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SOME PROPERTIES OF GENERALIZED SZASZ TYPE
OPERATORS OF TWO VARIABLES

Cigdem Atakut and Ibrahim Biiyiikyazici

Abstract. A generalization of Szasz type operators for two variables is constructed and the
theorems on convergence and the degree of convergence are established. In addition, we consider
the simultaneous approximation of these operators.

1. Introduction

For an analytic function g(z) = Y o2 jan,z™ (g(1) # 0) consider the polynomi-
als P defined by

g(w)e" = 3 Pi(a)ur. (1)
k=0

In [6], Jakimovski and Leviatan defined the operators P, : C4 [0,00) — C'[0,0)
as follows,
e—7l$ e’ k.

Palfi) ="y & Ana)f () (2)
where Ca[0,00) = {f € C[0,00): |f(z)| < Be® }. When g(z) = 1 in (1), we
obtain classical Szasz operators. In [9], Wood proved that this operator is positive
in [0,00) if and only if a,/g(1) > 0 for n € N. In [6], Jakimovski and Leviatan
established several new approximation results for the (2) operators. They proved
that If f € C4[0,00), then P, (f;x) converges uniformly to f any compact interval
of the positive real axis. In [4], A. Ciupa gave a generalization of the (2) operators

as follows:
(fi2) = S5 5 el f (a4 & )
Poi(fi2) = ——= pr(n (z —).
e 9(1) i=o n
and studied the approximation properties of these operators. In a recent paper [2]
Atakut and Biiyilikyazici have studied a Stancu type generalization of P, .(f; ) as

e~ k4«
S 2,20 (2 + 555
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Here, Inspired by (3), we introduce a similar generalization of Szasz type op-
erators for two variables as follows:

e —(nt1+mt2) oo oo

o S RtP ) (T L)@
g (1) k=0j=

where ¢(.) and Py(.;9) = Pi(.) have same properties given by (1). It is obvious

that the operator is positive on [0,00) x [0,00), if a,, > 0 (n = 0,1,2,...) for

0 < t;,t2 < co. In this paper, we will give some approximation properties of these

operators.

Piut(fiay) =

2. Basic results

In this section, we shall mention some definitions and certain lemmas to prove
our main theorems.

LEMMA 1. Let

g(u1)g(uz)e™ =2 —E Z Py(z)Pj(y)utuj . (5)
Then we have
kZOJZO Py.(nt1) Pj(mty) = g*(1)emrHme ©
kgoj;o kPy(nt1)Pj(mts) = (¢'(1)g(1) + nt1g°(1)) e+ @)
5 S SR mt) = (0901 + miag (1) " ®
2020 k2 Py(nty) Pj(mt2) = (¢" (1)g(1) + 2nt1g'(1)g(1) + n*tig%(1)

+ g/ (1)g(1) + ntyg?(1))entrtmt2 (©)

Z ZJZPk(”tl)P (mtz2) = (g"(1)g(1) + 2mitag' (1)g(1) + m*t59°(1)
+9'(1)g(1) + mtag?(1))emttmez, (10)

Proof. In (5), letting u1 = us = 1 and & = nty, y = mis,the equality (6) is
easily obtained. To prove (7), we take partial derivatives of the two sides of the
equation (5) with respect to u;

ki::oJiokPk(m)Pj(y) ut g = (g (ur)g(us) + wg(ur)g(us)) etretuy (11)

substituting u; = ug = 1 and & = nty, y = mty in (11), we get

é § e (nt1) Py (mts) = (g (1)g(1) + ntyg?(1)) entrtmiz,
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We can make a similar way in the proof of (8). Now, we show the accuracy of the
equation (9). Taking partial derivatives of (11) with respect to u;, we have

> > KP(@)Pi(y)uf ul = 3 Y kPu() Pi(y)ul
k=0 j=0 k=0 j=0

+ (g (ur)g(uz) + 229 (u1)g(us) + 22g(us)gluy)) e =+u2y,

From (7), we get

o0

kZ::o g:o k2 Pe() Py (y)uf "l = (g (u1)g(uz) + 2g(u1)g(uz) + 9" (u1)g(us)

+ 2xg/(u1)g(u2) + xQQ(Ul)g(UQ))eul'T‘HQy.

