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Abstract. The main aim of this short note is to obtain two sided bounding inequalities
for the real argument Butzer-Flocke-Hauss complete Omega function improving and developing
a recent result by Pogdny and Srivastava [Some two-sided bounding inequalities for the Butzer-
Flocke-Hauss Omega function, Math. Inequal. Appl. 10 (2007), 587-595]. The main tools are the
ODE whose particular solution is the Omega function and the related Caplygin type differential
inequality.

1. Introduction and preliminaries

In the course of their investigation of the complex-index Euler function E,(z),
Butzer, Flocke and Hauss (BHF) [8] introduced the following special function:

1

Qw) = 2/0j sinh(uw) cot(mu) du, w e C, (1)

which they called the complete Omega function (see also [6, Definition 7.1]). On the
other hand, in view of the definition of the Hilbert transform, the complete Omega
function Q(w) is the Hilbert transform H(e™**);(0) of the 1-periodic continuation
of e™®* z €[-1/2,1/2); w € C at 0, that is,

Q(w) = H(e”")1(0) = P.V. /2 e cot(mu) du
1
~3
where the integral is taken in the sense of Cauchy’s P.V. at zero [6, p. 67].

We also recall the following partial-fraction expansion of the Omega function
(see [6, Theorem 1.3] and [8]):

e n 1,

TQ(27Tw)
QSmh (mw) Z n2 w2 ’ wet. (2)
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Additional links to the various applications of the Omega function Q(w), w € C
in generating-function descriptions and allied considerations of the complex-index
Euler E,(z) and the complex-index Bernoulli function B, (z) include (for example)
6, 7, 8.

Butzer et al. [9, Theorem 1] showed that the real-argument complete BHF
Omega function Q(z) is a particular solution of the linear ODE

/ 1 z xr . T\ ~/ X
y'=35 coth (5) Y- 53 sinh <§> S (%) , x € R, (3)
where 1 tsin(wt)
sin(w
S(w) = E/o 1 dt, w#0, (@)
277(3)7 w =0,
and - »
as) = T 12 ), ) > 05 s
n=1

denotes the Dirichlet Eta function, ((s) being the Riemann Zeta function.

To make precise the structure of (3), we point out that the celebrated Mathieu
series

> 2n
S(x) = Zi(nqu:cQ)Q’ z€eR,
n=1

has been considered for the first time by E. L. Mathieu in his book [23] devoted
to mathematical physics investigations on the elasticity of rigid bodies. (For the
sake of completeness, various generalizations of Mathieu series can be found in the
exhaustive research paper [31] and the references therein). According to proposal
by Tomovski, the alternating Mathieu series S(z) was introduced by Pogény et al.
in [31, p. 72, Eq. (2.7)]. Thus

S(z) = Z(—l)”’l(ngiinxw, zeR.

n=1
In the same article [31, Eq. (2.8)] the authors reported on the integral representation
~ 1 [°° tsin(xt
S(x):f/ w&, x>0.
zJo et+1

Now obvious steps lead to (4).

Our aim in this section is first to derive a two-sided bounding inequality for
Q(z) with the help of the linear first-order ODE (3) and the Caplygin Comparison
Theorem associated with the Omega function (see, for details, [10, 11, 12], [5,
Section 15] and [25, Section I.1].

Consider the Cauchy problem given by

y' = f(z,y) and y(xo) =wo- (5)
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For a given interval Z C R, let #p € Z and let the functions ¢, € C}(Z). We say
that ¢ and 9 are the lower and the upper functions, respectively, if

¢'(@) < fz (@) and ¢'(z) > f(z,9(2), x€I;
80(930) = z/’(fﬂo) =70 -

Suppose also that the function f(x,y) is continuous on some domain D in the
(z,y)-plane containing the interval Z with the lower and upper functions ¢ and
1, respectively. Then the solution y(z) of the Cauchy problem (5) satisfies the
following two-sided inequality:

pr) <y(r) <yx), rel. (6)

This is actually the so-called Caplygin type Differential Inequality or the Caplygin
type Comparison Theorem (see [5, p. 202] and [25, pp. 3-4]).
Finally, it is not hard to see that

S(x) = S(x) — is(g) z€R. 1)

So, having certain two-sided bounding inequality L(z) < S(z) < R(z), say, we
conclude

L(z) - iR(g) < §(x) < R(z) - iL(g) z€R. (8)

