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ELLIPTIC TRANSMISSION PROBLEM IN DISJOINT DOMAINS
Zorica D. Milovanovié

Abstract. In this paper, we investigate an elliptic transmission problem in disjoint domains.
A priori estimate for its weak solution in appropriate Sobolev-like space is proved. A finite
difference scheme approximating this problem is proposed and analyzed. An estimate of the
convergence rate, compatible with the smoothness of the input data (up to a slowly increasing
logarithmic factor of the mesh size), is obtained.

1. Introduction

In applications, especially in engineering, often are encountered composite or
layered structure, where the properties of individual layers can vary considerably
from the properties of the surrounding material. Layers can be structural, thermal,
electromagnetic or optical, etc. Mathematical models of energy and mass trans-
fer in domains with layers lead to so called transmission problems. In this paper
we consider a class of non-standard elliptic transmission problems in disjoint do-
mains [11]. As a model example it is taken an area consisting of two non-adjacent
rectangles. In each subarea was given a boundary problem of elliptic type, where
the interaction between their solutions is described by nonlocal integral conjugation
conditions [9)].

2. Formulation of the problem

As a model example,we consider the following boundary-value problem (BVP):
Find functions u'(z1, x2) and u?(z1, x2) that satisfy the system of elliptic equations:

Lk = fR(xy a0)x = (21, 22) € QF (1)

Pk — rFud=k e Flf,s—kv )

u = k k ( )
0, zel \1"173_k,

where k = 1,2 and Q' = (a1,b1) x (¢,d), Q® = (az,b) x (¢,d), —0 < a3 <

by < ay < by < 400 and ¢ < d. We denote T'* = 90F = U2 Tk

ij=1175, where
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't ={z = (v1,22) € T2y = a1}, T}y = {z € TV |2y = by}, T = {2 €
Tk|zy = ¢}, Ty = {z € Tk |2y = d}, T2 = {z = (z1,22) € T?|2; = a2},
I3, ={z ez =bo}, AF=T%, , xI7 " (k=

1,2),
Lkuk:_i 8(k8u>+qkuk (3)
= Ox; \"'" 0 ’
k, k - p Ou” k, k
"u —iglpij 90 cos (v, z;) + a”u”, (4)
(rku3_k)(x) = o B (x, 2" ) ud =k (2") dT3 7R, (5)

and v is the unit outward normal to I'* (k = 1,2).

Notice that boundary condition (2) on T'* \ I'f ;_, reduces to a standard co-
normal boundary condition while on I"f’gf & it can be considered as a conjugation
condition of non-local Robin-Dirichlet type. For a special choice of o* and 3* such

conjugation conditions describe linearized radiative heat transfer in a system of two
absolutely black bodies [2].

We assume that the standard conditions of regularity and ellipticity are satis-
fied:

ph=ph € L¥QY), ¢ e LX), of e L®@h), g e LAY, ()

4,J=

2 2 2 _
c’gglﬁfg lefj&fjgc’f;f?, 0<¢k(z), VoeQF, VEeR? (7)

By C, ¢; and c¥ we denote positive constants, independent of the solution of the
boundary-value problem and the mesh-sizes. In particular, C' may take different
values in the different formulas.

3. Existence and uniqueness of weak solutions

We introduce the product space
L= Ly(Y) x Ly(Q%) = {v = (v}, v?)|o" € Ly(QF)},

endowed with the inner product and associated norm

(u,0)r, = (oY) L1y + (W2, 0 Ly2y, ol = (v,0)),

where
(ukavk)sz(Qk) = //k ukvk drdy, k=1,2.
Q
We also define the spaces

H = =" 0")] o € HY(Q9)), s=12,...
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endowed with the inner product and associated norm

w,0) e = (w0 oy + (U2, 00 e ey, ollae = (v,0) 32,

where H*(QF) are the standard Sobolev spaces [1]. Finally, with u = (u!,u?) and
v = (vl,v?) we define the following bilinear form:

2

2
ouF vk
A(U,U) — Z <//Qk ( Z pi‘; 873:] ax + qkuk?yk?> d(El dl’g + /Fk ak’ukuk drk
i,j=1 v '

k=1
_ -/Fk /Fs_k ﬁk u3fk ’Uk d]_—‘37k dFk) ) (8)
i 1,4

1,3—i

LEMMA 1. Under the conditions (6), the bilinear form A, defined by (8), is
bounded on H* x H'. If in adition the conditions (7) are fulfilled, this form satisfies
the Gdrding’s inequality on H', i.e. there exist positive constants m and k such that

A(u,u) + kllul|2 > mllul|?., Yue H.

