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PROPERTIES OF SOME FAMILIES OF MEROMORPHIC
MULTIVALENT FUNCTIONS ASSOCIATED WITH
GENERALIZED HYPERGEOMETRIC FUNCTIONS

M. K. Aouf and A. O. Mostafa

Abstract. We introduce and study two subclasses Qpo,1(4, B,A) and QEZI](A, B, \) of

meromorphic p-valent functions defined by certain linear operator involving the generalized hy-

pergeometric function. The main object is to investigate the various important properties and

characteristics of these subclasses of meromorphically multivalent functions. We extend the fa-

miliar concept of neighborhoods of analytic functions to these subclasses. We also derive many

interesting results for the Hadamard products of functions belonging to the class Q?C'xl ] (a, 8,7, A).
1. Introduction

Let X, denote the class of functions of the form:

f(2)=2"P+ > apf? (pe N={1,2,...}), (1.1)
k=1
which are analytic and p-valent in the punctured unit disc U* = {z : z € C and
0 < |z|] < 1} = U\{0}. For functions f(z) € ¥, given by (1.1) and g(z) € £, given
by
g(z) =2""+ Y 2" (peN),
k=1
the Hadamard product (or convolution) of f(z) and g(z) is given by

(frg)(z) =27+ § arbi2E P = (g% £)(2).

For complex parameters v, ...,aqand f1,...,0s (B; ¢ Z; =4{0,-1,-2,...};j =
1,2,...,s), we now define the generalized hypergeometric function (Fs(aq, ..., ayg;

Bla"'aﬂs;z) by

. - = (@
qu(a17~"7aq7617'-'7ﬂ572)_kgo (Bl)k(ﬁs)k k!

Vi - ()i 2k
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(g < s+1;9,8s € Ngo = NU{0};z € U), where (#), is the Pochhammer symbol
defined, in terms of the Gamma function I', by

) _F(9+V)_{1 (v =0;0 € C\{0}),
YT le0+1)---(0+v—1) (veN;0eC).
Corresponding to the function h,(cu,...,aq; 51, ..., 0s; 2) defined by

hp(a17"'7aq;617"'aﬁs;z) :Z_quS(ala"'aaq;ﬁla"'768;Z)a

we consider a linear operator H, (o, ..., aq; 01,...,0s) : Lp — Xp, which is defined
by the following Hadamard product (or convolution):

Hy(oa,...,aq By, 8s) f(2) = hplaa, ..., a4 01, ..., Bs; 2) * f(2).

We observe that, for a function f(z) of the from (1.1), we have

Hy(ag,...,aq B, B8:)f(2) =277 + 3 Tr(an)arz*7, (1.2)
k=1
where (a1) (@)
a1 )m ---(Qg)m
(o) = m € N). 1.3
)= B Bl i "N 3
If, for convenience, we write Hp 4 s(a1) = Hp(ou, ..., aq; 51, ..., 03s), then one can

easily verify from (1.2) that
Z(Hp,qys(al)f(z)), = a1 Hp qs(a1 +1)f(2) — (o1 + p)Hp,q,s(a1)f(2).

The linear operator Hy, 4 s(a1) was investigated recently by Liu and Srivastava
[19], Aouf [7] and Aouf and Yassen [10]. In particular, for ¢ = 2,s = 1 and
ay = 1, we obtain the linear operator Hy (a1, 1;61)f(2) = €,(cu, B1) f(2) which was
introduced and studied by Liu and Srivastava [18]. We also note, for any integer
n > —p and for f(z) € ¥,, that

1

Hy(n+p,;10f(:) = D™ () = S

* f(z) (n>—p;f(z) €Xp),

where D"tP~1f(2) is the differential operator studied earlier by (among others)
Aouf [6] and Aouf and Srivastava [9].
Let

A ’
G[al])\(z) = Gp,q,s,(al),)\ = (1 - A)Hp,q,s(al)f(z) + ;Z(Hp,q,s(al)f(z))

