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APPROXIMATION OF FUNCTIONS BELONGING TO THE
GENERALIZED LIPSCHITZ CLASS BY C!- N, SUMMABILITY
METHOD OF CONJUGATE SERIES OF FOURIER SERIES

Vishnu Narayan Mishra, Kejal Khatri and Lakshmi Narayan Mishra

Abstract. In the present study, a new theorem on the degree of approximation of func-
tion f, conjugate to a periodic function f belonging to weighted W (L., &(t))-class using semi-
monotonicity on the generating sequence {pn} has been established.

1. Introduction

In 1941, Alexits [1] (later Zygmund [22] and Zamansky [20], too) proved a very
interesting result pertaining to the degree of approximation of conjugate functions.
The degree of approximation of functions belonging to Lip «, Lip(c, ), Lip(£(¢), )
and W(L,, {(t))-classes, (r > 1) by Nérlund (N,) matrices and general summability
matrices has been proved by various investigators like Khan [6], Mohapatra and
Sahney [15,16], Qureshi [18], Mohapatra and Chandra [12-14], Holland et al. [5],
Das et al. [3], Mittal et al. [9-11], Chandra [2], Leindler [8], Rhoades et al. [19]
and Nigam and Sharma [17]. Recently, Lal [7] has proved a theorem on the degree
of approximation of function f belonging to weighted W (L,., £(t))-class by C' - N,
summability method of its Fourier series of a 2m-periodic function f where £(t) is a
positive increasing function in ¢. Lal [7] has assumed monotonicity on the generating
sequence {p,}. The approximation of function f , conjugate to a periodic function
f € W(L,,&(t)) (r > 1) using product C! - N,-summability has not been studied
so far. In this paper, we obtain a new theorem on the degree of approximation
of function f, conjugate to a periodic function f € W(L,,&(t))-class using semi-
monotonicity on the generating sequence {py}.

Let Y07 ,a, be a given infinite series with the sequence of nt" partial sums
{sn}. Let {p,} be a non-negative sequence of constants, real or complex, and let
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us write
P,=> pr #0Yn >0, p-1 =0= P_; and P, — co as n — 0.
k=0

n

v=0
{tN} of Norlund means of the sequence {5,}, generated by the sequence of co-
efficients {p,}. The series Y.~ ,a, is said to be N, summable to the sum s if

lim,, oo Y exists and is equal to s. In the special case in which

_(n+a-1\ Tn+a) N
p”‘( a-1 )_r(n+1)r(a)’( > 0),

3 IN __ Pn—v8n
The sequence to sequence transformation ¢, = > B defines the sequence

the Norlund summability N, reduces to the familiar C'* summability.
The product of C! summability with a N, summability defines C'- N,, summa-
bility. Thus the C- N, mean is given by 157V (f) = =5 >0 PO k().

If {9V (f) — s as m — oo, then the infinite series Y - a, or the sequence
{5,} is said to be C! - N, summable to the sum s.

~ n
8, — s = Ny(8,) =t =P, > pn_3, — s, asn — oo, N, method is regular,
v=0
= CY(N,(5,)) =N — s, asn — oo, C" method is regular,
= C'. N, method is regular.

Let f(x) be a 2m-periodic and Lebesgue integrable function. The Fourier series of
f(zx) is given by

118

J@)~ G+

(an cosnz + by, sinnz) = i Ay (f;x) (1.1)
n=0

n=1

with n-th partial sums s, (f;x).

The conjugate series of Fourier series (1.1) is given by

18

(b, cosnz — a, sinnx) = i B, (f;x). (1.2)
n=1

n=1

A function f(x) € Lip «v if
|fx+t) = f(z)| =O(|t|*) for 0 <a <1, t >0,

and f(z) € Lip(a,r) for 0 <z <27, if

1/r

(/ F 1) —f(ar)l’”dx) o), 0<a <, r21, t30,
F@) € Lip(e(t),r) if

(/O ot~ ol do) o). ro 1, 0,
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f(x) e W(Ly,&(t)) [19] if
1/r

2m
wr(t; f) = (/O |(f(a+1) = f(z))sin” (z/2)[" dﬂc) =0(()),

B8>0, r>1,t>0, where £(t) is a positive increasing function of ¢.