If 8% are sufficiently small and oF > 0 (k = 1,2), then the bilinear form A is
coercive (i.e. k =0). Sufficient conditions are

2/al(z)a?(x)

> , VxeTli,, Vi’ el?. (9)

18 (z,2') + B2(2', x)| <

Proof. The proof is analogous to the proof of Lemma 3.8 in [7]. Boundedness
of A follows from (6) and the trace theorem for the Sobolev spaces

[¥]| L0000y < CllUF | o)

Garding’s inequality follows from (7), (8), multiplicative trace inequality (see, e.g.,
Proposition 1.6.3 in [3])

14* 112, 008y < CllubllLy@mllu® | e o),
Cauchy-Schwartz and e-inequalities, for sufficiently small € > 0. m

THEOREM 1. Let the assumptions (6), (7) and (9) hold. Then the BVP (1)—(5)
has a unique weak solution v € H(Q), and it depends continuously on f.

Proof. The proof is an easy consequence of Lemma 1 and the Lax-Milgram
Lemma (see Theorems 17.9 and 17.10 in [15]). m

4. Finite difference approximation

Let wp, be a uniform mesh in [ag, bk], with the step size hy = hi1 = (bp —
ar)/ni, k =1,2. We denote wp, := Wy, N(ak,br). Analogously we define a uniform
mesh @y, in [¢,d], with the step size hy = hgpa = (d — ¢)/n3 (k = 1,2) and its
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submesh wp, = wp, N (¢, d). We assume that hy < hy < hg < h = max{hy, ha, h3}.
We also define the following meshes: @" = @y, x Wp,, Y¥ = @*NTk, Fyfj =ofn Ffj,
7 = {z € 5 - c<x2<d},"yfj*:{x€'7fj : c§x2<d},wfj+:
{zeql; e<a <dL A =5\ % ={z €+ e <21 < by},
vy ={z e s an <w <}, b ={z ek ar <w <be} =35\
Y=\ {UivE Y gk =1,2.

We shall consider vector-functions of the form v = (v!,v?) where v
function defined on @*, k = 1,2.

k is a mesh

The finite difference operators are defined in the usual manner [14]:
X (Uk)-i-i — ok o oF — (,Uk)—i
o hyi
where (vF)*(z) = v¥(x & hyie;), e; is the unit vector of the axis z;, i,k = 1, 2.
We define the following discrete inner products and norms:
[v*, w*]p = hihs ka(x)wk(x) + fchs Z o (z)w” (x) + s ka(ac)wk(x)
) 2 4 )

zewk zEYR\vF zeEYF

o 0 ) = hichs 3 @t (@) + S k@t (a),

2
wewk Uy w67§:i,1u7§:i,2
hih
(0", wF)y.i = hihs Z P (z)w (z) + ) 3 Z o*(z)wk (x),
mewku'yfz wengi,lu'Y;jig
[ e P | A AP GRS T | P CA T

[r e =hehs Y0 WF@et@), PR = R0,

wEwkval_ U'y;cl_

Wkl = hihy Y oF@et(@), IR = (08, 0",

zEWrUY Uyy
0" 3 vy = |0FI17 + g, 120 + 15, s (M lo@r) = max 0" ()],
hi 3—;
w0y, = hrai 3ot @) + T 3 V@t @), (G, = B o
ij 2 Yij ij
zeVE, eV
(0F, ) e = s Y R (@) (@), [[oF]2e = (08, 0F)
71] ’ng 'le
IEWZ
[Ukvwk)»yfj* = hk,?)—i Z ’Uk(x)wk(x)v Hvk'lifj— = [Uk7vk)ryfj*7
xE’yf{

k k()72
> v (z) —v"(2)
‘vk|§—11/2(,yfj*) = hi,S—i |: :| 5

/
T3 —xh_;
z,a:’E’yfjf, x'#x 3—i



422 Z.D. Milovanovié

kN2 k2 k|2
|[U HH1/2(,Y7{3—)_ |’U ‘Hl/z(“/fj_)—’—l[v HVZ'_7

H,UkH )= Ivk|§{1/2(75—)+

1 1
h — k 2
w3 Z <$3i+ hi3—i/2 i lyi — x3—i— hk,3i/2> @),

k—
TE€Y;;

2
[71/2(~k—
HY2 (v

where 1 = d — c and [ = by, — ag.

