Q(z,) and by (iii) above, V — (V — A) € G. Now [V — (V — A)] <
A(by Result 2.19) = A € G, which contradicts our hypothesis that A ¢ G. Thus
¢(1—-U) <1—-U. Hence B(G, ) is a sub-collection of 7g. Next, let z, be any
fuzzy point in (X, 7g) and U be an open ¢-nbd of z,, in (X, 7g). Then by definition
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of ¢g-nbd, there exists a B € 7g such that z,¢B and B < U. Now (1 — B) is
Tg-closed and ¢¥(1 — B) = (1 — B) which implies that ¢(1 — B) < 1 — B. Thus
Zo £ ¢(1 — B) which implies that there exists an open ¢g-nbd V of z, in (X,7)
such that (1 — B) «V ¢ G. Then by (a), we have (V — B) ¢ G.

We now want to show that z,q[V — (V — B)]. Since z,¢B and z,qV, we have
a+ B(x) >1and a+ V(z) > 1. Then if V(z) < B(X), we have o + V(z) — (V —
B)(z) = a+ B(z) > 1, and if V(z) > B(X), then also a + V(z) — (V — B)(z) =
a+V(z)—[V(z)— Bx)] =a+V(z)—V(z)+ B(x) = a+ B(z) > 1. Thus we
have for each fuzzy point z,, in (X, 7¢) and for each open ¢g-nbd V of z,, in (X, 7¢),
there exists a member [V — (V — B)] € B(G, 7) such that z,q[V — (V — B)] < U.
Thus we say that B(G, ) is a base for 7¢. m

COROLLARY 2.21. For any fuzzy grill G on an fts (X,7), 7 C B(G,7) C 1.

EXAMPLE 2.22. Let (X, 7) be an fts. If we take G = IX \ {Ox} then 7¢ = 7.
In fact, for any fuzzy basic open set B = V — A (with V € 7 and A ¢ G) in

7g, we have A = Ox, so that B = V € 7. Hence by virtue of Corollary 2.21,
T=B(G,1)=1g.

3. Fuzzy topology suitable for a fuzzy grill

In this section, we now want to impose some suitability condition on the con-
cerned grill G which makes 7g more well-behaved and compatible with the original
fuzzy topology of the space X.

DEFINITION 3.1. Let G be a fuzzy grill on an fts (X, 7). Then 7 is said to be
suitable for the fuzzy grill G, if for every fuzzy set A in X : if corresponding to each
fuzzy point x, < A, there exists a U € Q(x,) such that A+« U ¢ G, then A ¢ G.

_ DErFNITION 3.2, For every fuzzy set A in X, we define the fuzzy set A by
A= {za < Alza £ 9(A)}.

From the definition of A, it is clear that A A\ ¢(A) = Ox.

The following result gives us an expression for any fuzzy set A in terms of the
operator ¢.

PROPOSITION 3.3. For any fuzzy set A in X, A= A\/(A\ ¢(A)).
Proof. By definition, A = {24 < A/z4 % ¢(A)}. Thus A< A. Also,
(ANs4) A= A\/(A\o(4)) < A (1)

On the other hand, let z, < A. If 2, < ¢(A), then z, < A A ¢(A), as otherwise
o < A. In any case, z, < AV (AN &(A)), ie.,

A< A\ (AN 6(4) @)
From (1) and (2) the result follows. m



294 M. N. Mukherjee, S. Das
PROPOSITION 3.4. ﬁ/\ <Z)(g) = Oy, for any fuzzy set A in X.
Proof. If possible, let 4 < A\ ¢(A). Then z, < A and z, < ¢(A). Now,
To < A= 12, <A but To £ H(A) (1)

Also z,, < ¢>(/T) = for all U € Q(z,), AxU € G. But Eg A= AxU € @, for all
U € Q(xy), i-e., x4 < ¢(A) which contradicts (1). m

THEOREM 3.5. For a fuzzy grill G on a space (X, T), the following conditions
are equivalent:

(a) T is suitable for the grill G.

(b) For any given fuzzy set A in X, ANP(A)=0x = A¢G.

(c) A ¢ G, for every fuzzy set A in X.

(d) For every fuzzy set A in X, if A contains no non-empty fuzzy set B with
B < ¢(B), then A ¢ G.

