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ON A NEW CLASS OF HARMONIC UNIVALENT FUNCTIONS
Waggas Galib Atshan and Abbas Kareem Wanas

Abstract. We define a new class of harmonic univalent functions of the form f = h+ g in
the open unit disk U. Also we study some properties of this class, like coefficient bounds, extreme
points, convex combination, distortion bounds, integral operator and convolution property.

1. Introduction

A continuous function f = u + iv is a complex valued harmonic function in
a complex domain C, if both u and v are real harmonic in C. In any simply
connected domain D C C, we can write f = h + g, where h and g are analytic in
D. We call h the analytic part and g the co-analytic part of f. A necessary and
sufficient condition for f to be locally univalent and sense-preserving in D is that
[P/ (2)] > 1¢'(2)] in D (see Clunie and Sheil-Small [2]).

Denote by My the class of functions f = h 4+ g that are harmonic univalent
and sense preserving in the unit disk U = {z € C: |z| < 1}. So f=h+g € My
is normalized by f(0) = f.(0) — 1 =0. For f = h+ g € My, we may express the
analytic functions h and g as

h(z) =z4 > anz™, g(z) = Y bp2", |by| < 1. (1.1)
n=2 n=1

Also denote by Wy the subclass of My containing all functions f = h + ¢ where h
and g are given by

h(z) =2z— > apnz™, g(z) =— > bpz™, (ap, >0,b, >0, |b1] < 1). (1.2)
n=2 n=1

We denote by K My (v, «, 3) the class of all functions of the form (1.1) that satisfy
the condition
1 / 1 !
e 2G|yl
fr(z) +2f"(2) fr(z) +2f"(2)
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where 0 < a<1,6>0,0<y<land z€U.
Let KWy (v, e, B) be the subclass of K My(y, a, 8), where

KWH(PYuO[7ﬁ) = WH N KMH(’Y7O[?6)

When 8 = 0, the class reduces to KWy (v, «,0) = C(v, «), which was studied by
Mostafa [6] for analytic part.

Such type of study was carried out by various authors for another classes,
like Frasin [4], Yalcin [9], Gencel and Yalcin [5], Cotirla [3], Porwal et al. [7] and
Seker [8].

2. Coeflicient bounds

First we determine the sufficient condition for f = h + g to be in the class
KMH (7) «, /8)
THEOREM 2.1. Let h+ g with h and g given by (1.1). If

o0

>, n{(n =1)[B(1 =7) —ar] +n—a}(lan] + [bu]) < (1= )1 = [ba]),  (2.1)

n=2
where 0 < a < 1,8 > 0,0 < v < 1, then f is harmonic univalent in U and
f € KMp(vy,a, ).
Proof. For proving f € KMy(v, «, 3), we must show that (1.3) holds true. It
is sufficient to show that
WECR0
f'(2) +v2f"(2)

or equivalently

(1+Be)(2f"(2) + f'(2) = B (f'(2) +72f"(2))
Re { P 17207 } > a. (2.2)

(1+ ﬂew) - ﬂew} >a (-7 <6<,

If we put
A(z) = (L+ ) (zf"(2) + ['(2) = B (f'(2) + 72f"(2))
and B(z) = f'(z) + vzf"(z), we only need to prove that
[A(2) + (1 = a)B(2)| = |A(2) = (1 + @) B(2)[ = 0.
But
A(2) + (1= )B()| = |1+ 8)( 3 nln = Danz""" + 3 o — 1) (z)" "

n=2 n=1

+1+ Y naz"t+ 3 nbn(Z)"_1> — Be? (1 + > napz"t
n=1 n=2

n=2

+ ioj nb, ()" + i; yn(n — 1)a, 2"t + i::l yn(n — 1)bn(5)”71)

n=1

+(1-a) (1 + 3 napz" 4+ S b, )"+ Y yn(n — 1)a, 2"t
n=2 n=2

n=1 =
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+ 3 n(n = ba(2)")|
n=1
= ‘(2 —a)+ > n(n-1)(Be?’1-7)+(1-a)y)+n+1—a)a,z""?
n=2

+

8

(0= 131 =) + (1= a)y) +n+1-a) bn(z)"*l‘.