(f €Zp;p € N;0 < A < 3), so that, obviously,

1—2\ 0 k—
Clana(2) = +3 [1 —A+A (p p)] Ti(ar)apz"?  (1.4)
k=1

P

(p€ N;0 <A< 1). From (1.4), it is easily verified that
2Glay)a(2) = 01Ga 4110 (2) = (01 +P) G 4 (2): (15)

For fixed parameters A, B,p and A with -1 < B<A<I,pe Nand 0 <A <
1, we say that a function f(z) € £, is in the class Q[4,](A, B, A) of meromorphically
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p-valent functions in U*, if the function G, ) a(2) defined by (1.14) satisfies the
following inequality:

PG A (2) +p(1—2))

; <1l (zeU"). (1.6)

Bzpt1G, 1 (2) + Ap(1 - 2X)

Let E; denote the class of functions of the form
f(z) =27+ Y |la|z¥  (peN), (1.7)

k=p
which are analytic and p-valent in U*. Furthermore, we say that a function f(z) €
Q[ZI](A, B, \) whenever f(z) is of the form (1.16) and satisfies (1.6).
We have the following interesting relationships with some of the special func-
tion classes which were investigated recently:
(i) For ¢ =2 (a1,a2 =1), s =1(f1 = 1) and A = 0, we have Q, 5 1 o, 5,](A4,

aB,0) = S,, 5 (4,B,«a), and Q[J;Q)Lal)ﬂl](aA,aB,O) = Si 5 (A Ba)(a >
0, -1<B<A<1, -1<B<0and |Ba| <1) (Liu [17));
(i) For ¢ = 2 (a1,02 = 1), s = 1(f1 = 1) and A = 0, we have Q , | (4,

B,0) = H*(p; A,B) (0 < B<1;-B < A < B) (Mogra [21]);
(iii) For p = 1,¢ = 2 (a1, a0 = 1), s =1(8; = 1), A = (1 — 2va)B, B =
(1—2v)8 and A = 0, we have Q[+172,1,a1]((1 —2va)3, (1—-27)5,0) = Zg(a, 8,7) (0 <
a<1;2<y<1,0<B<1) (Cho et al. [12]);
(iv) For p = 1,¢ = 2(aq, 2 = 1), s = 1(f1 = 1) and X\ = 0,
U 5104 B,0) =%4(A,B) (-1 < B<A<1,-1< B <0) (Cho [11]).
- {f(z) €2 gy = 1)2+1Gy, 11 (2) + (2Aa — p)(1 - 2)

Also we note that :
a
Qﬁ;l]((l - 2’7;)ﬂa (1 - 27)67 >‘) = Q[‘;l](aa 6777 >‘)
)
(zeU0<a<ppeN;3<y<L0<p<1).

Meromorphically multivalent functions have been extensively studied by (for
example) Mogra ([20] and [21]), Uralegaddi and Ganigi [27], Uralegaddi and So-
manatha [28], Aouf ([4], [5] and [6]), Srivastava et al. [26], Owa et al. [22], Joshi
and Aouf [15], Joshi and Srivastava [16], Aouf et al. [8], Raina and Srivastava [23]
and Yang ([29] and [30]).

In this paper we investigate the various important properties and character-
istics of the classes Q(,,)(4, B, \) and Q[;l](A, B, )\). Following the recent investi-
gations by Altintas et al. [3, p. 1668], we extend the concept of neighborhoods of
analytic functions, which was considered earlier by (for example) Goodman [13] and
Ruscheweyh [24], to meromorphically multivalent functions belonging to the classes
Qa,1(A, B, A) and QfF (A, B,)\). We also derive many results for the Hadamard

(o]

products of functions belonging to the class Q[Zl](a7 By, A).

we have

zp“G/[al],/\(z) +p(1—2X)
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2. Inclusion properties of the class Qq,(A, B, )

We begin by recalling the following result (Jack’s lemma), which we shall apply
in proving our first inclusion theorem (Theorem 1 below).