If 5 =0 then W(L,,&(t)) reduces to the class Lip(&(t),r), if £(t) = t*, (0 <
a < 1) then Lip(&(t),r) class coincides with the class Lip(«,r) and if r — oo then
Lip(«, r) reduces to the class Lip a.

L-norm of a function f: R — R is defined by ||f|lecc = sup{|f(z)
Ly-norm of f is defined by [|f]l, = (Jo™ |£(x)|" da)"/", 7 > 1.

The degree of approximation of a function f: R — R by trigonometric poly-
nomial ¢, of order n under sup norm || |lo is defined by [21]: |ltn — flleo =
sup{|t, — f(x)| : x € R}, and E,(f) of a function f € L, is given by

: ¢ € R}.

The conjugate function f ) is defined for almost every x by

271_/ Y(t) cot(t/2) dt = hm( / Y (t) cot t/2)dt>

We note that £ and #§V are also trigonometric polynomials of degree (or order) n
and the series, conjugate to a Fourier series, is not necessarily a Fourier series [21].
Hence a separate study of conjugate series is desirable and attracted the attention
of researchers.

Abel’s Transformation: The formula

n—1

Z upvr = > Up(vk — vkt1) — Un—10m + Upop, (1.3)

k=m
where 0 < m < n, Uy, = ug +uy +us + -+ 4+ uyg, if £k > 0, U_; = 0, which can
be verified, is known as Abel’s transformation and will be used extensively in what
follows.

If v, V1, .- , Un are non-negative and non-increasing, the left-hand side of
(1.3) does not exceed 2v,, max,;,—1<k<n |Uk| in absolute value. In fact,

n n—1
) ukvk‘ <maX|Uk\{ S (v k—vk+1+vm+fun} = v, max|Up|.  (1.4)
k=m

k=m

We write throughout

w(t):f(x—i_t)_f(aj_t)a Wn 27T(7l+1) Z P Z(V"‘l) |p1/ pu71|a

n cos(k—z/—|—1/2)
, 1.5
2m ( 1) Z Z_: sin(t/2) (15)
7 = [1/t], where 7 denotes the greatest integer not exceeding 1/t. Furthermore, C
denotes an absolute positive constant, not necessarily the same at each occurrence.

J(n,t) =
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2. Main theorem
In this section we state our main result.

THEOREM 1. Let f be the conjugate to a 2mw-periodic function f belonging to
W (L., &(t))-class. Then its degree of approzimation by C* - N, means of conjugate
series of Fourier series (1.2) is given by

() = F@)lle = 0+ 177 (—)), 1)

provided {p,} satisfies
W, < C, (2.2)

and £(t) satisfies the following conditions:

{&(t/t)} is non-increasing int, (2.3)

7/ (n+1 , 1/r
(/0 o (t%;”) sin" (/2) dt) / —0((n+1)"Yand  (24)
(L (2 ) =000 25

where & is an arbitrary number such that s(8—6) —1>0,r t+s1=1,1<r<
oo; conditions (2.4) and (2.5) hold uniformly in x.

REMARK 1. £(;55) < wg(ﬁ), for (;57) > (539)-

REMARK 2. Condition W,, < C implies (n + 1)p, < CP, [4].

REMARK 3. The product transform C! - N, plays an important role in signal
theory as a double digital filter [11] and theory of machines in Mechanical Engi-
neering.

REMARK 4. The condition 1/sin”(t) = O(1/t%), 1/(n +1) < t < m used by
Lal [7] is not valid since sint — 0 as t — 7.

REMARK 5. There is a fatal error in the proof of Theorem 2 of Lal [7, p. 349].
In the calculation of |I;| the author of [7] obtains

1/(n+1) dt tl—Bs—s
/6 t(1+5)5:[1—ﬂs—s} for some 0 < € <

n+1;

note that —f3s — s+ 1 < 0. Therefore one has n + 1)Fsts=1|

1 [; —(
Bs+s—1 | efsts—1
which need not be O((n + 1)#*7*=1) since e might be O(1/n?) for some v > 1.

3. Lemmas

We need the following lemmas for the proof of our theorem.
LEMMA 1. |J(n,t)] = O(7) for 0 <t < m/(n+1).
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Proof. For 0 <t <m/(n+1), sin(t/2) > (t/7) and |cosnt| < 1, and we have

- k—v+1/2)t
R N Ucos(
|J(’I’L,t)| ZO szzop sm(t/?)

