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PROPERTIES OF NEW CLASSES OF MULTIVALENT
ANALYTIC FUNCTIONS

Jacek Dziok

Abstract. By means of the subordination, we introduce and investigate classes of multiva-
lent functions with varying argument of coefficients and two fixed points. The results obtained
here for each of these classes include coefficients estimates, growth and distortion theorems, radii
of starlikeness and convexity, subordination theorems and integral means inequalities. Some con-
sequences of the results for well-known classes of functions are also pointed out.

1. Introduction
Let A denote the class of functions which are analytic in U = U(1), where
U(r)={zeC:|z|<r}

and let A (p, k) (p,k e N={1,2,3...}, p < k) denote the class of functions f € A
of the form

[e.e]
f(z) =apzP + 3 an2™ (2 €U; ap >0). (1)
n=k
For multivalent function f € A (p, k) the normalization
Tl e L&) 4 (2)
2Pl z=0 2P z=0

is classical. One can obtain interesting results by applying normalization of the
form

1
=0 and / (j) =p, (3)
z=0 zP zZ=p

where p is a fixed point of the unit disk &/. In particular, for p = 1 we obtain
Montel’s normalization (cf. [9]).

We denote by A, (p, k) the classes of functions f € A(p, k) with the normal-
ization (3). It will be called the class of functions with two fixed points.
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202 J. Dziok

Also, by T (p,k;n) (n € R) we denote the class of functions f € A(p,k) of
the form (1) for which all of non-vanishing coefficients satisfy the condition

arg(an) =7+ (p—n)n (n=kk+1,...). (4)

For n = 0 we obtain the class 7 (p, k;0) of functions with negative coefficients.
Moreover, we define

T (p,k):=J T (0. kim) . (5)

neRrR

The classes T (p,k) and T (p,k;n) are called the classes of functions with
varying argument of coefficients. The class 7 (1,2) was introduced by Silverman
[15] (see also [21]).

Let o € (0,p), r € (0,1). A function f € A(p, k) is said to be convex of order
a in U(r) if and only if

2f"(2)
f'(z)

A function f € A(p, k) is said to be starlike of order « in U(r) if and only if

Re <1+ >>a (z €U(r)).

f(2)

We denote by S8¢ () the class of functions f € A(p,p+ 1), which are convex of
order v in U and by S (a) we denote the class of functions f € A (p,p + 1), which
are starlike of order «v in U. We also set

Re (Zf/("’)> >a (zeU(r)). (6)

8¢ =87(0) and §* = 57(0).
It is easy to show that for a function f € T (p, k) the condition (6) is equivalent to
the following
2f'(2)
f(2)

Let B be a subclass of the class A (p, k). We define the radius of starlikeness
of order « and the radius of convexity of order « for the class B by

—p‘ <p-a (zeU(r). (@)

R (B) = }ng (sup {r € (0,1] : f is starlike of order o« in U(r)}),
€
R.(B) = }nfB (sup {r € (0,1] : f is convex of order « in U(r)}),
€
respectively.

We say that a function f € A is subordinate to a function F' € A, and write
f(z) < F(z) (or simply f < F), if and only if there exists a function w € A
(lw(2)] < |z|, z € U), such that

f(2) = Fl(z) (=€ U).
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In particular, if F' is univalent in I/, we have the following equivalence.
f(z) < F(2) <= f(0) = F(0) and f(U) C F(UU).
For functions f,g € A of the form
f(2)= 5 an" and g() = 3 b,
by f * g we denote the Hadamard product (or convolution of f and g, defined by

(fxg)(2) = ni:jo bz (2 €U).

