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FABER POLYNOMIAL COEFFICIENT ESTIMATES FOR A
SUBCLASS OF ANALYTIC BI-UNIVALENT FUNCTIONS
DEFINED BY SALAGEAN DIFFERENTIAL OPERATOR

Serap Bulut

Abstract. In this work, considering a subclass of analytic bi-univalent functions defined by
Salagean differential operator, we determine estimates for the general Taylor-Maclaurin coefficients
of the functions in this class. For this purpose, we use the Faber polynomial expansions. In certain
cases, our estimates improve some of existing coefficient bounds.

1. Introduction

Let A denote the class of all functions of the form

fE) =2+ Y anz (1.1)

n=2

which are analytic in the open unit disk U = {# : z € C and |z| < 1}. We also
denote by S the class of all functions in the normalized analytic function class A
which are univalent in U.

For f € A, Saldgean [14] introduced the following operator:

DOf(2) = f(2), (1.2)
D'f(z) = 2f'(z) = Df(2), (1.3)
Dif(z) =D(D' 1 f(2), (jeN:={1,2,3,...}). (1.4)

If f is given by (1.1), then from (1.3) and (1.4) we see that

DIif(z) =2+ 3 nianz", (j € No=NU{0}), (1.5)

n=2
with D7 £(0) = 0.
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It is well known that every function f € S has an inverse f~!, which is defined
by f~1(f(2)) = z ( € U) and

Fot@)=v (ol <n ()i =),

In fact, the inverse function g = f~! is given by

g(w) = " (w)

=w — asw? + (2(1% —a3) w? — (5&3 —5a2a3+a4) w4

w4 Y Ayw. (1.6)
n=2

A function f € A is said to be bi-univalent in U if both f and f~! are univalent
in U. Let ¥ denote the class of bi-univalent functions in U given by (1.1). The class
of analytic bi-univalent functions was first introduced and studied by Lewin [11],
where it was proved that |az| < 1.51. Brannan and Clunie [3] improved Lewin’s
result to |as| < /2 and later Netanyahu [20] proved that |as| < 4/3. Brannan and
Taha [4] and Taha [16] also investigated certain subclasses of bi-univalent functions
and found non-sharp estimates on the first two Taylor-Maclaurin coefficients |as|
and |ag|. For a brief history and interesting examples of functions in the class ¥,
see [15] (see also [4]). In fact, the aforecited work of Srivastava et al. [15] essentially
revived the investigation of various subclasses of the bi-univalent function class ