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STRONG CONVERGENCE OF IMPLICIT ITERATES WITH
ERRORS FOR NON-LIPSCHITZIAN ASYMPTOTICALLY
QUASI-NONEXPANSIVE TYPE MAPPINGS IN BANACH SPACES

G. S. Saluja

Abstract. In this paper we prove that an implicit iterative process with errors converges
strongly to a common fixed point for a finite family of asymptotically quasi-nonexpansive type
mappings on unbounded sets in a uniformly convex Banach space. Our results unify, improve and
generalize the corresponding results of Ud-din and Khan, Sun, Wittman, Xu and Ori and many
others.

1. Introduction

In 1967, Browder [1] studied the iterative construction for fixed points of non-
expansive mappings on closed and convex subsets of a Hilbert space (see also [2]).
The Ishikawa iteration process in the context of nonexpansive mappings on bound-
ed closed convex subsets of a Banach space has been considered by a number of
authors (see, e.g., Tan and Xu [22] and the references therein).

In 1973, Petryshyn and Williamson [17] established a necessary and sufficient
condition for a Mann [15] iterative sequence to converge strongly to a fixed point
of quasi-nonexpansive mapping. Subsequently, Ghosh and Debnath [5] extended
the results of [17] and obtained some necessary and sufficient conditions for an
Ishikawa-type iterative sequence to converge to a fixed point of quasi-nonexpansive
mapping. In 2001, Liu in [13, 14] extended the results of Ghosh and Debnath
[5] to a more general asymptotically quasi-nonexpansive mappings. In 2003, Sahu
and Jung [18] studied Ishikawa and Mann iteration process in Banach spaces and
they proved some weak and strong convergence theorems for asymptotically quasi-
nonexpansive type mapping. In 2006, Shahzad and Udomene [19] gave the necessary
and sufficient condition for convergence of common fixed point of two-step modified
Ishikawa iterative sequence for two asymptotically quasi-nonexpansive mappings in
real Banach space.
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Fixed point results for asymptotically nonexpansive mappings have been ob-
tained by Kirk and Ray [11] on unbounded sets in Banach space. Recently, Hussain
and Khan [8] have constructed approximating sequences to fixed points of a class
of mappings, containing nonexpansive mappings as a subclass, on closed convex
unbounded subsets of a Hilbert space (see [16, 20] as well).

Sun [21] has recently extended an implicit iteration process for a finite family
of nonexpansive mapping due to Xu and Ori [26] to the case of asymptotically
quasi-nonexpansive mappings. Recently, Ud-din and Khan [4] studied an implicit
iteration process with errors for a finite family of asymptotically quasi-nonexpansive
mappings on unbounded sets in a uniformly convex Banach space and proved some
weak and strong convergence theorems for said mappings.

The main goal of this paper is to prove the strong convergence of an implicit
iterative process with errors, in the sense of Xu [25], for a finite family of non-
Lipschitzian asymptotically quasi-nonexpansive type mappings on a closed convex
unbounded set in a real uniformly convex Banach space. Our results unify, improve
and generalize the corresponding results of [4, 21, 23, 26] and many others.

2. Preliminaries and lemmas

Let C be a nonempty subset of a normed space F and T: C' — C be a given
mapping. We assume that the set of fixed points of T, F(T) ={z € C: T(z) = =}
is nonempty. The mapping T is said to be
(1) nonexpansive if [|Tz — Ty|| < || — y|| for all z,y € C.

(2) quasi-nonexpansive [2] if || Tz — p|| < |l — p[| for all € C, p € F(T).

(3) asymptotically nonexpansive [6] if there exists a sequence {u, } in [0, 00) with
lim,, 00wy, = 0 such that |77z — T™y|| < (14uy,) ||z — y|| for all x,y € C and
n>1.

(4) asymptotically quasi-nonexpansive if F(T) # () and there exists a sequence
{un} in [0, 00) with lim,_,o u, = 0 such that |77z —p|| < (1 + uy) ||z — ||
forallz € C,pe F(T) and n > 1.

(5) uniformly L-Lipschitzian if there exists a positive constant L such that
|T"x —Tmy|| < Lz —y| for all 2,y € C' and n > 1.

