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SOME PROPERTIES OF GENERALIZED SZÀSZ TYPE
OPERATORS OF TWO VARIABLES

Çiğdem Atakut and Íbrah́ım Büyükyazıcı

Abstract. A generalization of Szàsz type operators for two variables is constructed and the
theorems on convergence and the degree of convergence are established. In addition, we consider
the simultaneous approximation of these operators.

1. Introduction

For an analytic function g(x) ≡ ∑∞
n=0 anxn (g(1) 6= 0) consider the polynomi-

als Pk defined by

g(u)eux =
∞∑

k=0

Pk(x)uk. (1)

In [6], Jakimovski and Leviatan defined the operators Pn : CA [0,∞) → C [0,∞)
as follows,

Pn(f ; x) =
e−nx

g(1)

∞∑
k=0

Pk(nx)f
(k

n

)
(2)

where CA [0,∞) =
{
f ∈ C [0,∞) : |f(x)| ≤ βeAx

}
. When g(x) ≡ 1 in (1), we

obtain classical Szàsz operators. In [9], Wood proved that this operator is positive
in [0,∞) if and only if an/g(1) ≥ 0 for n ∈ N. In [6], Jakimovski and Leviatan
established several new approximation results for the (2) operators. They proved
that If f ∈ CA [0,∞), then Pn(f ;x) converges uniformly to f any compact interval
of the positive real axis. In [4], A. Ciupa gave a generalization of the (2) operators
as follows:

Pn,t(f ;x) =
e−nt

g(1)

∞∑
k=0

pk(nt)f
(
x +

k

n

)
. (3)

and studied the approximation properties of these operators. In a recent paper [2]
Atakut and Büyükyazıcı have studied a Stancu type generalization of Pn,t(f ; x) as

Pα,β
n,t (f ; x) =

e−nt

g(1)

∞∑
k=0

pk(nt)f
(
x +

k + α

n + β

)
.
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Here, Inspired by (3), we introduce a similar generalization of Szàsz type op-
erators for two variables as follows:

P t1,t2
n,m (f ;x, y) =

e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)f
(
x +

k

n
, y +

j

m

)
; (4)

where g(.) and Pk(.; g) = Pk(.) have same properties given by (1). It is obvious
that the operator is positive on [0,∞) × [0,∞), if an ≥ 0 (n = 0, 1, 2, . . . ) for
0 ≤ t1, t2 < ∞. In this paper, we will give some approximation properties of these
operators.

2. Basic results

In this section, we shall mention some definitions and certain lemmas to prove
our main theorems.

Lemma 1. Let

g(u1)g(u2)eu1x+u2y =
∞∑

k=0

∞∑
j=0

Pk(x)Pj(y)uk
1uj

2 . (5)

Then we have
∞∑

k=0

∞∑
j=0

Pk(nt1)Pj(mt2) = g2(1)ent1+mt2 (6)

∞∑
k=0

∞∑
j=0

kPk(nt1)Pj(mt2) =
(
g′(1)g(1) + nt1g

2(1)
)
ent1+mt2 (7)

∞∑
k=0

∞∑
j=0

jPk(nt1)Pj(mt2) =
(
g′(1)g(1) + mt2g

2(1)
)
ent1+mt2 (8)

∞∑
k=0

∞∑
j=0

k2Pk(nt1)Pj(mt2) = (g′′(1)g(1) + 2nt1g
′(1)g(1) + n2t21g

2(1)

+ g′(1)g(1) + nt1g
2(1))ent1+mt2 (9)

∞∑
k=0

∞∑
j=0

j2Pk(nt1)Pj(mt2) = (g′′(1)g(1) + 2mt2g
′(1)g(1) + m2t22g

2(1)

+ g′(1)g(1) + mt2g
2(1))ent1+mt2 . (10)

Proof. In (5), letting u1 = u2 = 1 and x = nt1, y = mt2,the equality (6) is
easily obtained. To prove (7), we take partial derivatives of the two sides of the
equation (5) with respect to u1