2. Two-sided inequalities associated with the class R

The bilateral bounds for Mathieu series S(z) attracted many mathematicians
like Schroder [35], Emersleben [16], Berg [3], Makai [22], Diananda [13] and more
recently we have the works by Alzer, Guo, Lampret, Mortici, Pogany, Qi, Srivastava,
Tomovski and coworkers (see [1, 2, 14, 16-20, 24, 26, 27, 29-35, 40-42] among
others), while Mathieu himself conjectured [23, Ch. X, pp. 256-258] only the upper
bound S(z) < 72,2 > 0, proved first by Berg [3] (see also the paper by van der
Corput and Heflinger [12]). Then, the bilateral bounding inequality of the same

type like Berg’s:
1 1
— < S(7) < ——,
22 4 5 (@) a2 4§

has been given Makai [22] who proved it in a highly elegant manner (compare
to (9)).

There are three different kind of bounds L, R upon S(z): (i) the class R of
rational bounds [1, 2, 6, 12, 13, 15-17, 19, 20, 22, 23, 27, 29, 31, 34]; (ii) a class A
of bounds consisting of combination of rational, algebraic, exponential, hyperbolic
and logarithmic functions [18, 31-33, 37] and (iii) the class O of bounds containing
definite integrals of certain kind differential operators [14] and higher transcendental
functions [29, 30, 39].

Let us mention that the recent paper by Mortici [27] contains exhaustive ef-
ficiency discussion upon the whole class R of rational bounds (except Lampret’s
results), giving good account to our further considerations.
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Naturally, we are looking for the at tightest possible couple (Lg, Ry) of lower
and upper bound of bilateral approximation (8), such that attains minimal devia-

tion
1 T T

o(z) == R(@) - L) + | (r (5) L (5)) :

Obviously, tighter L, R result in tighter bounds for g(:r)
The famous result by Alzer et al. [2] states that

1 1

<Sx) < ——, >0, 9
@< myT (9)

1
7+ 2

where the constants 1/(2¢(3)) (first conjectured by Elbert [15]) and 1/6 are sharp
in the sense that cannot be replaced with another smaller lower and bigger upper
ones. Here ((3) =~ 1.2020569 stands for the celebrated Apery’s constant. The main
advantage of Alzer’s bound is its simple structure. However, Mortici [27] states
the following result such that turns out to be superior to the bounds by Alzer [2],
Hoorfar and Qi [19], Qi [32] and Qi et al. [33]. According to [27, p. 910, Theorem
1], we have

a(z) < S(z) < b(z), x>0, (10)
where

a(z) = 5(4225 + 3412 4 88522 + 814)
©6(22 4+ 1) (22 + 4) (3524 + 11522 + 72)
b(z) = 1680210 + 22 46028 + 130 09225 + 403 0172* + 66557022 + 499 305
N 6(z2 + 1)2(280x8 + 323026 4 15 583x* + 36 62722 + 34 614)

Mortici give two another simpler bounds [27, p. 910, Corollary 1]; the first one
reads as follows:
1 1
— < S() < .
1 i3 1 11
22+ 5 + 3702 22+ § + 15002

(11)

Here the left-hand side inequality holds true for all z > x,, where z, =~ 9.59595556
is the greatest real root of the polynomial

Ps(x) = 72® — 2922* — 3258122 + 10582, (12)

and the right-hand side inequality holds even for every « > x g, being xp ~ 0.603078
the greatest real positive root of the polynomial

Pg(r) = 119602° + 29562 + 48 2132* + 15082 7002 — 5492 355

The second estimate is

1 . 166 435
1 32 Y z ) :LL = *
Pt L2 138456

S(z) < (13)

Let us mention that these bounds improve the earlier mentioned ones in their ranges
of validity.
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Now, applying (8), from (11) we deduce for all z > zp:

372 .1‘2 ~ I2 372

— < S(z) < — .

gt ta?+ 53t 22+ 4 (=) o+ ta?+ 1L x4+§z2+£(‘51)
14

To estimate S(x) with some tight two-sided bounding inequality, we point out that

§(w) ~ 2 {R(x) ~ L(x)},

in both cases when = — 0 or x — o0, therefore, in the case x > g > 0, reasonable
candidate for the couple (Lo, Ry) is Mortici’s bound (11), since (10) gives hardly
handleable upper and lower Caplygin’s ODEs.