(6) asymptotically nonexpansive type [10], if

limsup{ supc (|17 = Ty| — [lz — y|| )} <0.

n—oo x,Yye

(7) asymptotically quasi-nonexpansive type [18], if F(T) # @ and

limsup{  sup (|T"z—p|l ~ o —p|)} <0.
n— 00 z€C,peF(T)

REMARK 2.1. It is easy to see that if F/(T) is nonempty, then asymptotically
nonexpansive mapping, asymptotically quasi-nonexpansive mapping and asymp-

totically nonexpansive type mapping are the special cases of asymptotically quasi-
nonexpansive type mappings.
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The Mann and Ishikawa iteration processes have been used by a number of
authors to approximate the fixed points of nonexpansive, asymptotically nonex-
pansive mappings, and quasi-nonexpansive mappings on Banach spaces (see, e.g.,
[5, 9, 12-14, 17, 20, 25]).

For a nonempty subset C' of a normed space E and T: C — E, Liu [12]
introduced in 1995 the concept of Ishikawa iteration process with errors by the
iterative sequence {x,} defined as follows:

r1=x€C,
Tnt1 = (L —ap)zy + @ T"yy + up,
Yn = (1 - ﬁn)xn + ﬁnTn-rn + Un, n Z 1;

where {ay,}, {8n} are real sequences in [0, 1] satisfying appropriate conditions and
Yoo unll < 0o, D007 flun]l < co. If B, =0, v, = 0 for all n > 1, then this
process becomes the Mann iteration process with errors.

The above definition of Liu depend on the convergence of the error terms u,,
and v,. The occurrence of errors is random and so the conditions imposed on the
error terms are unreasonable. Moreover, there is no assurance that the iterates
defined by Liu will fall within the domain under consideration.

In 1998, Xu [25] gave the following new definitions in place of these non com-
patible ones.

For a nonempty convex subset C' of a normed space E and T: C' — C, the
Ishikawa iteration process with errors is the iterative sequence {x,} defined by

r1=x€C,
Tn+1l = Opdnp + ﬁnTnyn + YnUn,
Yn = O‘;zmn + 61/1Tnxn + 77/1vn, n>1,

where {u,}, {v,} are bounded sequences in C and {a,}, {6n}, { W}, {a}, {6}
{7} are sequences in [0,1] such that oy, + B, +v» = 1 = a;, + 3], + v, for all
n > 1. It reduces to the Mann iteration process with errors when 5/, = 0 =+, for
all n > 1.

Clearly, the normal Ishikawa and Mann iteration processes are special cases of
the Ishikawa iteration process with errors.

Huang [7] has computed fixed points of asymptotically nonexpansive mappings
while Ud-din and Khan [3] have approximated common fixed points of two asymp-
totically nonexpansive mappings, using iteration process with errors in the sense of
Liu [12].

Denote the indexing set {1,2,...,N} by I. Let {T; : i € I} be a finite family
of asymptotically quasi-nonexpansive type self-mappings on a convex subset C of
a normed space E. The implicit iterative process of Sun [21] with an error term,
in the sense of Xu [25], and with an initial value zg € C, is defined as follows:

z1 = a1z + i1z + viua,
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T2 = aax1 + FoIox2 + Youz,

Ny = ansn—1 + BnINTN + YNUnN,

2
TN4+1 = AN+12N + Bn1TTTN+1 + YNF1UN+1,

2
TaN = Q2NT2N-1 T 62NTN-T2N + Y2NU2N,

3
TaN+1 = Q2N+1T2N + ﬁ2N+1T1 T2N4+1 + V2N+1U2N+1,

where {u,} is a bounded sequence in C' and {a,}, {6n}, {7n} are sequences in
[0,1] such that o, + B + 7n = 1.

The above sequence can be written in compact form as
Ty = QpTp_1 + ﬁnj—;kxn + YnUn (21>
withn>1,n=(k—1)N+i,ie€land T,, = T;(mod N)=1T,.
Denote the indexing set {1,2,..., N} by I. Let {T; : i € I} be N uniformly L-
Lipschitzian asymptotically quasi-nonexpansive type self-mappings of C'. We show
that (2.1) exists. Let zp € C and x1 = a9 + S1T121 + y1uy. Define W: C — C

by: Wa = ajxg + S1Thx + v1u; for all x € C. The existence of x7 is guaranteed if
W has a fixed point. For any x,y € C, we have

[Wa —Wy| < B [Tz — Thyll < BiL [z -y -

Now, W is a contraction if /1L < 1or L < 1/8;. As 1 € (0,1), therefore W is a
contraction even if L > 1. By the Banach contraction principle, W has a unique
fixed point. Thus, the existence of x; is established. Similarly, we can establish the
existence of x9,x3, x4, .... Thus, the implicit algorithm (2.1) is well defined.