∞∑
k=0

∞∑
j=0

kPk(x)Pj(y)uk−1
1 uj

2 = (g′(u1)g(u2) + xg(u1)g(u2)) eu1x+u2y (11)

substituting u1 = u2 = 1 and x = nt1, y = mt2 in (11), we get
∞∑

k=0

∞∑
j=0

kPk(nt1)Pj(mt2) =
(
g′(1)g(1) + nt1g

2(1)
)
ent1+mt2 .
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We can make a similar way in the proof of (8). Now, we show the accuracy of the
equation (9). Taking partial derivatives of (11) with respect to u1, we have

∞∑
k=0

∞∑
j=0

k2Pk(x)Pj(y)uk−2
1 uj

2 =
∞∑

k=0

∞∑
j=0

kPk(x)Pj(y)uk−1
1 uj

2

+
(
g′′(u1)g(u2) + 2xg′(u1)g(u2) + x2g(u1)g(u2)

)
eu1x+u2y.

From (7), we get

∞∑
k=0

∞∑
j=0

k2Pk(x)Pj(y)uk−1
1 uj

2 = (g′(u1)g(u2) + xg(u1)g(u2) + g′′(u1)g(u2)

+ 2xg′(u1)g(u2) + x2g(u1)g(u2))eu1x+u2y.

Letting u1 = u2 = 1 and x = nt1, y = mt2 in last equation, we obtain the desired
result. Finally, proof of equation (10) can be done similarly.

Definition 2. Let D = [0,∞)× [0,∞) and A be an certain finite. We denote
by CA(D) =

{
f ∈ C(D) : |f(x, y)| ≤ βeA(x+y)

}
and for i = 0, 1, 2, 3, ei the test

functions defined by e0(x, y) = 1, e1(x, y) = x, e2(x, y) = y and e3(x, y) = x2 + y2.

Definition 3. [3] Let Dab = [0, a] × [0, b]. For f ∈ C(Dab) and δ > 0, the
Peetre K-functional is defined by

K(f ; δ) = inf
ϕ∈C2(Dab)

{
‖f − ϕ‖C(Dab)

+ δ ‖ϕ‖C2(Dab)

}
(12)

where C2(Dab) is the space of functions of ϕ such that ϕ,
∂iϕ

∂xi
,
∂iϕ

∂yi
(i = 1, 2) belong

to C(Dab). The norm on the space C2(Dab) can be defined as

‖ϕ‖C2(Dab)
= ‖ϕ‖C(Dab)

+
2∑

i=1

(∥∥∥∥
∂iϕ

∂xi

∥∥∥∥
C(Dab)

+
∥∥∥∥

∂iϕ

∂yi

∥∥∥∥
C(Dab)

)
.

Definition 4. Let f ∈ C(Dab) be a continuous function and δ is a positive
number. The full continuity modulus of the function f(x, y) is

ω(f ; δ) = max{|f(x1, y1)− f(x2, y2)| : x, y ∈ Dab,
√

(x1 − x2)2 + (y1 − y2)2 ≤ δ }

and its partial continuity moduli with respect to x and y are

ω(1)(f ; δ) = max
0≤y≤b

max
|x1−x2|≤δ

|f(x1, y)− f(x2, y)| (13)

ω(2)(f ; δ) = max
0≤x≤a

max
|y1−y2|≤δ

|f(x, y1)− f(x, y2)| . (14)

It is known that limδ→0 ω(f ; δ) = 0 and for any λ > 0, ω(f ; λδ) ≤ (λ+1)ω(f ; δ).
The same properties are satisfied by partial continuity moduli.
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3. Main results

In this section, we shall prove the following main results.