1 n k |cos(k — v+ 1/2)t|
< — P! Y
T 2n(n+1) kZ::o ¥ uzop | sin(t/2)|
1
1 -
~ 2tln+1) jZ v=0 T2 tn+1) 4=

Eplm_my

This completes the proof of Lemma 1. m

LEMMA 2. Let {p,} be a non-negative sequence satisfying (2.2). Then

B 7_2 n 4 k—1 A . )
|J(n,t)| = O(T) + O(m> (kZ_:T P, 1/2::0| p,,|> uniformly in 0 <t < 7r(31)

Proof. We have

ot = gy B B B i

E
1 =1l =n . cos(k —v+1/2)t
=( +Z)Pklzpu (kv +1/2)

v=0 sin(t/2)

where

[J1(n, )] =

1 & cos(k—v+1/2)¢
- pt y
2 T )
1 =1 | cos(k — v + 1/2)t]
T 2n(n+1) {0 v=0 | sin(t/2)]

2

k
<—— S p! , =0 =), 3.3
s 55 5= 0em) (33

and using Abel’s transformation and sin(¢/2) > (¢/7), for 0 < ¢t < 7, we get

7 1 n ko cos(k—v+1/2)t
|J2(n,t)| = 27r(n +1) ,;::T sz:o sin(t/2) ‘
n . 1 v
< 2t(n—|—1) kgTP {Z |Apy| <»y2_:ocos(k_7+1/2)t>‘
k
+ ’ (’Ygocos(k; — v+ 1/2)t> pk}
N O(t_l) n _ k—1 n B
- (S A S eni+ £ 5m).
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by virtue of the fact that Y k_, exp(—ikt) = O(t™1), 0 < A < k < u. Hence,

2
+1)
2

O((nJrl))(Z Py Z A+ <n+1)>

T2 1) :O(( )(Z Py Z |Apy| + Z Py pkE’““g)

| (n,0)| = O() + o((nTTl)) (kg_; P! Vgo |Apl,|), (3.4)

in view of Remark 2. Combining (3.2)—(3.4) yields (3.1). This completes the proof
of Lemma 2. m

4. Proof of Theorem 1

Let 3, (f;x) denote the partial sum of series (1.2). We have

safia) - i) = o= [T =2

Denoting C! - N,, means of 3, (f;z) by tSV(f), we write
TON (Y Fl) — "
50— f@ = [ ew

= | @(t)J(n,t)dt
0

7 /(n+1) ™ B
= [/ +/ }w(t)J(n,t) dt
0 7/(n+1)
= I + I5 say. (4.1)

dt

n k 9
. cos(k —v+1/2)t
it D) 2 ST sn(t/2)

Clearly,
W +1) = 0] < |fw+az+1) - flu+ )]+ |fw—z—1) - flu—a).

Hence, by Minkowski’s inequality, we have

1/r

</027T|(1/)(x+t) — (t)) sin® (z/2)[" dx>
< (/02” (flu+x+t)— f(u+x))sinﬁ(x/2)|rdx)l/r

+<AﬂKﬂu—w—U—ﬂu—@ﬁmWW%Vmﬂﬁ
— O(e().
Then f € W (L, £(8)) = (1) € W (L £(1)).
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Using Hélder’s inequality, ¢ (t) € W(L,,&(t)), condition (2.4), sin(¢/2) >
(t/m), for 0 < ¢t < 7, Lemma 1, Remark 2 and Second Mean Value Theorem
for integrals, we have

7/(n+1) sin® r Y71 pr/(nt1) Nn, s 11/s
= [ (] 1 Sy

~ol[ [ (e
- 7/(n s 11/s
o () I [ () ]

= O((n +1)F+L/re (%—i—l»’ rlp sl =1, (4.2)

Using Lemma 2, we have

ol ] ol (£ )

/(n+1) Jn+1) t(n +1)
= 0(121) + 0(122).