For v = (v!,v?) and w = (w!, w?) we denote

o, w] = [o! w'+ [0* s, WIP = (o 0] (Wl = 10 @) + 0] @),
We also define the Steklov smoothing operators (see [4]):
1
T,:gfk(ac) = /0 fk(x + hgizhe;) dx) = T,;fk(x + hiie;) = T;ﬂ-fk(x + 0.5hge;),
1
TE fF(2) = 2/ (1 — 2)) f*(x + hpiale;) dat, k,i=1,2.

0

These operators commute and transform derivatives into differences, for example:

ou” ouk 0%uF
T+ =k T =) = T2 [ 2= ) = F .
ki <8$1 > ugc,; ) ki (axz) uzi ’ ki (93:3 ux,ﬂ,xi

We approximate the boundary-value problem (1)—(5) with the following finite
difference scheme:

Liv=fF  zea® (10)
where L}Lv is equal to:
12
1 1 ~1, 1
-3 Z {(pilj vl’j)ii + (p,;j véj)wb} +q v, r€w
i,j=1
% 1 ’Uﬂlb‘z + ’U;

T2 4 5[11)1:| _ (Pi2 U%Z)xl

L+ ()™
5 Vs P2

{_P
1 1 1

1 -
— (p2a le),gz ~ 3 (P%z Uglgz)@ -5 (péz ’%2)@ +q't, x €71y

2
9 L4 (pl)+! )
{7 pi1 + (p11) vil 7p120g162 i a%vl}

=

2

hy 2
) 1 + 1 \+2 _ _
L2 [—p%ﬂ’;l Pyt (P22) vl + Oévl} iy z = (a,c)
I 2
2 pi+ (i)™ 1.1 | ~1.1 1.1
hy {— T g Vmy T Pi2¥z T } — 2 (p12 U@)ml

9 Py + (pl,) 2
‘f’*{p%ﬂ&l‘? 22 (222)

h’3 v:%g + &évl} -2 (pél U;1)52 + qlvl7 , = (a/17 d)
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vz, i,
2
(8@, ) 02Oz, | — (lavd,),,

1 -
- (P%1 Uél)xz -3 (péz 1)9152)552 ) (P%2 ”%Q)wz + g,

+ato!

2 [ph + (p1) !
hy 2

1 1
Vg, + P12

—_

2 rpl, + (ply) ! ) _
S [BE L  plaos, + Gt = (5@, ), 02 ()]

hq 2
2 1 + 1 \+2 _
L2 [ _ pbi g, — P32 + (P22) 1)3162 n aévl}
hs 2
-2 (p%Q ,U;Q){fl -2 (pél Uﬂ%1)x2 + qlvl7
2 ph + (pty) ! i ~
2 [P L gl + bt - 52Ol
9 L4 (ph )2 ) i
+F{pélvél +p22 (2]922) Uf%’z +a§vl} 1§l
3

and analogously at the other boundary nodes,

L,zlv is defined in an analogous manner,

THTES, v €Wt
fr={ TETE, % zeql/zeql
TETs 1% weq)
T3 Ti4", v €wh
¢ =S T T d", weqfi/eeqh
TiiTind",  weqt
aF =Tis 0, weqfuah, i=12
T b et i-12

and o )
~ { TinB%, €3k

6k _
= 2+
T 6, we Vf*s—k-

423

x 6’7112
x = (by,¢)
Xr = (bl,d)

T € vy Ungy

The FDS (10) may be compactly presented as operator-difference scheme

th:f?

where v = (v!,02), f = (f', f?) and Lyv = (L}v, L3v).

(11)

In the sequel we shall assume that the generalized solution of the problem (1)-
(5) belongs to the Sobolev space H®, 2 < s < 3, while the data satisfy the following

smoothness conditions:

pfj c Hsfl(Qk)’ of e H573/2(Fi§j)’ oF e O(Fk), ﬂk c Hsfl(Ak),
e HT2(QF), e B T2QF) kii=1,2

(12)
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Let us consider the bilinear form Ay (v, w) associated with difference operator Ljv:

2 2
1
Ano,0) = w0l = {5 3 [ohok, 0 dus+ ok, b s

=1 V2=
2
k k k ko k k ko ko k “k koK
+ [Pi3—iVay ;s Wo, )k + (P 3—iVz, s wil]k:| +[q" 0", w]g + E E hiz—ia” viw
i.=1 sk

1 - - _
+ 3 Z (hi2@h + hp1@h) v*w® — hi, Z Z B (x, 2 )3k (2" )w” (z)

zeqk T€YY 5y @€V

2 b

e A

LEMMA 2. Let pfj, ok > 0 and p* satisfy the assumptions (12), ¢* satisfy
assumption (7) and let conditions (9) be fulfilled. Then, for a sufficiently small
mesh step h, there exist positive constants co and cs such that

cal o] < An(v,v) = [Liv,v] < es[v]| 7, -

The proof is analogous to the proof of Lemma 1.