Let 7, be real parameters, 0 < v < 1, § > 0, and let ¢, ¢ € Ag(p, k). By
W (p, k; ¢, 0;7,8) we denote the class of functions f € A (p, k) such that

(pxf)(2) #0 (z €U\ {0}) (8)
and
NIGHION @G | .
Rl ol g cew. )
Also, let us denote

6) =T (p,k) "W (p, k; ¢, 7, 0),
) =T (p,ksn) N W (p, ks &, 957, 0),
TW, (p,k; ¢, 037, 6:m) == A, (p, k) NTW (p, ks &, 037, 05m)
TW, (p, k; 0,937, 0) == A, (p, k) NTW (p, k3 6,037, 0) -

For the presented investigations we assume that ¢, ¢ are the functions of the form

W (p, ks ¢, 037,
TW (p, k; ¢, 057,651

p(z) =P+ 3 anz", (z) = 2P + iﬂ (=€), (10)

n=~k
where 0 < o, < B, (n =k, k+1,...). Moreover, let us put
dp =0+ —0+7)an (n=kk+1,...). (11)

The families W, (p, k; ¢, v;7,0;m) and W, (p, k; ¢, ¢;7,9) unify various new
and well-known classes of analytic functions. In particular, the class

20 (2
W, (057,85m) =W, (pyk; Qap( ),w(Z);w?;n),

contains functions f € A, (p, k), such that
z(ex f) (2) } ’Z(sﬁ*f)'(z) B ‘
Re{p(w*f)(Z) ! >6p<p* 1 el

The class
Hr (9;7,0) == TWo (1,2;9;7,6;0)
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was introduced and studied by Raina and Bansal [11]. If we set

hay,z) =z ¢Fs(ai,... ,aq B1,...,0s2),
where ¢ Fy is the generalized hypergeometric function (see for details [18] and [10]),
then we obtain the class
UH (g,5,X,7,0) :=TWo (1,2 Ah(a; +1,2) + (1 = A) h(ay,2);7,0;0) (0< A<D
defined by Srivastava et al. [12]. The classes

(1-2)

are the well-known classes of §-starlike functions of order v and J-uniformly convex
functions of order +, respectively. In particular, the classes UCV := UCYV (1,0),
§—UCV :=UCV(4,0) were introduced by Goodman [4] (see also [8, 13, 17]), and
Kanas and Wisniowska [5], respectively.

Many other classes, are also particular cases of the class investigated here, see
for example [6, 19, 22].

The object of the present paper is to investigate the coefficients estimates, dis-
tortion properties, the radii of starlikeness and convexity, subordination theorems,
partial sums and integral means inequalities for the classes of functions.

2. Coeflicients estimates

We first mention a sufficient condition for a function to belong to the class
W (p, k; ¢, ¢37,0).

THEOREM 1. Let {d,} be defined by (11) and let 0 < v < 1. If a function f
of the form (1) satisfies the condition

S do Jan] < (1= 7) ap, (12)

n=~k

then f belongs to the class W (p, k; ¢, v;7,0).

Proof. By definition of the class W (p, k; ¢, ©;7, d), it suffices to show that

@xfz) | g dlexf)) Y
6‘(‘/7*f)(2) 1‘ R{(<p*f)(z) l}gl 7 (zel). (13)

Simple calculations give

R

18

(ﬁn - an) |an||z|n—p

o0

ap — Y Qnlan||z|"P
n=~k

k

§(5+1)’(:‘;)EZ;1'§(5+1)”
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Now, if (12) holds, then the last expression is bounded by (1 — 7). Whence f €
W (p, k; §,;7,0). m

Our next theorem shows that the condition (12) is necessary as well for func-
tions of the form (1), with (4) to belong to the class TW (p, k; ¢, ©;7,9;n).

THEOREM 2. Let f be a function of the form (1), satisfying the argument
property (4). Then f belongs to the class TW (p, k; ¢, v;7,0;m) if and only if the
condition (12) holds true.

Proof. In view of Theorem 1 we need only show that each function f from
the class TW (p, k; ¢, v;7, 0;m) satisfies the coefficient inequality (12). Let a func-
tion f of the form (1), satisfying the argument property (4) belongs to the class
TW (p, k; &, 5, 03m). Then by (9),

o0 (o]
apz? + Zk Bnan,z" apz? + Zk Bpanz™
n= n=
6 — — 1| <Re = -7,
apzP + Zk Qpap 2™ apzP + Zk QA 2"
n= n=

or equivalently

oo oo
Z (6n - O‘n) anz""P (1 - ’Y)a'p + Z (ﬂn - 7avt) anz""P
5| =k — < Re ”:O]z
ap+ D Qpapz" P ap + > apapz"P
n=~k n=~k

In view of (4), we set z = 7e'? (0 <7 < 1) in the above inequality to obtain

118

oo
> 0 (B —an)lan| 7P (1 =7)ap — > (Bn — vaw) lan|r" 7P
n=k
= <
ap — Y oy la,|rnr ap —
n==k n=k

Thus, by (8) we have

n

gL

Qp |an | TP

o0

> [(6+1) 8, = (6+ )l e} 7 < (1= 7)ay,

which, upon letting r — 17, readily yields the assertion (12). m

By applying Theorem 2 we can deduce following result.