Letting u; = us = 1 and & = nty, y = mty in last equation, we obtain the desired
result. Finally, proof of equation (10) can be done similarly. m

DEFINITION 2. Let D = [0,00) x [0,00) and A be an certain finite. We denote
by Ca(D) = {f € C(D):|f(z,y)| < BeA= ¥} and for i = 0,1,2,3, ¢; the test
functions defined by eg(x,y) = 1, e1(z,y) = x, ea(z,y) = y and ez(z,y) = 2% + .

DEFINITION 3. [3] Let Doy, = [0,a] x [0,b]. For f € C(Dgp) and 6 > 0, the
Peetre K-functional is defined by

K(:0)= ot {1f = Pllewu + 8 lelexo,, ) (12)

Oy 0O
where C?%(D,;) is the space of functions of ¢ such that ¢, i QO.? 3 L4
:L.Z yl

to C(Dgp). The norm on the space C?(Dgy) can be defined as

(1 =1,2) belong

0y
oxt

|5
c(Dw)  119Y°

2
Illoepnsy = IPlloo, + ;(\

).

DEFINITION 4. Let f € C(Dgy) be a continuous function and 6 is a positive
number. The full continuity modulus of the function f(z,y) is

C(Das)

w(f;8) = max{|f(z1,y1) — f(x2,92)| : 2,y € Dap, V/(z1 — 2)2 + (y1 —y2)2 < 0 }

and its partial continuity moduli with respect to x and y are

wO(f:0) = max | max_|f(@1,y) - f(22,9)] (13)
w?(f;0) = max max_|f(z,y1) = f(z,50)|. (14)

0<z<a |y; —y2|<6

It is known that lims_,o w(f; ) = 0 and for any A > 0, w(f;AJ) < (A+1D)w(f;9).
The same properties are satisfied by partial continuity moduli.
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3. Main results
In this section, we shall prove the following main results.

THEOREM 5. From Lemma 1, we have

Pytlzrr,rtf (60; .'I},y) = 1)

1g'(1)
Prtll’tz €1,T,Y ‘T+t1+7 )
i )= n g(1)
1 g'(1)
P;il?y?iz €2;T,Y y+t2+7 9
i )= m g(1)
t,to 2 24¢'(1) i1
Pl (essx,y) = (x411)° + (y + t2)? + ey (x +t1) + o

g(1
141 +9¢"(1) + g'(1)

. (y+t2) + 2 1 %
n g(1) g(1) m m

+

Proof. From (5), it is clear that, for all n,m € N,

—(nti+mt2) oo oo

97() > JZ Py (nt1) Pj(mts)

7(nt1+mt2)
€ 2 nt1+mt
= ——¢“(1 1 2 =1.
TR (Le

Pii(eg;x,y) =

Also we obtain

e —(nti+mt2) oo oo

3 3 AP (mia) o+ 1)

Pl (eg;2,y) =

9*(1)
B (nt1+mt2) 0o 00 P ; .
497()2 Z i (nt1) Py (mt2)

LU 8 S kPt Py ()
- L (nt (mt
no g* (1)  5=0i=0 Rk

from (6) and (7), we get

e*(’ﬂtl*‘rth)

g%(1)
1 o—(ntitmt2)
HERE0)
14'(1)

=xr+t1+ — .
n g(1)

Pry(esa,y) = gP(L)ertimz

(gl(1>g(1) + nt192(1)) entitmiz

249
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Similarly, we have

- ( ) (nt1+mt2)
P 17 2 €2;%,Y
g ( ) k=0 j=0

ef(ntlertz) 0o 00

=y 92(1) kx_:ojgo Pk(ntl)Pj(th)
1e —(nt1+mt2) oo P . .
+E97() > Z] i (nt1) Pj(mtz)
14'(1)
m g(1)

Finally, we can show the formula (18).