LEMMA 1 [14]. Let the (nonconstant) function w(z) be analytic in U with
w(0) = 0. If |w(z)| attains its mazimum value on the circle |z| = r < 1 at a point
zo € U, then zow'(zo) = &w(zp), where £ is a real number and & > 1.

THEOREM 1. The following inclusion property holds true for the class Qq,1(A,
B, )\)7 ay > 0:
Q[a1+1] (A, B, )\) - Q[al] (A, B, )\)

Proof. Let f(z) € Qa,+1)(A4, B, \) and suppose that

14+ Aw(z)

14 Bw(z)’ (2.1)

PG (2) = —p(1 = 2))

where the function w(z) is either analytic or meromorphic in U, with w(0) = 0.
Then by using (1.5) and (2.1), we have

1+ Aw(z) p(l—2)) (A- B)zw (2)

el = —p(1 — 2 : C(22
z [a1+l],/\(2) ( )1+Bw(z) o (1+ Bw(z))? (2.2)
We claim that |w(z)| < 1 for z € U. Otherwise there exists a point zyp € U such
that max.|<|.,| [w(2)| = |w(z0)| = 1. Applying Jack’s lemma, we have zow (20) =

Ew(z)(€ > 1). Writing w(zp) = (0 < § < 27) and putting z = 2o in (2.2), we
get

’ 2
Zg+1G[a1+1]7>\(zo) +p(1—2X)

BTG, 1ya(70) + Ap(1—2))
B |Oz1 + &+ c)leei0|2 - |a1 + B(ag — f)ei9|2
- jor + Blay — )et[?
(1 - B?) 4 201&(1 + B2 + 2B cos )
- o1 + B(ay — €)et?|”

which obviously contradicts our hypothesis that f(z) € Qq,11)(4, B, ). Thus
we must have |w(z)| < 1(z € U), and so from (2.3), we conclude that f(z) €
Qa,1(A, B, A), which evidently completes the proof of Theorem 1. m

- )

THEOREM 2. Let p be a complex number such that Re(un) > 0. If f(z) €
D, (A, B, X), then the function

Fraa(2) = /O P Gl (1) d (2.3)

P e

is also in the same class Qq,1(A, B, \).
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Proof. From (2.3), we have

2Fo 12 (2) = 1G a2 (2) = (1 + P) Flaga(2)- (2.4)
Put
PHE A (2) = —p(1—2)) i I gz(( % (2.5)

where w(z) is either analytic or meromorphic in U with w(0) = 0. Then, by using

(2.4) and (2.5), we have

14+ Aw(z) p(l—-2)\)(A-B) 2w’ (2)

1+ Bw(z) 1 (14 Bw(z))?
The remaining part of the proof is similar to that of Theorem 1 and so is

omitted. m

THEOREM 3. f(2) € Qa,1(4, B, \) if and only if

o z _
F[al]f)‘(z) = 1 / tal+p 1f(t) dt € Q[alJrl] (Aa Ba )‘)
0

Za1+17

PG a(2) = —p(1 = 2))

Proof. In view of the definition of Fi,,}x(2), we have
a1f(2) = (o1 + ) Flaya (2) + 2F0 . (2). (2.6)
By using (1.5) and (2.6), we have
alG[al],)\f(Z) = (041 +p)G[a1],)\F[al]7A(z) =+ Z(G[al],,\F[Otl],)\(z))
= a1G oy 412 Flas 110 (2)-
The desired result follows immediately. m

3. Properties of the class Qf;l](A,B,/\)

In the rest of the paper we assume further that a; > 0(j =1,...,¢9), 8; >0
(j=1,...,8),-1<A<B<1,-1<B<0,0<A<3andpeN.

THEOREM 4. Let f(2) € ¥y be given by (1.7). Then f(z) € Q"‘ (A, B, A) if
and only if

S HLAEED) - Bl len ol < (A= Bp 20, (3)
(

where, T'p, (a1) is given by (1.3).