THEOREM 3. Let f be a function of the form (1), satisfying the argument
property (4). It belongs to the class TW, (p, k; ¢, v;v,0;m) if and only if it satisfies
(3) and

o0

S (pdn = (=) 0ol ) lan] < 1=, (14)

where {d,} is defined by (11).
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Proof. For the function f with the normalization (3), we have
ap = 1+ Zk%|an||p|"_p. (15)

Applying the equality (15) to (12), we obtain the assertion (14). m

Since the condition (14) is independent of 1, Theorem 3 yields the following
theorem.

THEOREM 4. Let f be a function of the form (1), satisfying the argument
property (4). Then f belongs to the class TW, (p, k; ¢, ;v,96) if and only if the
condition (14) holds true.

By applying Theorem 3 we obtain the following lemma.

LEMMA 1. Let {d,} be defined by (11), p € U, and let us assume, that there
exists an integer ng (ng € Ny = {k,k+1,...}) such that

pdny, — (L =7)nolp|™ " < 0. (16)
Then the function

fro(2) = (1 + anopno_p) 2P — qet(P—no)n mo
p

belongs to the class TW, (p, k; ¢, ¢;7,0;n) for all positive real numbers a. More-
over, for all n (n € Ni) such that

pdn — (L =7y)n|p["™" >0, (17)
the functions
fu(z) = <1 + a@p”‘)*p + bnz"p) 2P — qetP=mo)n no bei(p*")"z”,
p p
where
(=) + (1 =)o p" ™" = pdy, ) @

pdp — (L =) n|p|"""
belong to the class TW, (p, k; ¢, ¢;7,0;n).

b=

)

By Lemma 1 and Theorem 3, we have following corollary.

COROLLARY 1. Let a function f of the form (1) belongs to the class
TW, (p, k; ¢, ¢;7v,0;m) and let {d,} be defined by (11). Then all of the coefficients
an for which

pdn = (L=7)nlp[" " =0
are unbounded. Moreover, if there exists an integer ng (ng € Ny ={k,k+1,...})
such that
pdn, — (1 —=7)no |p|"™ ™" <0,
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then all of the coefficients of the function f are unbounded. In the remaining cases

an] s — 2=V (18)
= o (L)l

The result is sharp, the functions f, of the form
pdn2? —p(1 =) elp=mnzn
() = :

In, pryn
! pdy — (1= 7)n|p|" "

(zeU; n=Fkk+1,...) (19)

are the extremal functions.

REMARK 1. The coefficients estimates for the class 7W,, (p, k; ¢, ;,0) are
the same as for the class TW,, (p, k; ¢, ¢; 7, 0; n).

By putting p = 0 in Theorems 3 and 4, and Corollary 1, we have the corollaries
listed below.

COROLLARY 2. Let f be a function of the form (1) satisfying the argument
property (4). It belongs to the class TWy (p, k; &, v;7,0;1) if and only if

> dulan] <17, (20)

where {d,} is defined by (11).

COROLLARY 3. Let f be a function of the form (1) satisfying the argument
property (4). Then f belongs to the class TWq (p, k; ¢, 0;7,9) if and only if the
condition (20) holds true.

COROLLARY 4. If a function f of the form (1) belongs to the class
TWO (pv k; (bv QO; v, 6; 77) then
|
n

where dy, is defined by (11). The result is sharp. The functions fy, of the form

|an| <

(n=kk+1,...), (21)

1— .
fan(z) =2 — =V eip=mmyn (zelU;n=kk+1,...) (22)

n

are the extremal functions.