Also
A() = (1 +)B(E)| = [(L+ 5 3 nln —Dayz "+ 5 nln = Db (2!

n=2

+1+ Y naz"t+ 3 nbn(E)”’l) — Bet? (1 + > nayz"t
n=2 n=1 n=2

+ 21 nb, (Z)" 1 + i yn(n — 1)apz" + io: yn(n — 1)bn(2)”*1)

n=2 n=1

- (1+a) (1 + 3 napz" "+ Y nb, ()" 7+ Y yn(n — a2t
n=2 n=2

n=1

+ § yn(n — 1)bn(§)”*1)’
n=1
=|-a+ §2n ((n—D)(Be?(1—7) — (1 +a)y) +n— (1 +a)) anz""

i nin ((n = 1)(Be®(1 =) = (1+ a)y) +n = (1+a)) ba(5)"1).
Then
|A(Z) +(1- Oé>B(Z)| — |A(z) — (1 =+ a)B(Z)|

>2(1—a)— 3 2n((n — 1)(B(1 — ) — a7) +n — a)|an|2]"!

n=2

= > 20((n = 1)(B(1 =) — ) + 1 — ) ba[2]"~

n=1
>2{(1=a) = 5 (1= 1(B(1 = 1) — %) +n - a)la,]

= 3 nl(n =131 =) — )+ n - )b} >0.

The harmonic univalent function

R P (T V[ (e e T
+3 o ()", (2.3)

nm1n((n=1)(B(1-7)—ay)+n—a)
where "7 5 [n|+> 0o |yn| = 1—c, show that the coefficient bound given by (2.1)
is sharp. The functions of the form (2.3) are in the class K My(v, «, 3), because
= |2

22’”“((”7 1)(ﬂ(1 77) 70‘7) +n*a)n((n_ 1)(ﬁ(1 _'7) — Oé’)/) +n— Oé)
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n((n — 1)(B(1 ) — a7) + 1 — ) srn a2 e

18

+

n=1

0o 00
=2 |zal+ 2 lyn| =1 -0
n=2 n=1

The restriction placed in Theorem 2.1 on the moduli of the coefficients of f = h+g
enables us to conclude for arbitrary rotation of the coefficients of f that the resulting
functions would still be harmonic univalent and f € KMy (vy,«,3). m

In the following theorem, it is shown that the condition (2.1) is also necessary
for functions in KWy (v, , 8).

THEOREM 2.2. Let f = h+ g with h and g be given by (1.2). Then f €
KWy (v, a,B) if and only if

o0

2, n((n = 1)(B(1 =7) —an) +n - ajan

n=2
+ > n(n=1)pBL-v)—ay)+n—a)b, <1—a (2.4)
n=1
where 0 < a<1,6>0,0<y<1.

Proof. Since KWy(v, a, 8) C KMy (7, , 3), we only need to prove the “only
if” part of the theorem. Assume that f € KWy(v,a,3). Then by (1.3), we have

2f"(2) + f'(2) 69 _ 3ei? o
Re{ 2 a9~ 06} > a
This is equivalent to
Re { (L+Be)(2f"(2) + ['(2)) — Be™ (f'(2) +7v2"(2)) }
f'(2) +v2f"(2)

=Re {(1 —a) — % n((n—1)(Be?(1 —7v) —ay) +n — a)a,z" "

n=2

118

n((n = 1)(Be?(1 = 7) = ay) +n - a)ba(2)"" |

n=1

00 00 —1

X {1 — S a4y —1)anz"t — 3 n(l +A(n— 1))bn(z)”*1} >0. (2.5)
n=2 n=1

The above required condition (2.5) must hold for all values of z in U. Upon choosing

the values of z on the positive real axis where 0 < z = r < 1, we must have

Re {(1 - Ol) - [ni;z(n(n — a) — n(n _ 1)047)an7“”_1—|—
ni;(n(n —a) =n(n —1)ay)b,r" !
- pe? [2”(“ ~ DA =yanr"! 4 3 nln = 1)(1 - Do}

—1
n(l+~(n— 1))bnrn’1} > 0.

NERTE

X {1 - f: n(l+~y(n—1))a,r" ! —

n=2 n

Il
—
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Since Re(—e?) > —|e?| = —1, and letting r — 17, the above inequality reduces to
L—a= 3 n((n=1)(B(1-7) - ay) +n—-a)a,
n=2

1 ina +yv(n—1))an — inu +y(n—1))by
i'fln((n —1)(B(1 =) — an) + n— a)bn
— n= > 0.