—(nt1+mt2) oo oo k
Pthtz — € P, P, )2
(eriy) = on% i) P ) (<x+ B L
67(nt1+mt2) 0o 00 k 5

e (nt1+mt2) 0o

+97() > Zpk(ntl) (mt2>(y+%)2
= Il + 12

Now we consider I;:

I —(nti+mt2) oo P . . k )
1—g7()22 e (nt1) P, (m2)(ff+g)
e —(nti1+mt2) oo P
= R P B ene

2% e —(nt1+mtz)

S S kPy(nt1) Py (mits)

n g ( ) k=0 j=0
1 e—(nt1+mt2) 00

w2 (1) kzojz K Py (nty) Py (mz)

+

from (6), (7) and (9), we obtain

iz 2 24'(1) ti, 141 +4g"(1)
L =(z+t) +ng(1)( +t1)+n+n27g(l)

similarly, we get

_ 24'(1)
I, = (y+t2)2 + - 9(D)

Using (20) and (21) in (19), we obtain the desired result. m

(y+t)+—+—
m m

i‘}: ioj Py (nt1) Pj(mi2)(y + %)

t, 1g)+g"(1)
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From Theorem 5, we can immediately give the following Bohman-Korovkin-
type theorem:

THEOREM 6. Let Pt be positive on D = [0,00) x [0,00) and x,y > 0 are
fized. If f € Ca(D), then

hm Pt1 o (frixy) = fl@+t,y+t2)

uniformly on Dg, = [0,a] x [0,b].
Proof. From (15)—(18), we have

lim Pt (egx,y) = e (x+t,y+t2), i €{0,1,2,3}

n,m—oo

uniformly on Dg;. For each fixed t1,t2 > 0, if we apply the Korovkin type theorem
(see [8]), the proof is completed. m

THEOREM 7. Let P} be gwen by (4) and f € Ca(Day). Then, for
(x+t1,y + ta) € Dyp, we have

HPh t2 +t1,.+t2 ||C (D. )_ (f, nm)

where K(f;.) is Peetre’s K-functional defined by (12) and 6y m =
191 1M 1ty 1 dM+g"MY 1 (ta . 1 gdD+g"QD)
ma { L0 R (4 TR ) 5 (4 + TR |
Proof. Let ¢ € C?(D,y). Using Taylor’s theorem, we can write
p(21,22) — p(x +t1,y +ta)
=p(z1,y +t2) — p(x +t1,y +12) + (21, 22) — (21,4 + t2)

L / (21 — A)L@(é’ Y) g

ox Tt oA

dp(x,y) /“ *p(x, 1)

DY) (g —y—t S ek A L2
+ ay (22 Y 2) + s (ZQ :u’) a‘uz 1Y

Applying the operator P};f2 to both sides, we deduce that

|Pive (o m,y) — @(@ + t1,y + ta)|

0 19} 1

s0’|Pn,m(21—$—751;5'37y)| ‘a<ﬁ Pﬁf;22(2(21—1:—t1)2;$,y)’
0 1

+ |92 1Pe v -t + |2 [Pl G v - sz

Since Plui2 (21 — 2 — t1;2,y) = 9/(11) and P}l (z0 —y — to;2,y) =

1
m g(1)°
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obtain

HPtl t2 307.1; y (x+t17y+t2)HC(D
_ 19’( ) |[9#

We estimate P}%2((z1 — 2 — t1)?;2,y).

o Lo
C(Duy) m g 1 oy

C(Day)

|P (e =2 =)
C(Dap

Pz =y~ 1) 32,0
C(Dab

P ((z —a— t1)%;2,y) = P (215 y) —2(r + tl)Ptl’tz (z132,9) + (z + t1)?

_ 2, 29'(1) 1 g'(1)+g"(1)
=(x+t)"+= (1)( +t1)+ +—T
—2(x +t1)? —ig((ll))(x+t1)+(x+t1)2

and we get
thh 19 1) +9"(1)
ot (o — e 11)2 ‘ - 22
n,m ((zl T 1) ,x,y) n +n2 g(l) ( )
Similarly
1 g(1)+g"(1)
Pz =y — ) sa,y)| = 2+ — 2
[Pl —y =) e = 24 g TS (23)
From (22) and (23), we have
]|Pn,mgo—<p(.+t1,.+t2 [P
H ol 7
1 C(Dab T 9 19y lle(p,,)
1 ( +g”(1 ) ‘
T2 Das)
1<t2 ig' +g" 1))\
2\m - m? C(Dar)
<oun |52 H J5 o 1581,
02 llop.y 109 llowa 1102 low, 1199 lowp.,)

< Onm [l#llo2(p,,) .