COROLLARY 5. If a function f of the form (1) belongs to the class
TWo (p, k; ¢, 0;7,9), then the coefficients estimates (21) hold true. The result is
sharp. The functions f,, (n € R) of the form (22) are the extremal functions.

3. Growth and distortion theorems

From Theorem 2 we have the following lemma.
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LEMMA 2. Let a function f of the form (1) belong to the class
TW, (0, k; &, ¢;7,65m). If the sequence {d,} defined by (11) satisfies the inequality

k _ N o
0<dk—(1—7);|ﬂ|kpﬁdn—(1—7)5|ﬂ| Pon=kk+1,...), (23

then )
= -
> lan] < h—p "
S A () B

Moreover, if

k— n n—
dk_(1_7)§|p| p<dn_(1_7);|p| b

0
< k - n

(n=kk+1,...), (24

then

= k(1—7)
> onlan] < Py
n=k de — (1 =) 4 ol

REMARK 2. The second part of Lemma 2 can be rewritten in terms of o-
neighborhood N, defined by

N~ {10 =+ T o e Tk ¥ njul<of
n=~k n==k
in the following form: if the sequence {d,} defined by (11) satisfies (24), then
TW, (p,k; ¢, 937, 6;m) C No. where
_ k(1—1)
dp — (1—7) Ep|*7”

THEOREM 5. Let a function f belong to the class TW, (p, k; ¢, ¢;7,6;1) and
let |z| =r < 1. If the sequence {d,} defined by (11) satisfies (23), then

1—7 dpr? + (1 — ) r*
payr” - < S < A= o)
de — (L=2)  lpl de — (1 =) 4 lol
Moreover, if (24) holds, then
dpr? + k(1 — ) rk=t
() < | () < B R (26)
dr. — (1 =7) 5 Ipl
where
r’ (r=p)
¢ )= rP—(1—~)r" (27>
v o E (> 0).

The result is sharp, with the extremal functions fi, of the form (22) and f(z) = z
(z €lU).
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Proof. Suppose that the function f of the form (1) belongs to the class
W, (p,k; ¢, ¢;7,0;n). By Lemma 2 we have

[F'(2)] =

(oo}
pay,2P "t 4+ Y na, 2"t
n=~k

oo
< ppl (pap + > n|an|r"_p>
n=k

< p—1 = n—p = n—p
<P+ X nfanl ol + X nlanlr

n=k n=~k

p—1 k—p k—p &
<P p (ol ) 30 nas

k7 b
nh di — (1 =) & |p*7
and
o0 o0
[f(2)| =P (p% -y ) = (“ > (" - rw>n|anl) :

(28)
If 7 < p, then we obtain | f/(z)| > rP~L. If r > p, then the sequence {(p" P — r"~P)}
is decreasing and negative. Thus, by (28), we obtain
S pdpr? — k(1 —~)rk
- k—mn?
d, — (1 =) %[p|""

@z (= 0 =) £ )

n=2

and we have the assertion (26). Making use of Lemma 2, in conjunction with (15),
we readily obtain the assertion (25) of Theorem 2. m

Theorem 5 implies the following results.

COROLLARY 6. Let a function f belong to the class TW, (p, k; ¢, ;7,0). If
the sequence {d,} defined by (11) satisfies (23), then the assertions (25) hold true.
Moreover, if we assume (24), then the assertions (26) hold true. The result is sharp,
with the extremal functions fi , (n € R) of the form (22) and f(z) = z (z € U).

COROLLARY 7. Let a function f belong to the class TWy (p, k; ¢, ©;7,9; 1) and
let the sequence {d,} be defined by (11). If

dp <d, (n=kk+1,...), (29)
then . .
" d_”rkg\f(zngru "k (2= < 1). (30)
k
Moreover, if
ndy <kd, (n=kk+1,...), (31)
then
prpfl o k(]-d_ ’7) rkfl < |f/(Z)| < p?"pil + k (1d_ ’7) rkfl (|Z| —r< 1) ) (32)
k k

The result is sharp, with the extremal function fy,, of the form (22).
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COROLLARY 8. Let a function f belong to the class TWy (p, k; &, v;7,0). If
the sequence {d,} defined by (11) satisfies (29), then the assertions (30) hold true.
Moreover, if we assume (31), then the assertions (32) hold true. The result is sharp,
with the extremal functions fi , (1 € R) of the form (22) and f(z) = z (z € U).