Theorem 5. From Lemma 1, we have

P t1,t2
n,m (e0; x, y) = 1, (15)

P t1,t2
n,m (e1; x, y) = x + t1 +

1
n

g′(1)
g(1)

, (16)

P t1,t2
n,m (e2; x, y) = y + t2 +

1
m

g′(1)
g(1)

, (17)

P t1,t2
n,m (e3; x, y) = (x + t1)2 + (y + t2)2 +

2
n

g′(1)
g(1)

(x + t1) +
t1
n

+
1
n2

g′(1) + g′′(1)
g(1)

+
2
m

g′(1)
g(1)

(y + t2) +
t2
m

+
1

m2

g′(1) + g′′(1)
g(1)

.
(18)

Proof. From (5), it is clear that, for all n,m ∈ N,

P t1,t2
n,m (e0; x, y) =

e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)

=
e−(nt1+mt2)

g2(1)
g2(1)ent1+mt2 = 1.

Also we obtain

P t1,t2
n,m (e1; x, y) =

e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)(x +
k

n
)

= x
e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)

+
1
n

e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

kPk(nt1)Pj(mt2)

from (6) and (7), we get

P t1,t2
n,m (e1;x, y) = x

e−(nt1+mt2)

g2(1)
g2(1)ent1+mt2

+
1
n

e−(nt1+mt2)

g2(1)
(
g′(1)g(1) + nt1g

2(1)
)
ent1+mt2

= x + t1 +
1
n

g′(1)
g(1)

.
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Similarly, we have

P t1,t2
n,m (e2; x, y) =

e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)(y +
j

m
)

= y
e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)

+
1
m

e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

jPk(nt1)Pj(mt2)

= y + t2 +
1
m

g′(1)
g(1)

.

Finally, we can show the formula (18).

P t1,t2
n,m (e3;x, y) =

e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)
(

(x +
k

n
)2 + (y +

j

m
)2

)

=
e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)(x +
k

n
)2

+
e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)(y +
j

m
)2

= I1 + I2 (19)

Now we consider I1:

I1 =
e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)(x +
k

n
)2

= x2 e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)

+
2x

n

e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

kPk(nt1)Pj(mt2)

+
1
n2

e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

k2Pk(nt1)Pj(mt2)

from (6), (7) and (9), we obtain

I1 = (x + t1)2 +
2
n

g′(1)
g(1)

(x + t1) +
t1
n

+
1
n2

g′(1) + g′′(1)
g(1)

(20)

similarly, we get

I2 = (y + t2)2 +
2
m

g′(1)
g(1)

(y + t2) +
t2
m

+
1

m2

g′(1) + g′′(1)
g(1)

. (21)

Using (20) and (21) in (19), we obtain the desired result.
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From Theorem 5, we can immediately give the following Bohman-Korovkin-
type theorem:

Theorem 6. Let P t1,t2
n,m be positive on D = [0,∞) × [0,∞) and x, y ≥ 0 are

fixed. If f ∈ CA(D), then

lim
n,m→∞

P t1,t2
n,m (f ; x, y) = f(x + t1, y + t2)

uniformly on Dab = [0, a]× [0, b].

Proof. From (15)–(18), we have

lim
n,m→∞

P t1,t2
n,m (ei;x, y) = ei (x + t1, y + t2) , i ∈ {0, 1, 2, 3}

uniformly on Dab. For each fixed t1, t2 ≥ 0, if we apply the Korovkin type theorem
(see [8]), the proof is completed.

Theorem 7. Let P t1,t2
n,m be given by (4) and f ∈ CA(Dab). Then, for

(x + t1, y + t2) ∈ Dab, we have

∥∥P t1,t2
n,m f − f(. + t1, . + t2)

∥∥
CA(Dab)

≤ 2K(f ;
1
2
δn,m)

where K(f ; .) is Peetre’s K-functional defined by (12) and δn,m =

max
{

1
n

g′(1)
g(1) , 1

m
g′(1)
g(1) , 1

2

(
t1
n + 1

n2
g′(1)+g′′(1)

g(1)

)
, 1

2

(
t2
m + 1

m2
g′(1)+g′′(1)

g(1)

)}
.