5. Convergence of the finite difference scheme

Let u = (u',u?) be the solution of the BVP (1)—(5), and let v = (v!,v?) denote
2

the solution of the FDS (10). The error z = (2!, 2?) = u — v satisfies the following
conditions

LYz=vyF,  zedF, (13)
where 1! is equal to:
2
D st u rew,
i=1
2 2 - N 2 -
*77%1"‘*77%2"‘77%1,5;2"‘77%2,5;2+*C1+/~L1> T €My,
hy hy hy
2 . - 2 . N ~1
o U o+ G Go) o+ e (71 -+ G2) + z = (a1,0),
2 _ 2 _ - - 2 2 -
—— () = — (1) 1+77%1,5c2+77%2,;22+*CIJF*XlJFﬂla T € Y1y,
hq h1 hy hy
2 N 1 s 2, - ~1
pr [P T = ()7 G e (et Q)+, @ = (o),

and analogously at the other boundary nodes.
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2 is defined in an analogous manner,
ouk 1 , ,
k 2 k k k k k
Nij = TJ:ETk,:si(pij 8%) -5 [pijuzj + (pij)J”(ugEj)JrZ , xewh,

oulN pli + () - -
> -y, €95, [ T €V ia

- + k
Niz = T,:;T,i?)_i (pii G 5 Uz,
3
2 u” k—
. T;;Tk,-g—i ('pﬁgi a;;) 7pi‘€,3—i Uﬁg_ﬂ T E€ Y3 41>
flz’,3—i = .
2— ) ; k—
Tl:z_‘Tlc,Sfi (pf,s.z’ 6w2i> - (p?,&z)ﬂ (Uig l)ﬂv T € Y3 42
¢* = (TZa Fyu® — T (o ) x€7§—i,1u’7§—¢,27
= (TP )k — T2 (oFuk), ©eqk,
ph = (Tszk3 i4 ) _TkiTk?) i(qkuk) z€wP,
~k 2+ k 2+ k— k—
jz (TkS i 2 ) — Ty szz( ) TE Y351 [ xe€ V3—i,2>
=k 24+ 2+ k 24 2+ k
2 (TkB zT ) TkB zT ( ) {IJE")/*7
o [ TR A by Y T )
T z 6”7?1@ iy
h3 _
-3 Y THA @), e ety
@'evy "
kE_ 2% ok N, 3—k 2 gk 3=kt
= [ TS ) @ A ke 3D TE At )
1k T 6’73 k
hs _
DI L ACE U CONNE s
z'eq3

We shall prove a suitable a priori estimate for the FDS (13). For this purpose
we need the following auxiliary results:

LEMMA 3. [6] The following inequality holds true:

[0, b, ) | < ClM oy 0¥ s oy

LEMMA 4. [6] Let v* be a mesh function on @*, then

0¥l @r) < log 0¥ a1 (k) -
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Let us rearrange the summands in truncation error ¢ in the following manner:

g =ny+iay, =t o= pf 4t
where

k auk

k k
Pii O >)» TEYZ_i1/TEY_ 0
3

hi 9 ouk h 924

_k ki + k ki .

3 3 ! (89631 (pz’?)_l 8$31)> + 9 i (pz,?)—z 8$§_1>
e R - .

+ 2 '3 (al‘z <p7,,3’b 8ZE3 z)), xT € ")/371’1 / T € 73,2’27

hii ou”
=+ g (ngfiﬂzqk) (T2 )» €1 /T EV_ia

0r3_;
h ouF i ouP
>k 2+ 2i k 24 ki (24 24 k 2+ k
_ T2 )(T )j: (T iy )(T —) :
w 3 ( 3—1 axl 3 3—iti 4 L) 3_g z € Y

From Lemmas 2-4 one obtains the next assertion.