Using Hoélder’s inequality, conditions (2.3) and (2.5), |sint| < 1, sin(t/2) > (¢/n),
for 0 < ¢t < 7, Remark 2 and Second Mean Value Theorem for integrals, we have

T @lsin /2y 1Y IRt
|121|<M/(n+1)( o )dt] Uﬂ/(m)(wﬂsnﬁ(t/z)) dt]

™ s 11/s
- O((n " 1)6) |:/7r/(n+1) (%) dt]

~oler ) [ (L))

o((n+1)65(”L)>MW“>/”dyr/s

o/t ) e o005
1 (n+ 1)B=9s=1 _ () (=F+d)s+1y1/s
) )

- O((n + 1)‘”1/%(7%1)), rl sl =1 (4.3)

Similarly as above, using conditions (2.2), (2.3) and (2.5), |sint| < 1, sin(t/2) >
(t/m), for 0 < t < m, Remark 2 and Second Mean Value Theorem for integrals, we
have

ol < | [ . (e, e

. f(t) 1 < n 1 k—1 >)s 1s
s {/ﬂ/(nJrl) <t‘5+1 sinf(t/2)n+1 T kX::T by sz:o |Ap,| ) | dt]

1/s

- O((n + 1)5+1g(
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= O((m+ 1) /Tr/<n+1><t 5“*‘3( Z B Z |Ap”>>s r/s

~ ol 1)671) /(n+1) <t 54148 (i X;: (v + l)lApy|)>sdt] :

—o(+y [ (t (3 m S vian) ) a]
s q1/s
=0((n+ 1)571) - (t 51175 Wa 2 (n+ 1)) dt}
1/s
=O0((n+1)%) [/7r/(n+1) (tgitl)w) dt]
o[ () ]
_ O((n + 1)5“/%(%“)), r sl =1 (4.4)
Collecting (4.1)—(4.4), we have
Y0 - F@)l = o+ 0P re (=), (45)

Now, using the L ,-norm of a function, we get

1/r

I () = F(@)l- = { /0 Tliev() - f<z>|fd4
=0 {/02” ((n + 1)5+1/r£( X 1))214
= O((n + 1)5+1/r€<%_|—1) (/02# dx) 1/7‘>

— O((n 4 1)6+1/7’§(L)).

n+1

1/r

This completes the proof of Theorem 1. m

5. Applications
The following corollaries can be derived from Theorem 1.

COROLLARY 1. If&(t) = t%, 0 < a < 1, then the class Lip(&(t),r), r > 1,
reduces to the class Lip(a, 1), % < a < 1 and the degree of approximation of a
function f(x), conjugate to a 2w-periodic function f belonging to the class Lip(a, ),
s given by

52N (f) = F(@)] = O((n+ 1)~ +/T). (5.1)
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Proof. Putting 8 = 0 in Theorem 1, we have

I - fal, = | [ TN - fras] "o 1 (57)
=0((n+ 1)70‘“/’“).

Thus we get

JCN _f o JCN _F T v — —a+1/r
N (f) f<x>|s[/0 V() - @) dx} O((n + 1)-+1/7),

r > 1. This completes the proof of Corollary 1. m

COROLLARY 2. If&(t) =t® for 0 < a < 1, and r — oo in Corollary 1, then
f € Lipa. In this case, using (5.1) we get that

TN () = @)l = O((n+1)7%).

Proof. For r — oo, we get

TN () = F@)lloo = sup |E7N(f) = f(2)] = O((n +1)7°).

0<z<L2mw
This completes the proof of Corollary 2. m

ACKNOWLEDGEMENT. The authors are highly thankful to the anonymous
learned referees for their observations, careful reading, their critical remarks, valu-
able comments and several useful pertinent suggestions, which greatly helped us
for the overall improvements and the better presentation of this paper significantly.

The second author is thankful to the “Ministry of Human Resource and De-
velopment” of India for financial support to carry out the above work.

REFERENCES

[1] G. Alexits, Sur l'ordre de grandeur de Uapproziation d’une function par les moyennes de sa
série de Fourier, (in Hungar.) Mat. Fiz. Lapok 48 (1941), 410-422.

[2] P. Chandra, Trigonometric approzimation of functions in Lp-norm, J. Math. Anal. Appl.
275 (2002), 13-26.

[3] G. Das, A. K. Ojha, B. K. Ray, Degree of approzimation of functions associated with Hardy-
Littlewood series in the Holder metric by Borel means, J. Math. Anal. Appl. 219 (1998),
279-293.