Proof. Let ϕ ∈ C2(Dab). Using Taylor’s theorem, we can write

ϕ(z1, z2)− ϕ(x + t1, y + t2)

= ϕ(z1, y + t2)− ϕ(x + t1, y + t2) + ϕ(z1, z2)− ϕ(z1, y + t2)

=
∂ϕ(x, y)

∂x
(z1 − x− t1) +

∫ z1

x+t1

(z1 − λ)
∂2ϕ(λ, y)

∂λ2
dλ

+
∂ϕ(x, y)

∂y
(z2 − y − t2) +

∫ z2

y+t2

(z2 − µ)
∂2ϕ(x, µ)

∂µ2
dµ

Applying the operator P t1,t2
n,m to both sides, we deduce that

∣∣P t1,t2
n,m (ϕ; x, y)− ϕ(x + t1, y + t2)

∣∣

≤
∣∣∣∣
∂ϕ

∂x

∣∣∣∣ |Pn,m(z1 − x− t1; x, y)|+
∣∣∣∣
∂2ϕ

∂x2

∣∣∣∣
∣∣∣∣P t1,t2

n,m (
1
2
(z1 − x− t1)2;x, y)

∣∣∣∣

+
∣∣∣∣
∂ϕ

∂y

∣∣∣∣
∣∣P t1,t2

n,m (z2 − y − t2;x, y)
∣∣ +

∣∣∣∣
∂2ϕ

∂y2

∣∣∣∣
∣∣∣∣P t1,t2

n,m (
1
2
(z2 − y − t2)2;x, y)

∣∣∣∣ .

Since P t1,t2
n,m (z1 − x − t1; x, y) = 1

n
g′(1)
g(1) and P t1,t2

n,m (z2 − y − t2; x, y) = 1
m

g′(1)
g(1) , we
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obtain
∥∥P t1,t2

n,m (ϕ; x, y)− ϕ(x + t1, y + t2)
∥∥

C(Dab)

≤ 1
n

g′(1)
g(1)

∥∥∥∥
∂ϕ

∂x

∥∥∥∥
C(Dab)

+
1
m

g′(1)
g(1)

∥∥∥∥
∂ϕ

∂y

∥∥∥∥
C(Dab)

+
1
2

∥∥∥∥
∂2ϕ

∂x2

∥∥∥∥
C(Dab)

∣∣∣P t1,t2
n,m ((z1 − x− t1)

2 ;x, y)
∣∣∣

+
1
2

∥∥∥∥
∂2ϕ

∂y2

∥∥∥∥
C(Dab)

∣∣∣P t1,t2
n,m ((z2 − y − t2)

2 ;x, y)
∣∣∣ .

We estimate P t1,t2
n,m ((z1 − x− t1)

2 ; x, y).

P t1,t2
n,m ((z1 − x− t1)

2 ; x, y) = P t1,t2
n,m (z2

1 ;x, y)− 2(x + t1)P t1,t2
n,m (z1; x, y) + (x + t1)2

= (x + t1)2 +
2
n

g′(1)
g(1)

(x + t1) +
t1
n

+
1
n2

g′(1) + g′′(1)
g(1)

− 2(x + t1)2 − 2
n

g′(1)
g(1)

(x + t1) + (x + t1)2

=
t1
n

+
1
n2

g′(1) + g′′(1)
g(1)

and we get

∣∣∣P t1,t2
n,m ((z1 − x− t1)

2 ;x, y)
∣∣∣ =

t1
n

+
1
n2

g′(1) + g′′(1)
g(1)

. (22)

Similarly ∣∣∣P t1,t2
n,m ((z2 − y − t2)

2 ; x, y)
∣∣∣ =

t2
m

+
1

m2

g′(1) + g′′(1)
g(1)

. (23)

From (22) and (23), we have
∥∥Pn,mϕ− ϕ(. + t1, . + t2)

∥∥
C(Dab)

≤ 1
n

g′(1)
g(1)

∥∥∥∥
∂ϕ

∂x

∥∥∥∥
C(Dab)

+
1
m

g′(1)
g(1)

∥∥∥∥
∂ϕ

∂y

∥∥∥∥
C(Dab)