THEOREM 2. The finite difference scheme (13) is stable in the sense of the a
priort estimate

2 2
iy <CY° { S (Il + 16K s+ Rl ) + 04Tl + 0,
k=1 \¢,5=1
2
b N s, )+ flog Z( Ci’“|+hlu**’“l)}~ (14)
i,7,l=1 zEYk i=1

THEOREM 3. Let the assumptions of Lemma 2 hold. Then the solution of FDS
(10) converges to the solution of BVP (1)—~(5) and the convergence rate estimates

_ 1
[ = el < Oh* "y hog 3 (1 ma [l s sy + [l o e
+max ||ak||Hsf3/2(r§]) + mgx”ﬂ’“HHs,l(M)) llullge, 25<s<3
and
1\3/2
= olly < €82 (1o ) (1 maxloh nscony + -+ mx o o
max [0 | sz ey + max |8 gz an ) ulls, 5 =3
1,5,k ij k

hold.
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Proof. The terms nfj and p* at the internal nodes of the mesh @* can be
estimated in the same manner as in the case of the Dirichlet BVP [4, 7]:

2 s—
hihs z (775]) < Ch*? ||pfjH%{rl(ﬂk)nukni[s(m)a 2<s<3.

kU~k
TewTUy5

Analogous result at the boundary nodes is obtained in [5]:

2 S— v
hihs S0 (05)7 < OB I B o 0 ey 25 <5 <3

me’Y;C:i,lU'YL}::i,Q
From these inequalities, it follows
5 1lkei < CR M5 =1 oy [0 e vy, 2.5 < s < 3. (15)
Analogously,
4]l < Ch g -2 et pregany, 25 < 5 < 3. (16)
Terms p*F and p*** can be estimated directly:
s < OBl rs—2 (a0 1| e v >25 17
p e < ¢ Nas—2myllu lgsory, s >2.5, (17)
@) < O Ng*ga2gom llullmery, e, s>2. (18)
Terms analogous to (¥, ik, ﬁfj, are estimated in [5] whereby it follows that:
||<k||7£‘] < Chs—1||akHHs_3/2(F§j)||uk||Hs(Qk), 2.5 <5< 3, (19)

I1¢F s < Ch HakHHS*“’*ﬂ(l"’;ii‘j) lullzsomy, 8> 2, (20)
_ o 1
||771]I€j||H1/2(7§:i oS Ch*~?y/log 7 Hpi‘CjHHS*l(Qk) ¥ e ary, 2.5 <s<3, (21)

The term x* can be estimated in the following manner: let us denote

h
B =1(o) = [ gfe)dz =5 1o(0) + g(h)]

For » > 0.5 I1(g) is a bounded linear functional of g € H"(0,h) which vanishes
when g(x) =1 and g(z) = z. Using the Bramble-Hilbert lemma [4] we obtain

| < Ch™Y2 gl e 0.1y 0.5 <r<2,

whereby it follows that

/Olg(x)dxh{“(]g())+§g(ih)+g(21)]

=1

SChr |g|H’”(O,1)7 O5<T§2
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From this inequality, using properties of multipliers in Sobolev spaces [13], we
immediately obtain

|Xk(x)| < Ch" ||Tk22ﬁk(x7 ) lﬁ_k()”[{v(p?;’ﬁ)

< Ch" HT1325’€(33, ')HHr(rf;k) HUS—k(_)HHT(F?;k) , 1l<r<2

when =z € 7{“)3_k, while for z € V{CE—k the analogous inequalities hold. After
summation over the mesh ﬁf?’_ x We obtain

" Tl5e, , < Ch7 |16 1<r<2.

||HT(A’€) ||“37k”m(r§;k)’

Finally, using the trace theorem for anisotropic Sobolev spaces [12] and denoting
r=s—1, we get

k s—1 || gk 3—k
Wk, < OB s a1 Lagosye 2<5<3 (22)
The assertion follows from (13)—(22). m
REMARK 1. Convergence rate estimates of the form
|u —v||gm ) < Ch* " ullgs (), m<s<m-+r

are often called “compatible with the smoothness of the solution” (se e.g. [4]).
Here u is the solution of boundary value problem (defined in the domain ), v
is the solution of the corresponding finite difference scheme (defined on the mesh
Qn C Q), h is discretization parameter (mesh size), r is a given constant (the
highest possible order of convergence), H*(£2) is Sobolev space and H™ () is
Sobolev space of mesh-functions. In such a manner, error bounds obtained in
Theorem 3 are compatible with the smoothness of the solution, up to a slowly
increasing logarithmic factor of the mesh size.
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