[4] E. Hille, J. D. Tamarkin, On the summability of Fourier series. I, Trans. Amer. Math. Soc.
34 (4) (1932), 757-783.

[5] A. S. B. Holland, R. N. Mohapatra and B. N. Sahney, L, approzimation of functions by
Euler means, Rend. Matematica (Rome) (2) 3 (1983), 341-355.

[6] H. H. Khan, On the degree of approzimation of functions belonging to the class Lip(c,p),
Indian J. Pure Appl. Math. 5 (1974), 132-136.



164 V.N. Mishra, K. Khatri, L.N. Mishra

[7] S. Lal, Approzimation of functions belonging to the generalized Lipschitz class by C' - Np
summability method of Fourier series, Appl. Math. Comp. 209 (2009), 346-350.

[8] L. Leindler, Trigonometric approzimation in Lp-norm, J. Math. Anal. Appl. 302 (2005),
129-136.

[9] M. L. Mittal, B. E. Rhoades, V. N. Mishra, Approzimation of signals (functions) belonging
to the weighted W (Lp,£&(t)), (p > 1)-Class by linear operators, Intern. J. Math. & Math.
Sci., Article ID 53538 (2006), 1-10.

[10] M. L. Mittal, B. E. Rhoades, V. N. Mishra, U. Singh, Using infinite matrices to approzi-
mate functions of class Lip(a, p) using trigonometric polynomials, J. Math. Anal. Appl. 326
(2007), 667-676.

[11] M. L. Mittal, U. Singh, T'- C1 summability of a sequence of Fourier coefficients, Appl. Math.
Comput. 204 (2008), 702-706.

[12] R. N. Mohapatra, P. Chandra, Hélder continuous functions and their Euler, Borel and Taylor
means, Math. Chronicle (New Zealand) 11 (1982), 81-96.

[13] R. N. Mohapatra, P. Chandra, Degree of approzimation of functions in the Hoélder metric,
Acta Math. Hungar. 41 (1983), 67-76.

[14] R. N. Mohapatra, P. Chandra, Approzimation of functions by (J,qn) means of their Fourier
series, J. Approx. Theory Appl. 4 (1988), 49-54.

[15] R. N. Mohapatra, B. N. Sahney, Approzimation by a class of linear operators involving a
lower triangular matriz, Studia Sci. Math. Hungar. 14 (1979), 87-94.

[16] R. N. Mohapatra, B. N. Sahney, Approzimation of continuous functions by their Fourier
series, Mathematica: J. ’analyse numerique theorie I’approx. 10 (1981), 81-87.

[17] H. K. Nigam, A. Sharma, On approzimation of conjugate of functions belonging to different
classes by product means, Int. J. Pure Appl. Math. 76 (2) (2012), 303-316.

[18] K. Qureshi, On the degree of approzimation of functions belonging to the Lipschitz class by
means of a conjugate series, Indian J. Pure Appl. Math. 12 (9) (1981), 1120-1123.

[19] B. E. Rhoades, K. Ozkoklu, I. Albayrak, On degree of approzimation to a functions belonging
to the class Lipschitz class by Hausdorff means of its Fourier series, Appl. Math. Comp.
217 (2011), 6868—6871.

[20] M. Zamansky, Classes de saturation des procédés de sommation des séries de Fourier et
applications auz séries trigonométriques, Ann. Sci. Ecole Nonfrm. Sup. 67 (1950), 161-198.

[21] A. Zygmund, Trigonometric Series, 2nd ed., Vol. 1, Cambridge Univ. Press, Cambridge,
1959.

[22] A. Zygmund, The approzimation of functions by typical means of their Fourier series, Duke
Math. J. 12 (1945), 695-704.

(received 25.08.2012; in revised form 28.06.2013; available online 10.09.2013)

V.N. Mishra, K. Khatri, Department of Applied Mathematics and Humanities, Sardar Vallabhbhai
National Institute of Technology, Ichchhanath Mahadev Road, Surat-395 007 (Gujarat), India

E-mail: vishnunarayanmishra@gmail.com, kejal0909@gmail.com

L.N. Mishra, L. 1627 Awadh Puri Colony Beniganj, Phase - I1I, Opp. I.T.I. Ayodhya Main Road,
Faizabad - 224 001 (Uttar Pradesh), India

E-mail: lakshminarayanmishra04@gmail.com