4. The radii of convexity and starlikeness

THEOREM 6. The radius of starlikeness of order o for the class
TW (p, k; b, 03, 0;m) is given by

R (TW ko i) = i (P07 @)

where dy, is defined by (11). The functions f, , of the form
1— .
fan(2) =ap (z” - d,ye’(p_”)"z”> (zel; n=k,k+1,...; a,>0) (34)

n

are the extremal functions.

Proof. A function f € T (p,k;n) of the form (1) is starlike of order « in the
disk U(r), 0 < r < 1, if and only if it satisfies the condition (7). Since

[eS) [eS) e
> (n=plapz" | 3 (n—p)lan||z[""
n=k n=k

/!
2f'(2) ‘ _ _ < _ ’
f2) apzP + Y apz" ap— > lan||z["7"
n==k n=k
putting |z| = r the condition (7) is true if
X n—w
> lan| TP < ay. (35)
n=k P~ & v
By Theorem 2, we have
00 dn
an| < a,, 36
=l <a, (30
Thus, the condition (35) holds if
_ d,
r ar"—pg (n=kk+1,...),
p—a L—n
that is, if
1
(p 7 Oé) dn > nop
r< | ————— n=kk+1,...). 37
(memtss) : o

It follows that each function f € TW (p, k; ¢, ¢; 7, d;n) is starlike of order « in the

disk U (r), where
. (p - O‘) dn %_p
=i (el

The functions f, , of the form (34) realize equality in (36), and the radius r can
not be larger. Thus we have (33). m
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The following result may be proved in much the same way as Theorem 6.

THEOREM 7. The radius of convezity of order a for the class
TW (p, k; &, p;7,0;m) is given by

. . e (p—a)d, nr
R(x (TW(p7k7¢7§077a61n))_71Lr21f;€ (n(n—a) (1_7)) ’

where dy, is defined by (11). The functions f,, of the form (34) are the extremal
functions.

It is clear that for
a, = dn
2 n—
dp — (1 =7) £ |p*™"

the extremal functions f, , of the form (34) belong to the class
W, (p,k; ¢, ¢;7,0;m). Moreover, we have

TW, (p, k; ¢, 057, 6;m) CTW (p, k; ¢, 0;7,6;m) -

Thus, by Theorems 6 and 7 we have the following results.

>0

COROLLARY 9. Let the sequence {dn -1=% |p|"_p}, where d,, is defined
by (11), be positive. Then

B (TW, 0 ki) = it (o Co0e )™

COROLLARY 10. Let the sequence {dn (1= |p|"_p}, where d,, is defined
by (11), be positive. Then

‘ b oy i) = | (p—a)dn )™
Roc (TWP (pa k?¢7¢a’7757 77)) - ;rzlf]; (Tl('fl _ Oé) (1 _'}/)> :

5. Subordination results

Before stating and proving our subordination theorems for the classes
TW (p, k; &, 0;7,0;n) and TW (p, k; ¢, ¢;7,d) we need the following definition and

lemma.

DEFINITION 1. A sequence {b,} of complex numbers is said to be a subordi-
nating factor sequence if for each function f of the form (1) from the class S¢ we
have

i::l bpanz™ < f(z) (a1 =1). (38)
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LEMMA 3. [24] The sequence {b,} is a subordinating factor sequence if and
only if
Re{1+226n2"}>0 (z e U). (39)

n=1

THEOREM 8. Let the sequence {d,} defined by (11) satisfy the inequality (23).
g €8 and f € TW (p, k; ¢,0;7,8;n), then

L8 o) < o2 (40)
and
R flffz >-o (zEl), (41)
where
£ i (42)

- 2ap(1—'y—|—dk)'

If p and (k — p) are odd, and n = 0, then the constant factor € cannot be replaced
by a larger number.