Proof. Let f(z) € Q+ (A B, \) be given by (1.7). Then, from (1.6) and (1.7),
we have
zp+1GEa1]7/\(z) +p(1—2X)
BzP‘HGEal]))\(z) + Ap(1 —2))

o0

kg k14 AS2) | Tiyp () lag] 2547

(A—B) (1 —2)\)+kz Bk‘[lﬁ‘)\( )} Fk+p(a1)|ak|zk+p

<1 (z€).
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Since Re(z) < |z| (2 € C), we have

3 KL+ M) Tagplon)

(A= Blp(1 = 23) + 3 BE[1+ M50 Ciplenn) o]

Re <1. (3.2)

Choose values of z on the real axis so that zp“‘lGEal] ,(2) is real. Upon clearing
the denominator in (3.2) and letting z — 1~ through real values we obtain (3.1).

In order to prove the converse, we assume that the inequality (3.1) holds true.
Then, if we let z € OU, we find from (1.7) and (3.1) that

Zp+1GEa1],>\(Z) +p(1—2X)
Bzrt1G, ) 4 (2) + Ap(1 - 2X)

o)

32 K[ AUk o
< =p

(A= Bip( - 20+ £ BR[1 A D) ]

<1 (z€dU={z:2z€C and |z| =1}).

Hence, by the maximum modulus theorem, we have f(z) € QE;I](A7B7)\). This
completes the proof of Theorem 4. m

COROLLARY 1. If the function f(z) defined by (1.7) is in the class Q?C;l](A, B, ),

then
(A— B)p(1—2))

lax| < - (k=p; peN)
K1+ AE2)] (1~ B)Dkey(a)
with equality for the function
A—B)p(l—2
flz)=2""+ ( o1~ 23) " (k=p; peN). (3.3)

UMD B)Thplan)

PuttingA:(1727%),6’andB:(1727)ﬁ(0§a<p70<ﬂ§1,% <~<1
and p € N) in Theorem 4, we obtain

COROLLARY 2. A function f(z) defined by (1.7) is in the class Qﬁal](a,ﬁm, A)
if and only if

ki_o:pk [1 + A(%)} (14287 = B)lryp(an) |ax] < 28v(p — a)(1 — 2N).

The following property is an easy consequence of Theorem 4.

THEOREM 5. Let each of the functions f;(z) defined by

fi(z) =27+ ki'f angl 2 (G =1,2,...,m) (3.4)
=p
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be in the class QT (A, B,)\). Then the function h(z) defined by

[aa]

Gfi(z) (=0 and > (=1)

Jj=1

h(z) =

I

is also in the class Q[’:él](A, B, )).

Next we prove the following growth and distortion properties for the class

QF (A, B,)).

[a1]

THEOREM 6. If a function f(z) defined by (1.7) is in the class Q[ZI](A,B,)\)
and the sequence {Ci,} = {k[1 + /\(%)]Fkﬂ,(al)} (k>p;peN;0<A< D) is
nondecreasing, then

{@+nl1ﬂ (A-B)1-2)) _ p ﬁq¢<mm>

=1 -850, ()
m (p+m_1)' (A_B)(l_zA) p' 2p —(p+m
<lrmel <t i me g 69

O<|zl=r<1;0<A<p;pe€N;me Ny=NU{0}; p>m), where I'y,(a7) is
given by (1.3). The result is sharp for the functions f(z) given by
(A—B)(1 -2\

f(z)=2"P 4 (1= B)ay () 2 (p€N). (3.6)

Proof. In view of Theorem 4, we have

112;7(0%1)1% épkllak < gpk{l + A(%)}Fkﬂ,(al) lax| < (A —ﬁ)f(llg)— 2)\)’

which yields

e (A—B)(1-2\p!
Kllag| <
Mol < ST )

Now, by differentiating both sides of (1.7) m times with respect to z, we have

(p € N). (3.7)

(p+m—1)! —pm) 2 k! b
P Vi raery L

(m € No; p € N; p > m) and Theorem 6 follows easily from (3.7) and (3.8).

