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A UNIQUENESS RESULT FOR THE FOURIER
TRANSFORM OF MEASURES ON THE PARABOLOID

Francisco Javier Gonzalez Vieli

Abstract. A finite measure supported by a paraboloid of revolution ¥ in R3 and absolutely
continuous with respect to the natural measure on X is entirely determined by the restriction of
its Fourier transform to a plane if and only if this plane is normal to the axis of X.

1. Introduction

Hedenmalm and Montes-Rodriguez asked in [4] the following: given I" a smooth
curve in R? and A a subset of R?, when is it possible to recover uniquely a finite
measure v supported by I' and absolutely continuous with respect to the arc length
measure on I' from the restriction to A of its Fourier transform Frv on R?? Equiv-
alently, when does Fr () = 0 for all A € A imply v = 0?7 If this is the case, they
call (T, A) a Heisenberg uniqueness pair.

This initiated a series of papers in the subject [1-3, 5-8]. For example, in [8].
Sjolin established that if T' is the parabola y = 22 and A is a straight line, (', A)
is a Heisenberg uniqueness pair if and only if this straight line is parallel to the
T-axis.

The definition of Heisenberg uniqueness pairs can easily be extended to all R™
(n>2):

DEFINITION. Let ¥ be a C! submanifold of R™® (n > 2), usx the natural
measure on 3 and A a subset of R™. The pair (X, A) is a Heisenberg uniqueness
pair if, for every finite measure v on ¥ which is absolutely continuous with respect
to us, Fr(A) =0 for all A € A implies v = 0, where Fv is the Fourier transform of
v on R™:

Fv(z) = / e 2N dy ()
b
for all z € R™.
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We have obtained the following generalization to paraboloids of Sj6lin’s result.

THEOREM. Let ¥ be the paraboloid x,, = x3+---+22_, in R™ and A an affine
hyperplane in R™ of dimension n — 1. The pair (3, A) is a Heisenberg uniqueness
pair if and only if A is parallel to the hyperplane x, = 0.

2. Preliminaries

If (X,A) is a Heisenberg uniqueness pair in R", it follows from elementary
properties of the Fourier transform that (3, A +b) is also a Heisenberg uniqueness
pair for any b € R™. By the theorem of Radon-Nykodym, a measure v is absolutely
continuous with respect to a measure p if and only if v has a density function f
with respect to p, that is, v = f - u. Moreover, if v is finite, then f is integrable
with respect to u.

Let ¥ be the paraboloid x,, = 2% + --- + 22 ;| in R™. It is the graph of the

function h on R™~! given by h(u) := ||u/|>. The natural measure usx, on 3 is defined
by

() = [l h(u) /T Terad AQu)[P du
= [ et PV AT

By v we will always designate a finite measure on X which is absolutely continuous
with respect to uy, i.e. of the form

)= [ et ulP) ) /T Al
where f € LY(R" ™1, /1 + 4]Ju|]2 du).

We will need two auxiliary functions: let ¥ € C*(R) be odd with compact
support and (1) = 1; let x € C*°(R"~2) with compact support and x(0) = 1.

Let now A be an affine hyperplane in R™ of dimension n — 1. By the first
remark above, we may assume that 0 € A, which means that A is a linear subspace
of R™. Since ¥ is invariant with respect to any rotation in the first n — 1 variables
Z1,...,Tn_1, we may further assume that A is either of the type z,, = Az1 (A € R)
or the hyperplane x; = 0.

3. Proof

First, we take A of the type x, = Az with A =0, i.e. x,, = 0. Let us suppose
the measure v has its Fourier transform null on A:

fu(ml,...,xn,l,O) =0

for all (z1,...,2,-1) € R”~!. This can be written as

/ o= 2mi(£€,0)-(u, |ul? ) f(u)y/1 4 4f|ul? du =0
Rn—1
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for all ¢ € R* 1 or
/ e 72U £ () /1 + 4|2 du = 0,
Rn—1

that is, the Fourier transform of the integrable function f(u)+/1 + 4||u||? is 0 on all
R"~1. Therefore f =0 a.e. and v = 0. This shows that when A is the hyperplane
zn =0, (X, A) is a Heisenberg uniqueness pair.

Next, we take A to be the hyperplane z; = 0. We choose the measure v with

Flut, ooy un—1) :=¥(ur) - x(usg,. .. ,unfl)/\/l + 4|ul|?.

For all z € A, we have

Fv(z) = Fv(0,z2,...,2y,)

_ / e 2mi(0,x2, @) (U1ye o Un -1, flull? )f /1+ 4 |ul|? du
Rn—l

:/ e 2milezuzto etz ey () (g, 1) du
Rn—1

_ / ef2ﬂi[$2u2+---+wn71un71+wnu§+~-+xnui,1] %
Rn 2

X (/ e_Q””"“?w(ul) dul) X(ugy .oy tp_1)dug. .. du,_1.
R

Since the function u; +— e’zm“’“’"“%w(ul) is odd (with compact support), its integral
over R is equal to 0, for any value of z,,. So we get Fv(0,zs,...,2,) = 0 for all
(w2,...,2,) € R ie. Fr(z) =0 for all z € A. This shows that when A is the
hyperplane 21 = 0, (X, A) is not a Heisenberg uniqueness pair.

Finally, we take A of the type x,, = Axy with A £ 0. We choose the measure
v with

Flus st = Pl +1/22) - x(uz, o wn1) T+ Al
For all z € A, we have
Fuv(zx)
=Fv(z1, ..., Tn-1, T1)

—27i(x1,..., Tr—1,AT1) (UL seeny Un—1,||ul? )f 1 + 4||u IQ du

e
1

e 2milenm bt A Ty () 4 1/20) - (s, - 1) du
1

|

|

:/ 727‘1’1[CD2U2+ F T 1Un— 1“1’)\11“2“1’ “F)‘zlun 1]><
Rn—

2
X (/ e_%i[wl“l“‘wl“?]wml + 1/2)\)du1> x(ug, ... up—1)dus...du,_1.
R



A uniqueness result for the Fourier transform 55

The integral over u; can be written as
/R o~ 2ridmluitun /Ay () 4 1/2)) duy
_ / 6727”')\931[(u1+1/2)\)271/4)\2]¢(u1 +1/2)) duy
R

_ e'n'i:rl/2)\/6727ri)\x1(u1+1/2)\)2¢(u1 +1/2)) duy
R

_ e”"’/’l/z’\/e””’\‘“ﬁw(t) dt,
R

where ¢t := uy + 1/2\. Since the function ¢ — e*Q’”)‘”“tQ@[J(t) is odd (with compact
support), its integral over R is equal to 0, for any value of x1. We get in this way
Fv(zi,...,xn_1,Aw1) = 0 for all (x1,...,2,-1) € R" ie. Fr(z) = 0 for all
x € A. This shows that when A is a hyperplane of the type x, = Az; with X # 0,
(X,A) is not a Heisenberg uniqueness pair. m
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