+
1
2

(
t1
n

+
1
n2

g′(1) + g′′(1)
g(1)

) ∥∥∥∥
∂2ϕ

∂x2

∥∥∥∥
C(Dab)

+
1
2

(
t2
m

+
1

m2

g′(1) + g′′(1)
g(1)

) ∥∥∥∥
∂2ϕ

∂y2

∥∥∥∥
C(Dab)

≤ δn,m

[∥∥∥∥
∂ϕ

∂x

∥∥∥∥
C(Dab)

+
∥∥∥∥

∂ϕ

∂y

∥∥∥∥
C(Dab)

+
∥∥∥∥

∂2ϕ

∂x2

∥∥∥∥
C(Dab)

+
∥∥∥∥

∂2ϕ

∂y2

∥∥∥∥
C(Dab)

]

≤ δn,m ‖ϕ‖C2(Dab)
(24)
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where δn,m = max
{

1
n

g′(1)
g(1) , 1

m
g′(1)
g(1) , 1

2

(
t1
n + 1

n2
g′(1)+g′′(1)

g(1)

)
, 1

2

(
t2
m + 1

m2
g′(1)+g′′(1)

g(1)

)}
.

By the linearity property of P t1,t2
n,m , we get

∥∥P t1,t2
n,m f − f(. + t1, . + t2)

∥∥
C(Dab)

≤
∥∥P t1,t2

n,m f − P t1,t2
n,m ϕ

∥∥
C(Dab)

+
∥∥P t1,t2

n,m ϕ− ϕ(. + t1, . + t2)
∥∥

C(Dab)

+ ‖f(. + t1, . + t2)− ϕ(. + t1, . + t2)‖C(Dab)

≤ ‖f − ϕ‖C(Dab)
+ ‖f(. + t1, . + t2)− ϕ(. + t1, . + t2)‖C(Dab)

+
∥∥P t1,t2

n,m g − ϕ(. + t1, . + t2)
∥∥

C(Dab)
(25)

and from (24) and (25), we obtain
∥∥P t1,t2

n,m f − f(. + t1, . + t2)
∥∥

C(Dab)
≤ 2

(
‖f − ϕ‖C(Dab)

+
1
2
δn,m ‖ϕ‖C2(Dab)

)
.

We complete the proof by taking the infimum over ϕ ∈ C2 (Dab).
Now, we are concerned with the estimate of the order of approximation of a

function f ∈ CA(D) by means of the positive operator P t1,t2
n,m , using the partial

continuity moduli.

Theorem 8. If f ∈ CA(D), then then for all (x, y) ∈ D and t1, t2 ∈ [0,∞),
we have

∣∣P t1,t2
n,m (f ; x, y)− f(x + t1, y + t2)

∣∣ ≤
(
1 +

√
t1 +

1
n

g′(1) + g′′(1)
g(1)

)
ω(1)(f ;

1√
n

)

+
(
1 +

√
t2 +

1
m

g′(1) + g′′(1)
g(1)

)
ω(2)(f ;

1√
m

) (26)

where ω(1)(f ; .) and ω(2)(f ; .) are partial continuity modulus of f given by (13) and
(14).

Proof. Suppose that f ∈ CA(D). By (15), we obtain following inequality:∣∣P t1,t2
n,m (f ; x, y)− f(x + t1, y + t2)

∣∣

≤ e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)
∣∣∣∣f(x +

k

n
, y +

j

m
)− f(x + t1, y +

j

m
)
∣∣∣∣

+
e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)
∣∣∣∣f(x + t1, y +

j

m
)− f(x + t1, y + t2)

∣∣∣∣
= I1 + I2. (27)

Now, we consider I1. By using well-known properties of the modulus of continuity,
we obtain the formula

I1 =
e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)
∣∣∣∣f(x +

k

n
, y +

j

m
)− f(x + t1, y +

j

m
)
∣∣∣∣

≤ ω(1)(f ; δn)
{

1 +
1
δn

e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)
∣∣ k
n − t1

∣∣
}

.
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By the Cauchy-Schwarz inequality, we have