1— §2n(1+7(n— 1))an — iln(l—kv(n— 1))bn

This gives (2.4) and the proof is complete. m

3. Extreme points

THEOREM 3.1. Let f be given by (1.2). Then f € KWy(y, o, B) if and only if
f can be expressed as

18

f(z) = (nhn(2) + 0ngn(2)), (2 €U) (3.1)

where hy(z) = z,

and
l-«
n((n—=1)(B(1=7) —ay)+n—a)
Yot (b +6) =1, (pn > 0,6, > 0).
In particular, the extreme points of KWy (v, e, B) are {h,} and {gn}.

gn(2) = 2 — @", (n=1,2,--),

Proof. Assume that f can be expressed by (3.1). Then, we have

f(z) = iwnhn(z) + Gngn(2))
00 oo 11—« n
= R 2 T B ) ) f )
> l-« \n
~ X (- DBA =) eyt
x l-a n
= (D) —an) Fn )
o0 1—«

_ ngl n((n — 1)(ﬁ(1 _ fy) _ a,y) Tho a) (5n(2)n
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Therefore
i) 11—«
B T (T [ i ey B
) 11—«
= DB =) et n = ) G = —an )
(- 0) (£ 480 ) = (- 10,
So f € KWy(v,a, ().
Conversely, let f € KWy (v, «, ), by putting
RN B ET NI
and
g, = = 1)@(11)&_ DRy =12,
We define iy =1 — ioj P = D rey O

n=2

Then note that 0 < p,, <1 (n=2,3,---),0<9, <1FE (n=1,2,---). Hence
flz)=2z- Z2anz” - Z_:l b (Z)™

x l—«

= D) —an) F
=) 1—« —\n
B N D e L e A
=2 5=l — 3 (2~ galD,
= (1 - i::z Hn — 5:22 5n> z+ i::Q ,Unhn(z) + i:o:l 6n9n(z)

— wiha(2) + iunhn(z) + 3 Gnga(2) = 3 (tinhn(2) + Gngn(2)),

n=1 n=1
that is the required representation. m

4. Convex combination
THEOREM 4.1. The class KWy (7, a, 3) is closed under conver combinations.
Proof. For j =1,2,3,---, let f; € KWy(7v, o, ), where f; is given by
fi(z) =2z— ni::Q Q2" — ni::l by ;(Z)".
Then by (2.4), we have

S nl(n— 1)(B1 =) — a7) + 1 — )

n=2

18

+ n((b—-1)BL—-v)—ay)+n—a)b,; <l—a. (41)

n=1



On a new class of harmonic univalent functions 561

For E;’;l t; = 1,0 <t; <1, the convex combination of f;’s may be written as

o0

E:l tifi(z) =2 — f: ( i tjamj)Z" -2 (E:l tjbn,j)(f)"~

n=2 \j= n=1 j

Then by (4.1), we have

o0

3 n(ln = )31 =) ~ ) +0 =) 3 tyan)

n=2

118

+ n((n—1)(B(1—7) —av)—i—n—a)(]gltjbn}j)

{

n((n = D31 =) = a7) +n— by, } < 3,1 —a) =1 -0,

1

S n((n = 1)(B(1 =) — a7) + 1 — a)an,

j=

~
<.

Mg
is

+

n=1

Therefore
tifi(z) € KWy (v, B).

e

j=1

This completes the proof. m

5. Distortion bounds

THEOREM 5.1. Let f € KWy (v, ,3). Then for |z| =r < 1, we have
(-0)0-b)
2(B(1=7) —a(l+7)+2)

1f(2)] = (1 =b1)r —

and
(I —a)(1—0b) 2

20— —a(lt7) 12 (5:2)

f () < (L +bu)r +

Proof. Assume that f € KWy (v, a,3). Then by (2.4), we get

£ =]z = £ anz" = 3 0@ = (0= bidr = X @+ bar”

n=2
> (1—by)r— iz(an + bn)r2
1
= T el ) 1 D)
x iw(l — ) = a1 47) +2)(an + ba)r?
1
2 b T el 1) 1 )

x 2 (= 1D(BA —9) —ay) +n—a)(an + bn )
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1
Z (1—1)1)7"— 2(5(1—7)—04(1—‘,—")/)4—2)[(1_&)_(1_a)b1]r2
= (1—b)r— (1-a){1—b) 2,

r
2081 =7) —a(l+7)+2)
Relation (5.2) can be proved by using similar statements. So the proof is complete. m