THEOREM 1. For all x > x, =~ 9.59595556, where x; denotes the greatest real
root of the polynomial Ps(x) (12), the following two-sided inequality holds true for
the complete real parameter Butzet-Flocke-Hauss Omega-function:

p1(z) <Qz) <ih(), (15)

where

8 1664
) —soh (2) (L TS 4 )
2 78 (2t + 2222 4 1)

2
+ l i arctan 73 19522 — i ﬁ arctan —3 9695 2>
7V 39 1522 4+ 4472 7\ 277 10522 + 124872
x) ( 1 78 (m4+§7r2x2+%7r4)

x) = sinh (f — In
(@) 2/ \2r " 77 (21 4 2222 4 UL

1 5 3v/195 22 1 35 39695 22
— — /== arctan —————— + =/ — arctan ——————— | .
m V 39 1522 + 17672 =« \ 277 10522 + 31272

Moreover, for x < 0 opposite inequalities hold true.

Proof. Consider the Cauchy problem
x ~/x

Q’—%coth(2> Q= 72—; sinh (g) S(g) QO0)=0.  (16)

Evaluating S (x) with the bilateral estimate (14), we deduce the Caplygin lower and
upper ODEs respectively:

1
¢1 — B coth (g) 1

23 . L (x) 1 1
= — sinh ( = -
™ 2/ \at+ 8222+ L88nd g4 4 27222 + oqt (17)
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v~ g eoth (3)
1,3

1 1
22 (9) . ,
() (e wrerE)

TEX + ST
1 /5 V5322 +72) 1 [35 V35 (322 + 4m?)
+ —4/ —= arctan ————— — —4{/ —— arctan — | ,
™ 39 7T2 \Y 39 ™ 277 4’/T2 V 277 (19)

on the interval Z = R;. The solutions of these linear ODEs are:
105
24+ 872 42 704 o

. . 1 4+8 2.2, 1664 4
@1(x):slnh<§) (Cl—i—%ln 4+3ﬂ_2$2+3§ 1
3T +

4 2 .2 1044
:E+37Tx+057r

1 (z) = sinh (g) (02 n % In
1

1 /35 V35322472 1 [5 V5 (322 + 47?)
+ —\/ == arctan ———=——= — —{/ = arctan ——————= | .
m\ 277 w2277 wV 39 472+/39 (20)
We point out that the initial condition £2(0) = 0 is chosen in accordance with the
behaviour of the Omega function Q(z) given by

Q(x) = 8r sinh (g) i w ~ g n(1) sinh (g) = 2In2 sinh (g) = o(x),

— a? +4rn® 7

as ¢ — 0, provided by the partial-fraction expansions (2). Thus, by (19) and (20),
we get

p1(z )Nsmh( )(Cl—i—C) and 1 (x )Nsmh(

where

v

(CQ+C¢) z— 0,

1248

Cp, = In + 1 \/? arctan \/? _L1/3 arctan {/ —,
or 77 @ V39 39 w V217 277
C’w:ilnﬁ—i—l ﬁarctan $H 1 5arctan\/?.
2r 39 o« V277 277 7wV 39 39
So, by the constraint (6), near to the origin
¢1(x) ~ sinh ( ) (Cl +C ) 2 sinh (g) < sinh (g) (Cg + C’w) ~ i(x),
that is

Ci=— ! H—l 3aurctan\/i 1
2 78 TV 39 39 =

Cy = 1 [ l A/ 3 arctan 4/ — J l arctan 3—
21 77 w V 39 39 =« 277 27

Now, obvious steps lead to the assertion of the Theorem. m

+
ﬁ
\]

\]

o

=

aQ

o+

&)

]
ﬁ
\]

\]

J|I &
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REMARK 1. Let us mention that the numerical values of the integration con-
stants read as follows:

Ch1 = —0.00259805, (3 =~ 0.00259805 .

The calculations throughout have been performed by Mathematica 8.

Since Mortici’s bound comparison analysis does not include Lampret’s bounds,
we list this result as well. Using Euler-Maclaurin summation formula for the
(m — 1)-th partial sum for Mathieu series, Lampret derived [20, p. 2274, Eq. (17)]
a set of two-sided inequalities:

am(z) < S(x) < by () x>0, (22)

where for all m > 1 it is

@) = (1 : Jom(@)
Gm %) = 2(m? + 22)2 + 2m3 + m? Tm ¥
1
bale) = (1 -
() * 2(m? + 22)2 + 2m3 + m? om (@)
iy 27 1 m 3m? — 22

om() = (% + 22)2 torrae T (m? + 22)2 + 6(m2 +a2)3

j=1
Obviously, for all > 0 we have

lim ap(z) = lim by,(x) = lim o,(z) =S(),

where the relative convergence rate has the magnitude O(m™*), see [20, Eq. (15)].