I1 ≤ ω(1)(f ; δ1)
{

1+
1
δn

(e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)
(

k2

n2 − 2t1
k
n + t21

))1/2}

and by (6), (7) and (9), we get

I1 ≤ ω(1)(f ; δ1)

{
1 +

1
δ1

√
t1
n

+
1
n2

g′(1) + g′′(1)
g(1)

}

By taking δn = 1√
n
, we obtain

I1 ≤
(

1 +

√
t1 +

1
n

g′(1) + g′′(1)
g(1)

)
ω(1)(f ;

1√
n

). (28)

In a similar way, using (6), (8) and (10), we have

I2 ≤
(

1 +

√
t2 +

1
m

g′(1) + g′′(1)
g(1)

)
ω(2)(f ;

1√
m

). (29)

Using (28) and (29) in (27), the proof is completed.
Now, we will study error estimation in terms of higher order partial moduli of

continuity in simultaneous approximation for the operators (4).

Theorem 9. If f ∈ Cr
A(D), then we have

i)
∣∣∣ ∂r

∂tr1
P t1,t2

n,m (f ; x, y)− ∂r

∂tr1
f(x + t1, y + t2)

∣∣∣

≤
(

1 +

√
t1 +

1
n

g′(1) + g′′(1)
g(1)

)
ω(1)(

∂r

∂tr1
f ;

1√
n

+
r

n
)

+

(
1 +

√
t2 +

1
m

g′(1) + g′′(1)
g(1)

)
ω(2)(

∂r

∂tr2
f ;

1√
m

+
r

m
)

+ ω(1)(
∂r

∂tr1
f ;

r

n
) (30)

ii)
∣∣∣ ∂r

∂tr2
P t1,t2

n,m (f ;x, y)− ∂r

∂tr2
f(x + t1, y + t2)

∣∣∣

≤
(

1 +

√
t1 +

1
n

g′(1) + g′′(1)
g(1)

)
ω(1)(

∂r

∂tr1
f ;

1√
n

+
r

n
)

+

(
1 +

√
t2 +

1
m

g′(1) + g′′(1)
g(1)

)
ω(2)(

∂r

∂tr2
f ;

1√
m

+
r

m
)

+ ω(2)(
∂r

∂tr2
f ;

r

m
) (31)
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Proof. i) The partial derivative of Eq. (4) with respect to t1 may be written
as follows:

∂

∂t1
P t1,t2

n,m (f ; x, y) =
e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)
∆1

1/n,xf(x +
k

n
, y +

j

m
)

1/n

(32)

where ∆1
1/n,xf(x+

k

n
, y +

j

m
) = f(x+

k + 1
n

, y +
j

m
)− f(x+

k

n
, y +

j

m
). From (32)

one computes the r-th derivative of P t1,t2
n,m as

∂r

∂tr1
P t1,t2

n,m (f ; x, y)

=
e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)
∆r

1/n,xf(x +
k

n
, y +

j

m
)

(1/n)r

= r!
e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)
∆r

1/n,xf(x +
k

n
, y +

j

m
)

r! (1/n)r

= r!
e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)

×
[
x +

k

n
, x +

k + 1
n

, . . . , x +
k + r

n
; f, y +

j

m

]

= r!
e−(nt1+mt2)

g2(1)

∞∑
k=0

∞∑
j=0

Pk(nt1)Pj(mt2)h(x +
k

n
, y +

j

m
)

where h(t1, t2) =
[
t1, t1 +

1
n

, . . . , t1 +
r

n
; f, t2

]
and so we obtain

∂r

∂tr1
P t1,t2

n,m (f ; x, y) = r!P t1,t2
n,m (h; x, y). (33)

From (33) the difference
∣∣∣∣
∂r

∂tr1
P t1,t2

n,m (f ; x, y)− ∂r

∂tr1
f(x + t1, y + t2)

∣∣∣∣ is represented as

follows:
∣∣∣ ∂r

∂tr1
P t1,t2

n,m (f ; x, y)− ∂r

∂tr1
f(x + t1, y + t2)

∣∣∣

≤ r!
∣∣P t1,t2

n,m (h; x, y)− h(x + t1, y + t2)
∣∣

+
∣∣∣∣r!h(x + t1, y + t2)− ∂r

∂tr1
f(x + t1, y + t2)

∣∣∣∣

By using (26),we obtain
∣∣∣ ∂r

∂tr1
P t1,t2

n,m (f ; x, y)− ∂r

∂tr1
f(x + t1, y + t2)

∣∣∣
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≤ r!