M) = (=)™

Finally, it is easy to see that the bounds in (3.5) are attained for the function
f(2) given by (3.6). m
Next we determine the radii of meromorphically p-valent starlikeness of order

d and meromorphically p-valent convexity of order §(0 < 6 < p) for functions in
the class QLI](A, B, \).

THEOREM 7. Let the function f(z) defined by (1.7) be in the class Q?‘ (A, B, )).

041]
Then we have:
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(i) f(z) is meromorphically p-valent starlike of order § (0 < 6 <p, p € N) in
the disc |z| < 1, that is,

Re{—zf'(”}m (Il <),

f(2)

where

L 1+ AEE)| (1= B)Thyplen) | 7

i (k£ 0)(A—B)p(i—2n) (39)

(i) f(z) is meromorphically p-valent convex of order 6 (0 <d <p, p € N) in
the disc |z| < ra, that is,

Re{—(1+ 2/ (2))} >0 (2] <r2),

where

1
[0 1At (1= BTy (an) | T
re = juf (k+0)(A— B)(1—_2))

(3.10)

Each of these results is sharp for the function f(z) given by (3.3).
Proof. (i) From the definition (1.7), we easily get

(k + p)lax||=|**7

18

P

2 (2)
e TP | Kk

e PP 20 -6) - kZ (k — p +20)|ax][z[*+P
=p

<1 (0<é<p;peN),

if
> (m) |ak| |27 < 1. (3.11)

k=p
By Theorem 4, (3.11) will be true if

k {1 + A(%)} (1= B)Tpyp(c)

(A— B)p(1—2)\) (k>p;peN). (3.12)

(ENES

The last inequality (3.12) leads us immediately to the disc |z| < 71, where ry is
given by (3.9).
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(ii) In order to prove the second assertion of Theorem 7, we find from the
definition (1.7) that

2f () > k(k + p)lag]|z[*+7
O =
2" (2) = = '
PEe TP 2p(p—8) = 3 k(k = p+ 20) a4
=p
Thus we have the desired inequality
L+ 5+
e <1 (0<d<p peN),
! k(K + 0)
e +
——— ag | |2[*P < 1. (3.13)
kX::p p(p —9)

By Theorem 4, (3.13) will be true if

LRI {k[l +AED) (1= B)Thpp(en)

p(p —9) (A= B)p(1—2X)

The last inequality (3.14) readily yields the disc |z| < r2, where 7o defined by (3.10),
and the proof of Theorem 7 is completed by merely verifying that each assertion is
sharp for the function f(z) given by (3.3). m

} (k>p;peN). (3.14)

4. Neighborhoods

Following the earlier works (based upon the familiar concept of neighborhoods
of analytic functions) by Goodman [13] and Ruscheweyh [24], and (more recently)
by Altintas et al. ([1], [2] and [3]), Liu [17], and Liu and Srivastava [18], we begin
by introducing here the §-neighborhood of a function f(z) € X, of the form (1.1)
by means of the definition given below:

N&(f) = {g € Ep:g(z) =P 4 Z bkzk‘—p and
k=1

(1+[B[)(k +p) [1_— A+ A(E2) Ty (ar)
1 (A— B)p(1 —2)) |br — ax| <5} (4.1)

(-1<B<A<1;peN;0< )< %; 0 > 0). Making use of the definition (4.1),
we now prove Theorem 8 below.

118

k

THEOREM 8. Let the function f(z) defined by (1.1) be in the class Qq,1(A, B, A).