Proof. Let a function f of the form (1) belong to the class TW (p, k; ¢, ;7,03 17)
and suppose that a function g of the form

g9(z) = io: ™ (e =1; z€U)

belongs to the class S¢. Then

f(2) X n
—— g(z) = nz::1 bpenz™ (2 €U),
where
gayp ifn=1
b,=< 0 if2<n<k-—p

€apyp—1 ifn>k-—p.

Thus, by Definition 1 the subordination result (40) holds true if {b,} is the subor-
dinating factor sequence. By (23) we have

=) 00 dk: }
Re<1+2 bpz™ > = Re 1+ 2ca,z + ——a, 2" 7P
{ 2; } { ? 2%1—7+%

r oo
Y dnlan] (2l =7 <1),

>1—2er— —m———
a (1_7+dk)ap n=~k

Thus, by using Theorem 2 we obtain

dk ].7"}/

r— r > 0.
L—v+dy 1—7v+dg

Re{1+2 > bnz”} >1-—
n=1
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This evidently proves the inequality (39) and hence the subordination result (40).
The inequality (41) follows from (40) by taking

z

= iojz” (zel).

9(z) =7 p)

Next, we observe that the function fy, of the form (34) belongs to the class
TW (p, k; &, p;7,0;m). If pand (k — p) are odd, and n = 0, then

) (2) 1

zp—1 2’

z=—1
and the constant (42) can not be replaced by any larger one. m

Directly from Theorem 8 we obtain

THEOREM 9. Let the sequence {d,} defined by (11) satisfy the inequality (23).
If g € 8¢ and f € TW (p, k; ¢, ¢;7,9), then conditions (40) and (41) hold true. If
p and (k — p) are odd, then the constant factor € in (40) cannot be replaced by a
larger number.

REMARK 3. By using (15) in Theorems 8 and 9 we obtain the results related to
the classes TW, (p, k; ¢, ¢;7,9) and TW, (p, k; ¢, ¢;,6;1). Moreover, by putting
p = 0 we have the following corollary.

COROLLARY 11. Let the sequence {d,} defined by (11) satisfy the inequality
(23). If g € S§° and f € TWy (p,k; b, 0;7,0;m), then conditions (40) and (41),

where
dy,

2(1 —~+dy)
hold true. If p and (k — p) are odd, and n = 0, then the constant factor € in (43)
cannot be replaced by a larger number.

€= (43)

6. Integral mean inequalities

Due to Littlewood [7] we obtain integral means inequalities for the functions
from the class TW (p, k; @, ;7,03 7).

LEMMA 4. [7] Let f,g € A. If f < g, then

27 2
/ |f(rei9)‘n df < / ‘g(rew)‘" dd (0<r<1,n>0). (44)
0 0

Applying Lemma 4 and Theorem 2 we prove the following result.

THEOREM 10. Let the sequence {d,}, defined by (11), satisfy the inequality
(23). If f € TW (p,p + 156,57, 65n), then

27 27
/ |£(rei®)| do < / forin(re®)*do (0<r <1, A>0; z=re?), (45)
0 0

where fpi1,n(2) is defined by (34).
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Proof. For function f of the form (1), the inequality (45) is equivalent to the
A

following
2m
db < / a
0

2
/0

By Lemma 4, it suffices to show that

|

A
e Mz do (z = rew) .
dp—i-l

0
n—p
ap+ 2 anz
n=p+1

p—

[e'e] 1—
D oaps" P < — 7
n=p+1 p+1

e Mz (46)

Setting

dpy1e™
w(z) = — ﬂan 2P (z€U)

n=p+1 1- aé

and using (23) and Theorem 2 we obtain

dpt1
Lan Ln—p

n=p+1 1- Y

00

d

<zl ¥ —
n=p+1 -

lw(z)| = lan] < 12| (z€U).

Since

>ooap P =— ¥ 767“710(2’) (zell),
n=p+1 p+1

by definition of subordination we have (46) and this completes the proof. m

We can rewrite Theorem 10 in the following form.

THEOREM 11. Let the sequence {d,,} defined by (11) satisfy the inequality (23).
If a function f of the form (1) with (4) belongs to the class TW (p,p + 1; ¢, p;,0),
then the integral means inequality (45) holds true.

By using (15) in Theorem 10 we have the following corollary.