(
1 +

√
t1 +

1
n

g′(1) + g′′(1)
g(1)

)
ω(1)(h;

1√
n

)

+ r!

(
1 +

√
t2 +

1
m

g′(1) + g′′(1)
g(1)

)
ω(2)(h;

1√
m

)

+
∣∣∣∣r!h(x + t1, y + t2)− ∂r

∂tr1
f(x + t1, y + t2)

∣∣∣∣ . (34)

On the other hand, we write
∣∣∣h(t1 + δ1, t2 + δ2)− h(t1, t2)

∣∣∣
≤ |h(t1 + δ1, t2 + δ2)− h(t1 + δ1, t2)|+ |h(t1 + δ1, t2)− h(t1, t2)|
= I1 + I2. (35)

We estimate I1:

I1 = |h(t1 + δ1, t2 + δ2)− h(t1 + δ1, t2)|

=
∣∣∣∣
[
t2 + δ2, t2 + δ2 +

1
m

, . . . , t2 + δ2 +
r

m
; f, t1 + δ1

]

−
[
t2, t2 +

1
m

, . . . , t2 +
r

m
; f, t1 + δ1

]∣∣∣∣

=
1
r!

∣∣∣∣
∂r

∂tr2
f(t1 + δ1, t2 + δ2 + θ1

r

m
)− ∂r

∂tr2
f(t1 + δ1, t2 + δ2 + θ2

r

m
)
∣∣∣∣

where θ1, θ2 ∈ (0, 1). Hence we get

I1 ≤ 1
r!

ω(2)(
∂r

∂tr2
f ; δ2 + |θ1 − θ2| r

m
) ≤ 1

r!
ω(2)(

∂r

∂tr2
f ; δ2 +

r

m
) (36)

similarly, we have

I2 ≤ 1
r!

ω(1)(
∂r

∂tr1
f ; δ1 +

r

n
). (37)

By inserting (36) and (37) in (35), we get

|h(t1 + δ1, t2 + δ2)− h(t1, t2)| ≤ 1
r!

ω(1)(
∂r

∂tr1
f ; δ1 +

r

n
) +

1
r!

ω(2)(
∂r

∂tr2
f ; δ2 +

r

m
).

By taking δ1 = 1√
n

and δ2 = 1√
m

we obtain

ω(1)(h;
1√
n

) ≤ 1
r!

ω(1)(
∂r

∂tr1
f ;

1√
n

+
r

n
) (38)

ω(2)(h;
1√
m

) ≤ 1
r!

ω(2)(
∂r

∂tr2
f ;

1√
m

+
r

m
). (39)

On the other hand, we write
∣∣∣r!h(x + t1, y + t2)− ∂r

∂tr1
f(x + t1, y + t2)

∣∣∣ =
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=
∣∣∣∣r!

[
x + t1, x + t1 +

1
n

, . . . , x + t1 +
r

n
; f, y + t2

]
− ∂r

∂tr1
f(x + t1, y + t2)

∣∣∣∣

≤
∣∣∣∣
∂r

∂tr1
f(x + t1 + θ3

r

n
, y + t2)− ∂r

∂tr1
f(x + t1, y + t2)

∣∣∣∣

≤ ω(1)(
∂r

∂tr1
f ; θ3

r

n
)

≤ ω(1)(
∂r

∂tr1
f ;

r

n
) (40)

by using (38), (39) and (40) in (34), we have the desired result. The proof of (ii)
can be made in a similar way.
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