If f(2) satisfies the following condition:
—p
f(zi% € Vo (A,B.N) (c€C;|e] <8 6> 0), (4.2)

then
Ns(f) C Q[m](A=B=)‘)' (4.3)
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Proof. Tt is easily seen from (1.6) that g(2) € Q(4,)(4, B, \) if and only if for
any complex number o with |o| =1,

G, () +p(1 - 2))

7 el), 4.4
BoiG (o) + Ap—ay 7 P €U (44)
which is equivalent to
h
(gz# #0 (z€U), (4.5)

where, for convenience,
(oo}
h(z)=2"P+ 3 cpak?
k=1
o (1= 0B)(k—p)[1 - A+ A(52)| Te(an)

— 5P —+
& (B~ A)p(1—2\)o
From (4.6), we have

AP (4.6)

(1—oB)(k — p) [1 A A(%)}rk(al)
(B— A)p(1 - 2)\)0

ek =

(1+ [B)(k+p) |1 = A+ A(52) | Th(en)
<
- (A— B)p(1—2))
(k,p € N; 0 < X < 3). Now, if f(2) = 277 + > 5o, arzF™P € ¥, satisfies the
condition (4.2), then (4.5) yields

‘(f *h)(2)

z~P

>6 (z€U; 6>0).

By letting g(2) = 277 + > _p, bez" 7P € Nj(f), we get that
l9(z) = f(2)] * h(2) S k

br —
k;( k — Qk)CkZ

2z~ Db
5 LB+ [1= A+ AC552) | Th(an)
<|z
k=1 (A= B)p(1-2))
(z € U; 6 > 0). Then we have (4.5), and hence also (4.4) for any o € C such
that |o| = 1, which implies that g(z) € Q[4,1(A, B, ). This evidently proves the
assertion (4.3) of Theorem 8. m

We now define the d-neighborhood of a function f(z) € X7 of the form (1.7)
as follows

N;(f):{geE;:g(z):Z_p—i—kz |br|z*  and
=p

= (1+|B)k [1+A (kr%p)] Pitr(e1) ||| — |ax]| < 5}7

|bk—ak| <4

=, (A= B)p(i—2))
(-1<B<A<LpeN;0<A<3;6>0).
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THEOREM 9. Let the function f(z) defined by (1.7) be in the class Q" A,

B,)\),—1§B<A§1,—1§B§O,p€NandO§)\<§. Then

a1 +1](

2
NY(f) € O, (A BN (5:a1f2p.

The result is sharp in the sense that § cannot be increased.

Proof. Making use the same method as in the proof of Theorem 8, we can
show that [cf. (4.6)]

h(z) =2"P+ 3 2

k=p
(o BR L) Dy ()
=F 0t 2, (B — A)p(l — 2\)o =

Thus, under the hypothesis -1 < B<A<1,-1<B<0,pe Nand 0 <\ <%

if f(2) € Q'; 1] (A, B, ) is given by (1.7), we obtain
h
‘(f*)(z) 1+ Z Ck|ak|zk+p
z7P —p
0 o (L= Bk [T+ A Thpplon +1)
>l-— . |axl-

ay +2p i, (A= B)p(1 -2\

Also, from Theorem 4, we obtain

emE|o, o

z7P - ar+2p a1 +2p

The remaining part of the proof of Theorem 9 is similar to that of Theorem 8, and
we skip the details involved.

To show the sharpness, we consider the functions f(z) and g(z) given by

_ (A—B)(1—2))
_ P 2P eqQf A B
)= A By + 0 7 © s (BN
and
_ (A-B)(1-2\) (A—B)(1- 2)\)6'
z)=2z"P+
" (- B +1) (1~ B)laplen)
where § > 8§ = Clearly, the function g(z) belongs to N5 (f). On the other

a1 +2p )
hand, we find from Theorem 4 that g(z) is not in the class Q (A, B, \). Thus the

proof of Theorem 9 is completed. m

THEOREM 10. Let f(z) € ¥, be given by (1.1) and define the partial sums
s1(z) and s,(2) as

s1(2) =277 and sp(z) =27+ nil apz*7P  (ne N\ {1}).
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Suppose also that
&S (1+ BNk +p)[1 = A+ A(5E)|Tr(an)
kzz:l dk \ak| S 1 (dk = (A — B)p(l — 2)\) ) (47)
Then:
(i) f(z) € Qay (4, B, ).
(ii) If {Tr(c1)} (k € N) is nondecreasing and
(A= B)p(1 -2\

B> B A A+ AED)]
then
IOV L ep
Re{Sn(z)}>1 i (z€U; neN), (4.8)
and
Sn(2) dp .
Re{f(z)}>1—|—dn (zeU;neN). (4.9)

FEach of the bounds in (4.8) and (4.9) is the best possible for each n € N.