The distance between a point x and a set C' and closed ball with center zero
and radius r in F are, respectively, defined by

dz,C) = inf Jlo—yll, B.(0)={ze€b:[lz] <7}

DEFINITION 2.1. [21] Let C be a closed subset of a normed space E and let
T: C — C be a mapping. Then T is said to be semi-compact if for any bounded
sequence {x,} in C with ||z, — Tz, || — 0 as n — oo, there is a subsequence {x,, }
of {x,} such that z,, — z* € C as n; — .

LEMMA 2.1. [22] Let {a,} and {b,} be sequences of nonnegative real numbers
satisfying the inequality
Ap1 San+bna 712 1.

If 3207 by < 00, then limy, o ay, exists. In particular, if {a,} has a subsequence
converging to zero, then lim,_ .. a, = 0.
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LEMMA 2.2. [24] Let p > 1 and r > 0 be two fized real numbers and E a
Banach space. Then E is uniformly convez if and only if there exists a continuous,
strictly increasing and convex function g: [0,00) — [0, 00) with g(0) =0 such that

Az + (1= Nyl < Al2]|” + (1 = X [yl = Wp(Ng(llz = yll)

for all x,y € B,(0) where 0 < X <1 and W,(A) = A1 —X)P + XP(1 = )).

3. Main results

We begin with a necessary and sufficient condition for convergence of {x,}
generated by the implicit iteration process with errors (2.1) to prove the following
result.

THEOREM 3.1. Let C' be a nonempty closed convex subset of a Banach space
E. LetT;: C - C (ieI={1,2,...,N}) be N asymptotically quasi-nonexpansive
type mappings such that F = ﬂil F(T;) # 0. Let {z,} be the implicit iteration
process with errors defined by (2.1). Put

A, = max {o, sup (1720 — pll — |z —p||) 1i € z}, (3.1)
peF,n>1
wheren = (k—1)N+i,i € I andT,, = T; (mod N) =T;. Assume that - A, <
00, Yonl Y < 00 and {B,} C (s,1—s) for some s € (0,%). Then the sequence
{xn} converges strongly to a common fized point p of the mappings {T;}~., if and
only if liminf, . d(z,, F) = 0.

Proof. The necessity is obvious and so it is omitted. Now, we prove the
sufficiency. For any p € F' = ﬂf\il F(T;), from (2.1) and (3.1), we have

20 = Dl = ||en@n-1 + BaTF@n + Yntn — 1|
= [Jen(zn—1 = p) + Bu(Tf w0 — p) + n(un — p)||
< an [[#n-1 = pll + B || TF 2 — || + 7o lun — p]
< ap |[an—1 = pll + Bullzn — pll + An) +vn l[un — pl|
= o [[zn-1 = pll + (1 = an — ) [2n = pll + BrAn + Yn [lun — pll
< o [lzn—1 = pll + (1 = an) lzn = pll + An + 7 lun —pll- (3.2)
Since lim, oo 7n = 0, there exists a natural number nq such that for n > nq,

Yn < 5. Hence

anzl—ﬂn—’yn21—(1—s)—%:§, (3.3)

for n > ny. Thus, we have from (3.2) and (3.3) that

an ||lzn —pll < an llTn-1 —pll + An + Y llun —pl|,
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and

A,
Hxn p“ < Hxn 1 _pH + ? + Hun p“

n

2 2%
< llan-1 = pll + = An + =2 flu, — |
2 2 n
< llanr = pll + =4, + =20, (3.4)

where M = sup,,~1{[|un — p||}, since {u, } is a bounded sequence in C'. This implies
that
d(l‘n, F) < d(l'n—la F) + Dy,

where D,, = %An + Q%M Since by assumptions of the theorem, Zzo:l A, < oo
and Y07 |, < 00, it follows that Y ° | D,, < co. Therefore, from Lemma 2.1, we
know that lim,, ., d(z,, F') exists. Since by hypothesis liminf,,_, o, d(z,, F) = 0,
so by Lemma 2.1, we have lim,_ ., d(z,, F') = 0.