In what follows we consider Lampret’s bounds aqs(z) < S(x) < ba(z), © > 0 as
an illustrative example of his set of results. First, setting m = 2 in (22) we arrive
at

1 1
('~ srrapra) ) < 56 < (U g2 @)
where
2 1 2 12 — 22

oa(z) = (22 +1)2 + 22+ 4 + (22 + 4)2 + 6(22 +4)3 :

By virtue of (8) we get

(1 N m>02($) - i (1 NSTEIPE 14)2 ¥ 20) 02(%)
m)”(w) - i (1 " 2((z/2)2 i4)2 ¥ 20) Uz(g) '

< S(z) < (1+

As x > 0 obviously

1 21 1 19

1y <= apd 11— >
Ty a2y S0 M 2(a? +4)2 120 20’
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so the results

19 21 x ~ 21 19 x
50 02(@) — =5 o2 (5) < S(@) < 35 02(@) = 5 02 (5) . (23)

Now, we are ready to expose our next main result.

THEOREM 2. For all x > 0 the complete, real argument BHF Omega function
has the following two-sided bounding inequality

pa(z) < Q(x) <P2(z), (24)
where
zy (37 1 fr 1 213r 1
() (2 o) 22
p2(w) = sinh (5 (207r+7r (S e - - SR T
11273 1 461r 1 121673 1
5 (22 +1672)2 15 22+ 64n2 15 (27 + 6472)2
21 1
T In(2? + 1672) + % In(z? + 647r2)>
z\ (379 1. 16 387 1 7990 1
= si h( ) A e AL -
Yale) = sinh 3 (2407r IR T TS Eiae T 30 24 16n
304 1 320m 1 44872 1

157 (22 + 1672)2 3 22+64n2 5 (22 + 64w2)2

19 21
— —— In(2? + 167%) + ——

2 2
Tom 50, In(z® + 647 )) .

Proof. The Cauchy problem (16) in conjunction with the previous estimates

(23) upon S (x) enables us to formulate the Caplygin lower and upper ODEs re-
spectively:

e georn (5) w2 =g snn (5) (352 (57) -0 (7))

=g (5) e =gt s (5) (3572 (57) 5972 (57)) -

on the interval Z = R . The solutions of these linear ODEs are:

@ 23 20 1 2137 1
= si h(f) Cy— =2 Inor + =8 -
alw) =sinh (3 < R T e By e R
1127° 1 4617 1 12167 1
5 (22 + 1672)2 15 22 + 6472 15 (22 + 6472)2

21 19
~Tom In(2? + 167%) + 20m In(z? + 647r2)>
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x 17 381 1 7997 1
=sinh (2) (Cy— —In2r + =0 -
Ya(w) = sin (2)( T TN TS E A 30 224 162
304 1 320r 1 14872 1

15w (@2 41672)2 3 224642 5 (22 + 64n2)?

1 21
f% In(2? + 1672) + - In(z? + 647r2)> .

Letting © — 0, we conclude:

. 2In2 . .
a2 (x) ~ sinh (g) (C’3 + A) < - sinh (g) < sinh (g) (C4 + B) ~ iy (x),
where
— _ﬁ _ l 23/5 _ 379 - l 13/10
A= 20 In (3271' ) ’ B= 240w In (87T ) ’
Obviously
_ 8t 1 23/5 _ 319 1 13/10
Cs = 5o W1n<1287r ) C4——24O7T+7T1n<327r )

such that finishes the proof of the Theorem. m

REMARK 2. Routine calculations give us the approximate values of the con-
stants
Cs5 ~ 3.8094651 and Cy =~ 2.0795349.

REMARK 3. Pogédny et al. [31, Proposition 2] reported on the estimate (related
to (9)):
4¢(3) - 3 . 12-¢(3)
S
G @@ D) WS G e 1 2)

xz>0.

By virtue of this result, using Caplygin’s Comparison Theorem, Pogény and Sri-
vastava [29, Theorem 3] proved that for all 2z > 0, there holds true

1. x ¢(3)x? + 8n2 1. x 322 + 872

— h<7)1 —— Q — h(—)l — . (25

7o) ( su7 g oz ) <@ < osimb (g )| e ) ()
For x < 0, we have the reversed inequalities.