Proof. (i) It is not difficult to see that 277 € Q4,1(A, B,A) (p € N). Thus,
from Theorem 8 and the hypothesis (4.7), we have Ni(277) C Qo,1(4, B, A) as
asserted by Theorem 8.

(ii) Under the hypothesis in Part (ii) of Theorem 10, we can see from (4.7)
that dg+1 > dp > 1 (k € N). Therefore, we have

n—1 00 00
> lawl +dn 32 lax| < 30 dila| < 1, (4.10)
k=1 k=n k=1

by using hypothesis (4.7) again. By setting

d, apz*
/() 1 =,
_ (1 _ 7) =14+ —"
5n(2) dn, =l
1+ > agz
k=1

)

91(z) = dn {

and applying (4.10), we find that

oo
dn > |a]
k=n

<
=
—~
I\
~
N

<1 (z€U),

n—1

- (o)
222" lagl = du 32 las]
k=1 k=n
which readily yields the assertion (4.8). If we take

f2) =277 =

91(2)+1‘

2P

dy ’

(4.11)

then £2) . )
z z _
sn(z): —aﬁl—a (z—17)

which shows that the bound in (4.8) is the best possible for each n € N.
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Similarly, if we put

o0
(14+d,) S apz®
k=n

Sn(z d,
gz(z):(1+d”)<f((z)>_1+d):1_ —
" 1+ Y apz”
k=1
and making use of (4.10), we can deduce that
o) -1 (At du) 2 la
< = <1 (ze€l),
gﬂ@+1‘ <t )

- n—1 o]
2-2 3" lag|+ (1 —dn) 3 |axl
k=1

k=n
which leads us immediately to the assertion (4.11).

The bound in (4.9) is sharp for each n € N, with the extremal function f(z)
given by (4.11). The proof of Theorem 10 is thus completed. m

5. Convolution properties for the class Q[t“](a,ﬂ,'y, A)

For the functions f;(z) (j = 1,2) defined by (3.4) we denote by (f1 * f2)(2) the
Hadamard product (or convolution) of the functions f1(z) and fa(z), that is,

(Fixf2)(2) = 2P+ 3 ag.a|aral2.

k=p
Throughout this section, we assume further that the sequence
{k[1 + /\(k’%p)]l“ﬂp(al)} (k>p; pe N; 0 < A< 1) is nondecreasing.

THEOREM 11. Let the functions f;(z) (j = 1,2) defined by (3.4) be in the class
QOF (0,83, ). Then (fi + f2)(2) € Q2 (C,B,7,A), where
268y(p — )?(1 - 2))
p(1+ 28y — B)Tap(an)
The result is sharp for the functions fj(z) (j =1,2) given by

e a2
1) = 2 55y — B)Tap(an)

(=p—

(j=1,2; pe N). (5.1)

Proof. Employing the technique used earlier by Schild and Silverman [25], we
need to find the largest ¢ such that

oo k[1+A(52)] (14287 = B)Tkip(ar)
K=p 287(p— Q)1 —2A)
for f;(2) € QF (a,B,7,\) (j =1,2). Since f;(z) € Q"

[aq] [a1]

readily see that

k[1+ )\(k,%p)] (14287 — B)lkyp(on)
p 26v(p — a)(1 — 2A)

lak1llak2| <1

(O‘7ﬁ”y>/\) (] = 172)7 we

18

lan;| <1 (5 =1,2).
k
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Therefore, by the Cauchy-Schwarz inequality, we obtain
oo k[1+A(%52)](1+ 267 = B)Tkp(r)

207(p — a)(1 - 2) |k llako] < 1. (5.2)