Generalized Szasz type operators of two variables 253

141 141 1 (g+gg’(1)+g”(1)) ;(tle 1 q(1)+q”(1)>}
)

ng(l)>mg(1)’2\n = n*  g(1) m T m2  g(1)
By the linearity property of PiLiz we get

where 6,, ,, = max {

n,m ?
[P = £+ o+ ),
< || Puin f = P“’%HC + Pz — e+t )| o,y

+fC+ b, +t2) — <P(- +t1, -+,
<\f=¢lem,,) +IFC+t, . +t2) —e( +t1,. +t2)llop,,)
+H{[Prg — o+t 4 t)| o, (25)
and from (24) and (25), we obtain

1Pt f = F(+ 1, + 82)] g ) <2 Qv Plow.,) + %mhﬁmww>

We complete the proof by taking the infimum over ¢ € C? (Dg,). m

Now, we are concerned with the estimate of the order of approximation of a
function f € C4(D) by means of the positive operator Pf;,’ﬁ"‘, using the partial
continuity moduli.

THEOREM &. If f € Cx(D), then then for all (x,y) € D and t1,ty € [0,00),
we have

1g'(1) +¢"(1) 1
‘Pt t (fizyy)— flx+t1,y +t2| (1+\/t1+g(1))‘”(1)(f7\/ﬁ)

+ (1+\/t2+ (1)+g())w(2)(f;\1ﬁ) (26)

g(1) m

where w M (f;.) and w@ (f;.) are partial continuity modulus of f given by (13) and
(14).

Proof. Suppose that f € C4(D). By (15), we obtain following inequality:

|P7§}’;22(f7x)y) - f(m+t1,y+t2)’
ef(nt1+mt2) 0o

STEm gk e

UM K S Penta) Py ()
_ L (nt) Pi (mis
92(1) k=0 j=0

=1 + . (27)
Now, we consider I;. By using well-known properties of the modulus of continuity,
we obtain the formula
e (nt1+mt2) 0o

770 Z Z Py (nty) Pj(mtz)
1e (nt14+mts) oo

Sw(l)(f7(sn){1+agi(l) Z Z Pk(ntl) (mt2 |* —t1|}

o |
ﬂx+w+3>ﬂz+mw+]ﬂ
n m m

M

Sty + ) = o+ by o+ )

I =

o |
ﬂx+m+3>ﬂm+nw+’ﬂ
n m m
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By the Cauchy-Schwarz inequality, we have

1 —(nti+mta) oo oo 1/2
I <w(f; 51){1+5f (69% kZO Zo Py (nt1) Pj(mtz) ( -2t E + t%)) }
n —0j=

and by (6), (7) and (9), we get

L<w! (f51){ 511\/“4-”12?%}

By taking 9, f7 we obtain
LW+ M) ), 1
L <|1 t —_ - - W —). 2
In a similar way, using (6), (8) and (10), we have
Lg(M)+9"A)) @), 1L
L <[1 _—— ;—). 2
2_< +\/t2+m 9(1) w (f’\/ﬁ) (29)

Using (28) and (29) in (27), the proof is completed. m

Now, we will study error estimation in terms of higher order partial moduli of
continuity in simultaneous approximation for the operators (4).

THEOREM 9. If f € C%(D), then we have

) o o
i) | P (f300) = S f iyt
1

Lg'(1)+g"(1) o, 1 r

= (H \/tl +”g(1)> W(l)(aiﬂf’ﬁjL w
g'(1) +¢"(1) 2, 0" 1 r
+<1+\/t2+g(1) >w()(atgf’\ﬁ+m)

o . r
Sl ) (30)

+ w®(

A or
i) |5 Pt (fi0,9) = 50 (x+t1,y+t2)‘
2 2

(1) 9//( ) 1 o" 1 !
< <1+\/t1+(1)> ()(9t7~f T'i'g)
1 g/(l) g//(l) o . 1
(1 \/tQ m 9(1) > (2)(8trf vm m)