3. Two-sided inequalities for the class A

In this section we present some bilateral bounding inequalities associated with
bounding functions L, R € A. This kind of bounds have been considered by Guo,
Qi and coworkers (see [18, 19, 31-33]). Here we report on a new result.

THEOREM 3. For all z > 0, the following two-sided bounding inequalities hold
true

p3(x) < Qz) <is(x), (26)
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where
L 87 1 2/ 1 2(In2 — 1)
ps(r) = sinh (5) <$2 +4r2 72 n e2n?/e 1 m(e2m?/z — 1) 0
Nz A 1 2 /e 1 2ln2 -1
¥s(z) = sinh (5) <1’2 + 472 T n e 1 m(e2m/z — 1) T ) .

Moreover, for x < 0, the inequality (26) reverses.

Proof. Consider the two-sided bounding inequality for the alternating Mathieu
series S(z) by Tomovski and Leskovski [37, Theorem 2.3]:

L(z) < S(z) < R(z), x>0 (27)
where
~ 2 1 me~ /%
L) = gy~ Gr o — e m) ~ mA )i = o /o)?
~ 1 1 me /%
R(z) =

A+ 222 T 0+ 2220 —e7) ' 2a(1 + 22)(1 — e /o)’

and take Z = R;. Applying bounds (27) to the ODE (3), that is, for the Cauchy
problem
oot (B) - — " o (B 5 (2 _
) 2coth(2)§2— s Slnh(2>5(2ﬂ_>7 QO0)=0,  (28)

and using some elementary inequalities such as 2 + 472 > 4wz, 22 + 472 > 22, we
deduce the related lower and upper ODEs:

1 x
oy — 3 coth (5) 03
SN N S T i
= 9 (22 +4n2)2 " g2(e2/r — 1) | 22(e2™ /7 —1)2

s — %coth (%) U3

o (D) (o e
- 2 (l‘2+4ﬂ'2)2 1'2(6271'2/I_1) $2(627T2/m_1)2 )

respectively; the initial condition ©(0) = 0 has been used in accordance with the
definition (1). The solutions of above lower and upper ODEs become

z 87 1 2’ /x 1
= sinh (f) N o A L _
a(@) = sin 2 < Ry i R m(e2 /v — 1)) (29)

@ A 1 e L
=sinh (£) - po i ’
'[/)3(.%) S 5 <C6 + 332 + 47‘(‘2 + 71_2 n eQTr?/x 1 + ﬂ_(eQTr?/fE — 1)) (30)
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with the integration constants C5, Cs. Bearing in mind (21), we clearly conclude
that

p3(x) ~ sinh (g) (05 + %) and s(z) ~ sinh (g) (Ce + %) x—0.
Hence

@3(z) ~ sinh (E) <C5 + %) < 212 sinh (g) < sinh (g) (CG + l) ~ s(x),

2 T T

that is

2(In2 — 1 2ln2 -1
05 =220 1053086, cp = 2271

s ™

~ 0.1229613.
The second assertion of the theorem follows from the fact that Q(x) is odd. m

4. Two-sided inequalities associated with the class O

In this section, at the beginning, we recall a refinement of Alzer’s bounds (9)
by Drasci¢ and Pogdny [14]. In that paper considering a special case of a more
general integral representation by Pogény [28], the authors derive the following
result. Denote

) t 2 oo t
U(m):Q/ VO V(x):4/ _W g
1 (22 +1)3 1 (@2 +1)3
where [a] stands for the integer part of the argument «. The inequality

1

— < U(z) <S8z 31
1 <) <5 ()

holds for all z € I} = [z1, x2], where 21, 9 are the real positive roots of the equation

22 +3 8 4x 82 2¢(3)

(22 +1)2  3(z+1)3 * (z+1)* 5x+1)5 2032 +1°

We remark that both equalities in (31) cannot happen simultaneously. Moreover,
the inequality
1

24 1
T+ 5

S(z) <Ulz)+V(z) <

(32)

holds for all z € Iy = (0, 23] U [x4,00), where x3, x4 are the positive real roots of
the equation
rrt+2(4+m)a? + 71— 4 6 _0
422(1 + 22)2 6x2+1

In (31), (32) for xj,j = 1,4 we have equalities. Calculations with Mathematica 8
give
r1 ~ 0.394443, 1x9 =~ 5.04572; 3~ 0.660463, x4~ 2.74663.
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Consequently, with the aid of (7) we conclude

Ta(x) ::2/1“’(([\/5]2 [\/f]2+2[\/ﬂ) dgt

22+ 13 (a2 + 41)3

<§<x)<z/l°°([*/ﬂ2+2w_ [ViF )dt:;m(m).