COROLLARY 12. Let the sequence {d,} defined by (11) satisfy the inequality
(23). If f € TW, (p,p + 1; 0,57, 051m), then

27 27
/ |f(rei9)’)‘ d9§/ ‘fpﬂm(rew)’)‘ do (0<T< 1, A\ >0; z:rei‘g).
0 0
where fpi1.4,(2) is defined by (7).

7. Partial sums

Let f be a function of the form (1). Due to Silverman [14] and Silvia [16] we
investigate the partial sums f,, of the function f defined by

fe—1(2) = ap2®; and fr(2) = apz? + 3 anz™, (m=k,k+1,...) (47)
n=~k
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In this section we consider partial sums of functions in the class
TW (p, k; &, p;7,9;m) and obtain sharp lower bounds for the ratios of real part of

f to fm and f’ to f]..
THEOREM 12. Let the sequence {d,}, defined by (11), be increasing and let
dp >1—+. (48)
If a function f of the form (1) belongs to the class TW (p, k; ¢, ¢;7,8;m), then

Re{fif(zz)')}>l_:l;+z (zelUd, m=k—1,k,...) (49)
and (o) .
m\Z m+1 o
Re{ f(z)}>1_,y+dm+1 (zeUd, m=k—1k,...). (50)

The bounds are sharp, with the extremal functions fn, 1., defined by (34).

Proof. Since

dn+1 dn
—_ > —>1 =kk+1,...
g pavie (n=kk+1,...),
by Theorem 1 we have
m dm+1 > x  dy
an| + an| < An| < ayp. 51
S+ 2 B i< & el san 0
Let
Gt ioj anz" 7P
d 1— =72 "
9<Z>:171+1{ff(f)>‘(1‘d 7)}:” e (zeu). (52)
Y ml\Z m-+1 ap+ Z anz”*P
n==k

Applying (51), we find that

d o0
dust S|
n=m-+1
— n dm oo
2a, — 2 22“171‘ - 17;1 Z |an‘
n=

n=m-+1

<1 (zel).

Thus we have Reg(z) > 0 (z € U), which by (52) readily yields the assertion (49)
of Theorem 12. Similarly, if we take

dm+1 {fnL(Z) dm+1 }
h(z) =(1+ - zelU
) =( 1—W) f(z)  1T=v+dnn ( )
and making use of (51), we can deduce that

(1+%2) & ol

n=m-+1

<
< o ™ = <
2a, — 2 2k|an|—(f+;—1) > Jan

n=m-+1
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which leads us immediately to the assertion (50) of Theorem 12. In order to see
that the function fy,41,, of the form (22) gives the results sharp, we observe that

_fmria(z) _ 1-7 _in

(fﬂl-i—lm)m (Z) d7n+1 (Z € ) )

(fma1m), (2) A I
frtin(2) 1=+ dmi (zfgﬂ )

This completes the proof. m

THEOREM 13. Let the sequence {d,}, defined by (11), be increasing and
let dip > (m+1)(1—=). If a function f of the form (1) belongs to the class
TW (p, k; &, @37, 05m), then

flz) _m+ A -n) o
Re{fm(z)}21 . e, m=k—1,k,...),
fm(Z) dm+1
Re{ f(z)}_(m+1)(1—7)+dm+1

The bounds are sharp, with the extremal functions fpm+1, defined by (34).

(zeld, m=k—-1,k,...).

Proof. By setting

o= st (SO (DI (g

-~ dm+1

and

o= (a1 N ES - Grmiran Ee

the proof is analogous to that of Theorem 12, and we omit the details. m

REMARK 4. By using (15) in Theorems 12 and 13 we obtain the results related
to the classes TW,, (p, k; ¢, v;7,0) and TW,, (p, k; ¢, ¢;7,9;1m).

REMARK 5. We conclude this paper by observing that, in view of the def-
initions of investigated classes which is expressed in terms of the convolution of
the functions in (10), involving arbitrary sequences, our main results can lead to
several additional new results. In fact, by appropriately selecting these arbitrary
sequences, the results presented in this paper would find further applications for
the class of analytic functions which would incorporate linear operators. Some of
these results were obtained in earlier works, see for example [1, 2, 3, 20, 23].
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