6. Integral operator

DEFINITION 6.1. [1] The Bernardi operator is defined by

Lo(k(2)) = C:cl / e h(e)de, c€ N ={1,2,--}. (6.1)
0
Ifk(z) =2+, ,e,2", then
Llelh(z) =2+ 3 S, (6:2)
REMARK 6.1. If f = h 4+ g, where
h(z)=2z— io: anz", g(z) = — io: bpz" (an > 0,b, > 0),
n=2 n=1
then
Le(f(2)) = Le(h(2)) + Le(g(2)). (6.3)

THEOREM 6.1. If f € KWy(y,a,0), then L.(f) (¢ € N) is also in
KW'H(’Yaaaﬂ)'

Proof. By (6.2) and (6.3), we get

L.(f(2)) = L (z — ni; anz" — ni; bn(E)")

> 1 e 1
=z-> et anz™ — 3. ibn(f)".

n=2C + n n=1C + n
Since f € KWy(7, a, ), then by Theorem 2.2, we have

& =B —7) —ar) tn-a)

n—=2 l1—«

n

(n-1)BL-v)—ar)+n—0a)
11—«

+Zn b, < 1.
n=1

Since ¢ € N={1,2,---}, then “Lll < 1, therefore

(&

2 n((n-1)BA-7)—ay)+n-a) <C+1>an

n=2 l-—«a c+n
S n(n=1(BA -y —ay)+n—a) (c+1
+n§1 l-« <C+n>bn
> i -DPA -y —ey)+n-0a)

n=2 l1-a
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(n=DBA=7)—ar)+n—-aq)

b, <1
1—« n="

xXn
+ 2
n=1
and this gives the result. m

7. Convolution property

For our next theorem, we need to define the convolution of two harmonic
functions. For harmonic functions of the form

flz)=2— 22 an 2" — 21 bn(Z)™,
and
oo (o]
Fiz)=2z—= > cpz"— > dn(2)",
n=2 n=1
we define the convolution of two harmonic functions f and F' as
(f*F)(2)=f(z)* F(2) = 2= > ancpz™ — > bpd,(2)™.
n=2 n=1
THEOREM 7.1. For 0 < n < a < 1, let f € KWx(v,a,8) and F €

KWy (v,m,8). Then
f*F € KWH(77OZ7B) - KWH(%U,ﬂ)

Proof. 1t is easy to see that KWy (v, a, 8) C KWy(7, 1, 5).

Since f € KWy(v,a,8) and F € KWy(v,n,5), then by Theorem 2.2, we
have

2 n((n-1)(B(1-v)-ay)+n-a)

nz::Q -« "
n=1 1 -«
and
$ n((n - 1)(BA—-7) —ny) +n—-m)
n=2 1 -n "
s n((n —1)(8(1 ;7)77— ny)+n— n)dn <1 (1.2)
n=1 -
From (7.2), we get the following inequalities
l1—n
n = 25 37 ) =1
S DB - - " b
d, < 1= (n=2,3,---), 0<dy < 1.

n((n—=1)(BA =) —ny)+n—n)
Therefore

£l =B 7)) tn-a)

n=2 l1-a
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. rn=YEA—) e tna),
£ wn-YE =) e tna),
p R e DEO ) e ),

(29

X n((n=1)BA-7)—ay)+n—a)(1-n)
<ht JBA= ) =) +n—n)(—a)
(1-9)—ay)+n—a)(l—n)
I=7)=m)+n—-—n(1-a)
— DB -v)—ay)+n—a)(1-n)

=7 =) +n-—n(1-a
i n((n =P -y) —an)+n—a)l-n),

I=y)=m)+n-—nl-a) ™"
—y)—ay)tn—a)
n=9 11—«
i‘i n((n—1)(B1—-7) —ay)+n—a)

n=1 -«

n

n

n

b, < 1.

Then f* F € KWy(7,a,3) C KWy (v,n,3), and the proof is complete. m
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