(@2 +0° (221417

(33)

Now, following the lines of here exposed results in previous sections, we can easi-
ly conclude the similar fashion results by using Caplygin’s Comparison Theorem.
Although the same procedure, we cannot apply directly the results by Drascié¢ and
Pogény [14], since solutions ¢, ¥ of Caplygin’s upper and lower linear ODEs contain

terms - ¢ " ¢
foem ) o [em(s) e

respectively. Both integrands do not allow integration order exchange, because the
resulting integrals diverge for all z € R,.. On the other hand, the Caplygin’s upper
and lower functions expressed via above functions are not applicable for Cauchy
problem solving directly. To skip these problems, let us evaluate U(x),V(x), by
the obvious estimate a — 1 < [a] < a, a € R. Hence

- o0 —1)2 o0 242
x arctanxzz/ (Vt—1) dt<U(m)<2/ ( tdt % +
1 1

z3 (2 4 1)3 2217 (2412

Similar estimates can be achieved for V (x):

arctanx 1 :4/00 (\/E—l)dt<v(x)
x3 x?(x? +1)? 1 (22 +1)3
<4/°° Vtdt  arctanz 22 —1
1 (x2 + t)3 - 3 x2(x2 + 1)2 )

Therefore, so do a fortiori for Z~L4, §4. As the left-hand-side bounds in both esti-
mates are positive on R, we have

arctan 2

r T
| 2414 ————1 d 1 2414 — 4
nyvaz?+ +x2+1 < 0+§U(§) E<Inva?+ +2(x2+1) (34)
_ ar(zztanx < §V(§)d§ < lnM—&—l _ arctanx.
2 +1 0+ x (35)

We need these bounds in the proving procedure of our next main result.

THEOREM 4. For all x > 0 we have
xr xr
= (£ ) 2r°Q(x) / = (f )
— Ryl =) dé< ———— —7“Inl6 < — Ly =) d&, 36
I () a SRl () @)

where the lower and upper guard-bound functions Ly(z), Ry(z) of S(z) are defined
by (33).
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Proof. The Caplygirl lower and upper ODEs are built with the help of the
upper and lower bounds Ry, L4 respectively:

/ x . € = \[ : \[ : \[
o~ %Coth (5) @4 = 647> 2 sinh (5) /1 ((xz -[l- 112#215)3 - [(xt2]+_:lj£t)g] )(3(’173

’ z . T = \[ ’ \[ \[ :
- %Coth (§> Yy = 6473 zsinh (5) /1 ([(x;‘ ]+ '11'61[215;3] N (x2 [—i— 21’%)3) (C;tg)

The solutions are

¢4(z) = sinh (%) (07 - 2—;3 0'+ ¢R, (;ﬂ) dg) :

ba(a) = sinh(g) (08 - 2;/; ¢L, (;ﬂ) d§> ,

where we describe E4, R, in (33).

Now, it is not hard to build by (7) the associated bounding guard-functions
Ly(z), Ry(z) and to conclude that the both Cauchy problems have boundary con-
ditions

©(04+) =9(0+) =0.

Bearing in mind (34) and (35), we get
. T . x
w4(x) ~ C7 sinh (5) and ¢y (x) ~ Cg sinh (5), z—0,

yielding

T 21n2
) <

w4(x) ~ C7 sinh (5 sinh (%) < Cg sinh (g) ~ hg(x).

™

Finally, we have

2In2
Cr = (g = 222

™

This finishes the proof of the Theorem. m

5. Two-sided inequalities associated with the explicit bounds on §(:B)

Finally, bounds on alternating Mathieu series S () have been given exclusively
by Pogédny, Srivastava, Tomovski and Leskovski alone and in collaboration in [29-
31, 36-39]. In that cases, faced with explicit lower and upper bounds E, R we derive
in this section certain representative examples too.