(e) For any 1g-closed fuzzy set A in X, A ¢gq.

Proof. (a) = (b): Let for any given fuzzy set A in X, A\ ¢(A) = 0x. Thus
for each fuzzy point z, < A, we have z, £ ¢(A). By definition of ¢(A), there
exists some U, € Q(zs) such that AxU,_ ¢ G. Since 7 is suitable for G, we get
A¢g.

(b) = (c): Let zx < A, ie, 2y < A but zy £ ¢(A). Then z) £ ¢(A) as
A < A [by Proposition 2.4(i)]. Thus ¢(A)(x) = Ao (say) < A. If Ag # 0, then T,
is a fuzzy point such that z), < $(A) and $(A) < ¢(A). Thus we have

zy, < 0(A) (1)

But Ao < A and z) < A = z,, < A and so zy, £ ¢(A) which contradicts (1).
Hence Ao = ¢(A)(x) = 0. Thus for each z € supp(A), ¢(A)(z) = 0. So we have
AN (A) =0y, for any fuzzy set A in X. Hence by condition (b), A ¢ G.

(¢) = (d): Let A be any fuzzy set in X which contains no non-empty
fuzzy set B with B < ¢(B). By Proposition 3.3, A = A\/(AA ¢(4)). Then
H(4) = SAV(ANG(A)) = 6(A)V 6(AAH(4)) [by Proposition 2.5 (i)]. Now
by condition (c), A ¢ G so that ¢(A) = Ox [by Proposition 2.4(iii)]. Thus
P(ANG(A)) = 6(A). But AA\G(A) < A so that A\ ¢(A) < d(AA$(A)). From
the hypothesis we have A A\ ¢(A) = Ox so that A=A ¢ G.

(d) = (c): Let A be any fuzzy set in X. Now A = {z4 < A/z4 £ ¢(A)}. We
claim that A does not contain any non-empty fuzzy set B such that B < ¢(B). If
possible, let B be a non-empty fuzzy set contained in A such that B < ¢(B). Let
xagB,thenxaggéxagAbut

Ta £ $(A) (1)
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Also z, < B < A < A implies that ¢(B) < ¢(A) [by Proposition 2.4(i)]. But
o < B < ¢(B) < ¢(A) = x4 < ¢(A), contradicting (1). Thus our claim is
justified and hence by (d), A ¢ G.

(¢)=(e): Obvious.

(e)=(a): Let A be any fuzzy set in X with the property that for every fuzzy
point z, < A, there exists a U € Q(z,) such that A« U ¢ G. Then z, £ ¢(A).
Let B = AV ¢(A). Then ¢(B) = ¢(AV §(A)) = ¢(A)V ¢(¢(A)) = ¢(A)[by
Proposition 2.5(ii)]. So 1g-cl(B) = ¥(B) = BV ¢(B) = A\ ¢(A)\ ¢(4) = B.
Hence B is 7g-closed. Then by (e),

Bé¢g (1)
Now let yo < B. Then y, < B but ya £ ¢(B) = ¢(A). As B= A\ ¢$(A), yo < A,
ie.,

B<A (2)
Now by hypothesis, if z, < A then z, € ¢(4) = ¢(B). Thus z, < B but
2o £ ¢(B) which gives z, < B. Thus,

A<B (3)
From (2) and (3), B=A¢ G [by (1)]. =

THEOREM 3.6. Let (X,7) be an fts and G be a fuzzy grill on X. Then the
following statements are equivalent and each is a necessary condition for the fuzzy
topology T to be suitable for the fuzzy grill G.

(a) For each fuzzy set A in X, AN¢P(A) =0x = ¢(A) =0x.

(b) For each fuzzy set A in X, ¢(A) = 0x.
(¢) For each fuzzy set A in X, (AN d(A)) = ¢(A).

Proof. Here we shall show only the equivalence of (a) , (b) and (c). The rest
follows from Theorem 3.5 and Proposition 2.4.

(a) = (b): Let A€ IX. By Proposition 3.4, we have A A\ ¢(A) = 0x. Then by

(b) = (c): By Proposition 3.3, A = AV (A N\ B(A)), for any fuzzy set A in X.
Then ¢(A) = ¢(AV(ANG(A)) = 6(A) V ¢(ANG(A)) = d(A N ¢(A4)) [by (D)].