Next we prove that {z,} is a Cauchy sequence in C. It follows from (3.4) that
for any m > 1, for all n > ngy and for any p € F', we have

2M
lznim =2l < |Zntm—1 —pll + An+m + 77n+m

2 2M
< ||In+m—2 - p” + g[An+m + An+m—1] + T['Yn—&-m + 7n+m—1}
<.
2 n+m 2M n+m
Sllzn—pl+= X Ax+— X "%
S k=n+1 S k=n+1

So, we have

|Zntm = Zull < |Tntm _pll + [|zn — pll

2 2M ntm
< 2len = pll + S Z A+ — X W
S k= n+1 S k= n+1
Then, we have
2 n+m 2M n+m
|Zntm — znl < 2d(xn, F)+ = > A+ — > Y, Yn>ng. (3.5)
S k= n+1 S k= n+1

For any given € > 0, there exists a positive integer n; > ng such that for any
n = ny,

€ ntm se
d(xn, F) < =, A< — (3.6)
6 k=n+1 6
and
n+m
Z Ve < (3.7)
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Thus, from (3.5)—(3.7) and n > nq, we have

I <2 5+2 S€+2M se
Tn4m — Tn t = - A ! =&

* 6 s 6 s 6M
This implies that {z,} is a Cauchy sequence in C. Thus, the completeness of E

implies that {z, } must be convergent.

Assume that lim,, . z,, = p. Now, we have to show that p is a common fixed
point of the mappings {7} : i € I'}. Indeed, we know that the set F' = NN | F(T;)
is closed. From the continuity of d(z,F) = 0 with lim,_ . d(z,, F) = 0 and
lim,, 00 &, = p, we get d(p, F) = 0, and so p € F, that is, p is a common fixed
point of the mappings {7;},. This completes the proof. m

THEOREM 3.2. Let C' be a nonempty closed convex subset of a Banach space
E. LetT;: C—-C (ielI={1,2,...,N}) be N asymptotically quasi-nonexpansive
type mappings such that F = ﬂf\il F(T;) # 0. Let {x,} be the implicit iteration
process with errors defined by (2.1). Put

A, :max{O, sup (||Tl"xn—pH — ||xn—p||) :iEI},
peEF, n>1

wheren = (k—1)N+i,i € I and T, = T; (mod N) =T;. Assume thaty .~ | A, <

00, Yonl Y < 00 and {B,} C (s,1—s) for some s € (0,%). Then the sequence

{xn} converges strongly to a common fized point p of the mappings {T;}X., if and

only if there exists a subsequence {xn;} of {xn} which converges to p.

Proof. The proof of Theorem 3.2 follows from Lemma 2.1 and Theorem 3.1. m

We prove a lemma which plays an important role in establishing strong con-
vergence of the implicit iteration process with errors in a uniformly convex Banach
space.

LEMMA 3.1. Let C be a nonempty closed convex subset of a real uniformly
convex Banach space E. Let {T; : i € I} be N uniformly L-Lipschitzian asymptot-
ically quasi-nonexpansive type mappings of C such that F' = ﬂfvzl F(T;) # 0. Let
{zn} be the implicit iteration process with errors defined by (2.1). Put

A, = max {o, sup (1720 — pll — |z —pl|) 1 € 1},
pEF, n>1
where n = (k — )N +4, i € I and T,, = T; (mod N) = T;. Assume that
S Ay <00, Y Y < o0 and {B,} C (s,1—s) for some s € (0,3). Then
limy, o0 ||2n — Tixn|| =0 for alll € I.