First, we recall a very simple upper bound [39, p. 11, Theorem 3.1]TP by
Tomovski and Pogény:
2w

|S@)| <16/, x>0.
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It is worth to mention another similar type upper bound of magnitude O(x_l/ (2”)),
p > 1 such that readily follows by [39, p. 12, Theorem 3.2]. However, we present
the [30, p. 319, Theorem 2| for the Mathieu-series S(x),z € R, such that links to
the modulus of the alternating Mathieu series:

S| < /322 (39)

THEOREM 5. For all x > 0, we have

n v/3((3) z* sinh
‘Q(x)—%sah( )‘_27r331+\/1+74x(2)). (40)

Proof. Both Caplygin’s ODEs are

1 x 3¢(3) wsinh (%)
'— - coth(Z)y==% 2
y' =5 cot (2) Yy 53 CEwrS y € {es,¢5},

and the related solutions are
y(m) = sinh (%) (Cg’lo + \Y4 1+ 4z )

Now, easy steps show that

In4 3¢(3
Coio=—= C:E ) .
s 2w

such that lead to the asserted two-sided bound (40). m

Finally, we mention the upper bound [30, p. 320, Theorem 3], whose special
case relates to alternating Mathieu series. Namely:

1/2
~ 472 T 1,1/2 424
< "= e >0.
Sty < =3 (5(1+2z2) 2F1{ 3/2 ‘ (1 +2x2)2]) 220

Here o F}[-] stands for the familiar Gauss hypergeometric function. However, the
use of this bound will result only in upper Caplygin’s function.

6. Efficiency discussion. Further remarks

In this section we analyze the efficiency of bounds presented by Theorems 1-3
and Theorem 5. Of course, we are looking for at most tighter couple (i, ) of lower
and upper bound of bilateral approximations, such that permits the least deviation

min {4;(z) = j(2) — ¢j(2)} .
Obviously, tighter L, R result in tighter bounds for S(z), that is for the complete
real argument BHF Omega function Q(x). In other words as closer is §,(x) to the
real axis, as tighter the lower and upper Caplygin’s functions are.
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Building the deviation d;(x) associated with bilateral bounds by Theorem j,
7 =1,2,3,5, we get

01(x) = sinh (f —In -
1) 2 21 5929 (zt + 27222 4 12 7) (21 4 S22 4 188 71)

1[5 (amt 3v/195 22 3\/195:1:2)

x) ( 1 | 6084 (x4 + %’/Tz %+ %71’4) (x4 + %7‘(2 x? + %474)

- t -
7 V39 A e 172 A e e

1 /35 3v/9 695 22 3v/9 695 22
— 1/ —== | arctan ——————— + arctan ——————— ,
w V277 10522 + 124872 10522 + 31272 (41)
_ 13 1 4rd(2? 4+ 647210 4x 1
st o (5) (i + S ot
2(w) = sin 2 ( 487 * T (22 + 1672)1/5 5 a2 4 4n?
4797 1 n 32 1
30 x2+167%2 157 (22 + 1672)?
1184~ 1 12873 1 (42)
15 a2 4 6472 15 (a2 +6472)2 )’

d3(x) = sinh (f) 3o dr + 2 In Ll + 2
s 2/ \4r® 224473 w2 e/ -1 qm(e?m/r —1) )’ (43)

1 (3z° + 8m%)(32? + 27°)
04(z) = — sinh (5) " e+ 2 (B + 877 "
oy 4/3((3)a”
d5(x) = sinh (5) 04 VT4 . (45)

Here, since Theorem 4 improves, by the Drasci¢-Pogény definite integral bounds
(31) and (32), the result (9) by Alzer et al. we consider their simple rational bound
instead of the result obtained in Theorem 4. Being the bilateral integral bound (36)
tighter then the one by Alzer et al. for all x € [0.394443,5.04572] to the left and
for all z € R4 \ [0.660463, 2.74663] on the right, we can easily deduce the tightness
of the bounds exposed in Theorem 4. Hence, the deviation d4(z) associated with
Alzer’s bounds we form by (25) in Remark 3, compare also [29, Theorem 3].

It is straightforward that Mortici’s bounds give the tighter bounding region for
the complete BHF Omega function. However, near to the origin another bounds
give precise approximations, while for larger values of the argument z the width of
the bounding regions, measured pointwise by the defiation functions §;(z),1 < j <
5 are of exponential growth (thanks to sinh factors).
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Figure 1. Deviation functions d;(x),1 < j < 5 presented for z € [0, 20].
From above at £ = 10 the deviation functions are d2 > 05 > d4 > d3 > 1.
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