(G fi ) (31)
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Proof. i) The partial derivative of Eq. (4) with respect to ¢; may be written
as follows:

k
) D bt e—(nti+mtz) oo P Ai/ngpﬂ T+ — ,y‘f' )
g, mm (fix,y) = TR0 A Z Z % (nt1) Pj(mta) 1/n

k j E+1 j k
whereA%/nIf(x—Fﬁ,y—&—%):f(ac—i—T,y—F%) flx+— 7y_|_j) From (32)

one computes the r-th derivative of Pi1:f2 as

a’[‘
Ptutz(f.
oy (fiz,y)
i ,
e~ (ntatmiz) 5 S e )Aa“/nxﬂwn,wjl)
= (Nt mia T
(1) =)= (1/n)
r k J
e —(nti+mta) oo Al/n’xf(x + Y + E)
=Tl Pi.(nt t
"W Z Z ) (nit1) Pj(mt2) /)
e*(nt1+mt2) 00
=S 3 S Pulnty)Py(miy)
9*(1)  =oi=o
k k+1 k+r J
1‘+77$+77"'71‘+ 7f7y+7
n m
| —(nti1+mt2) oo L k ]
=rl— Pi.(nt t — —
Ny 2 3 Pttt + oy + )
1 r .
where h(ty,ta) = {tl,tl + =t + = f, tg] and so we obtain
n n
a t1,to | t1,t2
atrpn;n (f5m7y> :T'Pn,v’n (h;;my). (33)
a I
From (33) the difference o =PI (frx,y) — v f(x +t1,y + t2)| is represented as
1
follows:
o ptite o
) t t
at7 nm(fvm y) at,f(x"_ LY+ 2)

<l Pt (hya,y) — h(z + tr,y + t2)|

0
flx+t1,y+t2)

+ r!h(x+t1,y+t2)— -
oty

By using (26),we obtain

o" o"

Pt17t2 . _ t t
atr n,m (f,il',y) 8t{f(x+ 17y+ 2)
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d (1 + \/t1 + 711g’(1)+g”(1)> W (h; %)

g9(1) n
gD +g"(1)) (o 1
ol (144t +—7 w® (h; ——
( \/ o) v
+ [rlh(x +t,y +t2) — atr (x+t1,y +t2)] . (34)
On the other hand, we write
h(ty + 01, ts + 62) — h(tl,tg)‘
<|h(t1 + 81,82 + 02) — h(t1 + 61, t2)| + |h(t1 + d1,t2) — h(t1,t2)]
— I+ I (35)
We estimate I;:
.[1 = |h(t1 +51,t2 +52) — h(tl +(51,t2)|
1
=Ht2+52,t2+52+ S ta 02+ — ,f7t1+51]
1 T
—{t2,t2+7~-~,t2+;f7t1+51]
m m
8Tf(t + 01,9+ 0 +9—) arf(t +01,t9+ 0 +9—)
o1 1F 01t + 02 + 01— o1 1+ 01,82+ 02+ 02
where 61,6, € (0, 1). Hence we get
1 0 r
0@ _ - — 5@ i
I < |w (8t”f 9y + |61 — 62| ) i (8t§f’52+ ) (36)
similarly, we have
a" r
I < =wWm -).
2 < G fib+ 1) (37)
By inserting (36) and (37) in (35), we get
o r 1 o r
_ ~ M . - @2 p -
|h(t1 + 61,12 + J2) (t1,t2)|< W (atqf’51+n)+r!“ (8t§f’62+m)'
By taking §; :ﬁ and 0y = \/—% we obtain
1 1 o 1 T
W Lyl w9 1 7
SOt =) < (G fi =+ 1) (39)
1 1 or 1 r
@ Lyl e Lo
SOl —=) < Gt D), (39)

On the other hand, we write

r

o]

T'h($+t1»y+t2)_ f(m+t17y+t2) =
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=[x 4ty +t2)

1 T o

rllz+t, e+t +—,...,c+t+—; fy+ta| —
n n oty
87"
$+t1+93*,y+t2) arf($+t17y+t2)

%
w(l)(

N

fa 3*)

oty

(G ) (40)

\ /\

by using (38), (39) and (40) in (34), we have the desired result. The proof of (i)
can be made in a similar way. m
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