Proof. Set o, = ||T7]fxn *In—lu, n=(k—1)N+i, i€l Asin the proof
of Theorem 3.1, lim,,_« ||z, — q|| exists for all ¢ € F, so {z, — ¢, TFz, — q} is a
bounded set. Hence, we can obtain a closed ball B,.(0) D {z, — ¢, Tz, — q} for
some r > 0. By Lemma 2.2, the scheme (2.1) and equation (3.1), we get

k

12 — al* = [|an (@1 — q) + (1 — ) (TEz — @) + Yo (un — Th)|”
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TFz, — )H2+7nK for some K >0

< an(zn—1 —a) + (1 — an)(T]
< an |zt —ql® + (1 — an) HTkxn q||2 — Wa(an)g(on) + K
< ap [[en1 = ql® + (1 = an)lllzn — all + An]” = Wal(an)g(on) +7a K
< ay o1 —al® + (1 = an)lllzn — al* + pu] = Walan)g(on) + 1K
= ap |zn-1 —a|* + (1 = an) en —gl* + (1= an)pn

— Wa(an)g(on) + WK,

where p,, = A2 42 ||z,, — q|| A, since Y0 | A, < oo, it follows that > >° | p,, < occ.
Thus from the above inequality and (3.3), we have that

2 27
lon =l < w1 =gl + (5 = 1)pn = (1 - an)glon) + K. (3.8)

Therefore, as in Theorem 3.1, it can be shown that lim,, o ||z, — Q||2 = d exists.
From (3.8), it follows that

2 2,
(1= an)g(on) < s = all’ = lan = al* + (5 = 1) pu + =2k
From (1 — a,) > (1 — s/2), we have

2—s5 2 27
(552)9(0w) < lanms = al* =l = all® + (5 = 1)pu + K.

Let m be a positive integer such that m > n. Then

m 2 ) ,y 2m AK  m
< (= _ _ _ z
8ot < (52 oot~ =) +2 £ o 8
2 , 2m UK m
< |\ — — - —_ . 3.9
- (2—3) lzo = qll +sn2::1p"+s(2—s) n;17" (39)
When m — oo in (3.9), we have that lim, .. g(c,,) = 0. Since g is strictly

increasing and continuous with g(0) = 0, it follows that lim, . 0, = 0. Hence
||$n - xnfln S /Bn HT:?.’E” - xnle + Tn ||un - :L‘nle
<(1-ay) HTffxn - xn_1|| +v,Q, forsome @ >0
< (1=3/2) | Ten — zpa || + 1@,

which implies that lim, o |2, — 2p—1] = 0. That is, lim, o [|[Zn — Tpyt]| = 0
for all I > 2N. For n > N, we have

||$n—1 - Tnan < Hxn—l - fonH + HTrlfxn - Tnan
<o,+L HT,’fflxn — an
< on+ L[| T3 an = ToZynn || + IT0- 2N = 2wy ]

+ Lz =z
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By n=(n— N) (mod N), we get T, = T,,_n. Now the above inequality becomes

)

||In71 - Tnan <o,+ L? Hxn - xan” +Lop-n+ L Hx(an)fl — Tn
which yields that lim,, e ||€n—1 — Thay|| = 0. Since
|2n — Tnnll < |20 — Tpoall + |Tn-1 — Tnznll

so we have that lim,,_, ||z, — Thay,| = 0.

Hence, for all [ € I, we have

||xn - TnJrlxn” S ||$n - xn+lH + ||xn+l - Tn+l$n+lH + ||Tn+l$n+l - TnJrl:L'n”
< (14 L) | = 2ol + [|2n41 = Tongaznll,

which implies that
lim ||, — Tht1xn| =0 v lel.

n—oo

Thus lim, o0 |2 — Tizp|| =0VIie . m

Now, we are in a position to prove our strong convergence theorems.

THEOREM 3.3. Let C be a nonempty closed convex subset of a real uniform-
ly convexr Banach space E. Let T;: C — C (i € I = {1,2,...,N}) be N uni-
formly L-Lipschitzian asymptotically quasi-nonerpansive type mappings such that
F = ﬂf\il F(T;) # 0. Let {z,} be the implicit iteration process with errors defined
by (2.1). Put

A,, = max {O, sup (T @n —p|| = |lzn —pll) 1 i € I},
pEF, n>1
wheren = (k—1)N+i,i € I andT,, = T; (mod N) =T;. Assume that - A, <
00, Dol i < 00 and {B,} C (s,1 —s) for some s € (0,%). If at least one
member T in {T; : i € I} is semi-compact, then the implicitly defined sequence
{xn} converges strongly to a common fived point of the mappings {T;}V ;.