This implies that we only need to show that

! 1
m . |ak,1||ak,2| < W |ak,1||ak72| (k > p)

or, equivalently, that \/ |ag1||ak2| < ((ﬁ_i)) (k > p). Hence, by the inequality
(5.2), it is sufficient to prove that
20y(p — a)(1 = 2}

k=p

(-0
< k> p). 5.3
k[L+A5D)] 0+ 267 = ATksp(ar) ~ P =) tEre 09
It follows from (5.3) that
C<p- 267(p — a)*(1 = 2) (k > p)

k[1+ )\(%)] (14287 = B)ryplan)
Now, defining the function ®(k) by
—a)2(1 -
(k) =p— i?')/(p a)?(1—2)) (k > p),
B[14 5] (04 28y = Blkgp(n)

we have
_2B8v(p—a)’(1—-2))
(1+26y—03)
. {(k+1)(a+k+p) [1+A(’“+p#>} —k(c+k+p) {1+/\(’%’)] } o
k(e +D(a+k+p) [14A (552)] [14a (E2=2)]

that is, that, ®(k) is an increasing function of k£ (k > p). Therefore, we conclude

that )

287(p — a)*(1 - 2))
p(1 426y = B)Tap(cr)’
which evidently completes the proof of Theorem 11. m

®(k+1) — B(k)

].—‘k+p(0l1) X

(<®(p)=p—

Using arguments similar to these in the proof of Theorem 11, we obtain the
following result.

THEOREM 12. Let the function f1(z) defined by (3.4) be in the class Q[‘(‘ll](a, G,
v,A). Suppose also that the function fo(z) defined by (3.4) be in the class
Q?(_M](97 ﬂv s )‘) Then (fl * fg)(Z) € Qﬁ;l](Tv ﬂv s )‘) where

_ 2B8y(p—a)(p—0)(1 — 2))
p(1+28y = B)Top(ar)

T=p
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The result is sharp for the functions f;(z) (j =1,2) given by

208y(p — a)(1 = 2)
(14287 — B)lap(a1)

fl(z):zfp—l—p 2P (peN)

and
(14 28y — B)lap(an)

fg(z):z_p+p (p € N).

THEOREM 13. Let the functions f;(z) (j = 1,2) defined by (3.4) be in the class
Q[zl](a,ﬁ,'y,)\). Then the function h(z) defined by

h(z) =277+ 3 (laka | + lax2|*)2*
k=p

belongs to the class Qﬁ;‘l](gﬁ,ﬁ,% A), where
15y(p — a)’(1 = 2))
p(1+ 28y — B)Tap(an)
This result is sharp for the functions f;(z) (j = 1,2) defined by (5.1).

=D

Proof. Noting that

. (k[l +ACER)] (1428 — 6)Fk+p(a1)>2 il
ag,j

= 267(p — a)(1 - 2))

oo k:[l+A(’2%p)}(1+267—ﬁ)rk+p(041) ’ .
<<k§, 2657(p — @) (1 — 2 '“’”’) =

for f](z) € Q[J;ﬂ(p,a,ﬂ,’y,)\)(j =1,2), we have

=1,2),

2
< 1 [K[1+ACF2)] (L + 287 = B)lksp(0n)
LG | (axal? +lax2f?) < 1.
k=p 2 2Bv(p — o) (1 —2A)
Therefore, we have to find the largest ¢ such that
1 _ R[]+ 28y = B)Tkip(a) > )
v " 16v(p— @)?(1 = 2)) =
that is, that
4Bv(p — a)?(1 — 2\
p<p- Fﬂ Sl ) (k= p).
k[142058)] 1+ 28y = Blipp()
Now, defining a function ¥(k) by
4 —a)?(1 -2

E[1 4+ A(552)] (14287 = B)Tkip(n)
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we observe that ¥(k) is an increasing function of k& (k > p). Thus, we conclude

e 49y(p — )1~ 23)
Y —a) (-
e <V(p)=p— ;
®) p(1 4267 — B)Izp(a1)
which completes the proof of Theorem 13. m
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