(¢) = (a): Let A be a fuzzy set in X and A\ ¢(A) = 0x. Then by (c),
d(A) = p(ANP(A)) = #(0x) = 0x [by Proposition 2.4(iii)]. m

THEOREM 3.7. If the topology T of an fts X is suitable for a fuzzy grill G on

X, then ¢ is an idempotent operator, i.e., ¢(dp(A)) = ¢(A), for any fuzzy set A
n X.

Proof. By Theorem 3.6 above, we have ¢(A) = ¢(A A\ ¢(A)). Now by Propo-
sition 2.5(i),

$(A) = ¢(A \ ¢(A)) < ¢(d(A)) (1)
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Also from Proposition 2.5(ii),

P(¢(A)) < o(4) (2)
From (1) and (2), the result follows.

THEOREM 3.8. Let (X,7) be an fts and G be a fuzzy grill on X such that T
is suitable for G. Then any fuzzy set A in X is 1g-closed if and only if it can be
expressed as a union of a fuzzy set which is closed in (X, 7) and a fuzzy set which
is not in G.

Proof. Let A be a 1g-closed fuzzy set in X. Then A = ¢(A)V A= ¢(A) < A.
Then by Proposition 3.3, A = A\/(¢(A)). Since 7 is suitable for G, by Theorem
3.5, A ¢ G and by Proposition 2.5(ii), ¢(A) is T-closed.

Conversely, let A = B\/ C, where B is a 7-closed fuzzy set and C is a fuzzy set
such that C' ¢ G. Then ¢(A) = ¢(B\ C) = ¢(B)V ¢(C) [by Proposition 2.5(i)]
= ¢(B) [since C ¢ G = ¢(C) = 0x] < cl(B)[by Proposition 2.5(ii)] = B < A4, i.e.,
A=AV ¢(A) and hence A is 7g-closed. m

EXAMPLE 3.9. Let (X,7) be an fts and G be a fuzzy grill on X such that
7 is suitable for G. Let 0 = {0x,1x} denote the fuzzy indiscrete topology on X,
then 1x is the only c-open ¢-nbd of every fuzzy point x, in X. Then for any
fuzzy set Ain X, x4 < ¢pg(A) & Ax1lx € G < A € G. Thus for every fuzzy set
A€ G, ¢g(A) = 1x and for every fuzzy set A ¢ G, ¢pg(A) = 0x. Then ¢(4) =
A\ ¢pg(A) =1x if AeGand Y(A)=A,if A¢ G. Thus og ={U/(1-U) ¢ G}.
Clearly og C 7¢ since for any V € og, 1 —V ¢ G so that 1 — V is 7g-closed(by
Theorem 2.18(i)). So V € 7g.

Now for any fts (X, 7), we claim that 7¢ = 7 U og. Indeed, 7 C 7g and
og C 7g imply that 7 Uog C 7g. Conversely, let U € 7g. Then by Theorem 3.8,
1-U = F\ B, where F is 7-closed and B ¢ G. Thus U = (1— F) A(1— B), where
(1 = F) is 7-open and (1 — B) is og-open. Hence U € 7 U og.

THEOREM 3.10. If G be a fuzzy grill on an fts (X, ) with T is suitable for G,
then B(G,T) is a fuzzy topology on X and hence B(G,7) = 1g.

Proof. We already have proved in Corollary 2.21,
B(G,7) C g (1)

On the other hand let A be 7g-closed. Then 7g-cl(4) = A= AV ¢(4) = ¢(A) < A.
Thus A= AV(AA #(A)) [ by Proposition 3.3 ] = AV ¢(A) [ since ¢(A) < A ].
Now by definition of A, we have ¢(A) A A = 0x. i.e.,

min{(A)(x), A(z)} =0, for cach z € X (2)

Since 7 is suitable for G, by Theorem 3.5, A ¢ G. Thus A = A\/ ¢(A) where ¢(A)

is 7-closed [by Proposition 2.5] and A ¢ G. By (2), we can write A = ¢(A) + A.
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Then 1-A =1—[¢(A)+A] = [1—¢(A)] — A [easily verifiable], where [1 —¢(A)] € T
and A ¢ G. Thus (1 — A) € B(G, 7). Hence in view of (1), B(G,7) =7¢. =
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