Proof. By Lemma 3.1, it follows that
lim ||z, — Tix,|| =0 Viel. (3.10)

Without any loss of generality, assume that T; is semi-compact. Therefore, by
(3.10), it follows that lim,, o |2, — Th2y|| = 0. Since T is semi-compact, therefore
there exists a subsequence {z,,} of {x,} such that z,, — 2* € C. Now consider

|o* = Tiz*|| = Lm ||z, — Tizy,||=0 Vi€l
n;—0oo

This proves that * € F. As lim,,_, ||, — ¢|| exists for all ¢ € F, therefore {z,}
converges to * € F, and hence the result. m

REMARK 3.1. Theorem 3.3 extends and improves Theorem 3.3 due to Sun [21]
to the case of more general class of asymptotically quasi-nonexpansive mapping and
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implicit iteration process with errors and without the boundedness of C' which in
turn generalizes Theorem 2 by Wittmann [23] from Hilbert spaces to uniformly
convex Banach spaces.

DEFINITION 3.1. (condition (x) [4]) The family {T; : i € I} of N-self mappings
on a subset C' of a normed space F satisfies condition (x) if there exists a nondecreas-
ing function f: [0,00) — [0, 00) with f(0) =0, f(r) > 0 for all » € (0, o) such that
+ Zi\il |z — Tix|| > f(d(x, F)) for all x € C where d(z, F) = inf{||z — p|| : p € F'}.

Note that condition (*) defined above reduces to the condition (A) [22] if we
choose T; =T (say) for all ¢ € I.

Finally, an application of the convergence criteria established in Theorem 3.1
is given below to obtain yet another strong convergence result in our setting.

THEOREM 3.4. Let C be a nonempty closed convex subset of a real uniform-
ly convexr Banach space E. Let T;: C — C (i € I = {1,2,...,N}) be N uni-
formly L-Lipschitzian asymptotically quasi-nonerpansive type mappings such that
F = ﬂf\; F(T;) # 0 and satisfy the condition (x). Let {x,} be the implicit iteration
process with errors defined by (2.1). Put

Ay =max {0, sup_ (T @0 = pll = lon —pll) i € 1},
pEF, n>1
wheren = (k—1)N+i,i € I and T, = T; (mod N) =T;. Assume thaty .- A, <
00, Yool ¥ < 00 and {B,} C (s,1 —s) for some s € (0,3). Then the iterative
sequence {x,} converges strongly to a common fized point of the mappings {T;} N, .

Proof. As in the proof of Theorem 3.3, (3.10) holds. Taking liminf on both
sides of condition (x) and using (3.10), we have that liminf, . f(d(x,, F)) = 0.
Since f is a nondecreasing function with f(0) = 0 and f(r) > 0 for all r € (0, o),
it follows that liminf,, . d(z,, F) = 0. Now by Theorem 3.1, x,, — p € F, that
is, {x,} converges strongly to a common fixed point of the mappings {7;}¥ ;. This
completes the proof. m

REMARK 3.2. (i) Our results extend the corresponding results of Ud-din and
Khan [4] to the case of more general class of asymptotically quasi-nonexpansive
mappings considered in this paper.

(ii) Our results also generalize and improve the corresponding results of Sun
[21], Wittmann [23] and Xu and Ori [26] to the case of more general class of
nonexpansive, asymptotically quasi-nonexpansive mappings and implicit iteration
process with errors considered in this paper.

EXAMPLE 3.1. Let E be the real line with the usual norm |- | and K = [0, 1].
Define T: K — K by

T(z) =sinz, x€]0,1],

for z € K. Obviously 7'(0) = 0, that is, 0 is a fixed point of T', that is, F/(T') = {0}.
Now we check that T asymptotically quasi-nonexpansive type mapping. In fact, if
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xr €
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[0,1] and p =0 € [0,1], then

T(x) = pl = [T(x) = 0] = [sinz — 0] = |sinz| < [z] = |o - 0] = [z —pl,

that is, |T'(z) — p| < | — p|. Thus, T is quasi-nonexpansive. It follows that T is
asymptotically quasi-nonexpansive with the constant sequence {k, } = {1} for each
n > 1 and hence it is asymptotically quasi-nonexpansive type mapping (by Remark
2.1). But the converse does not hold in general.
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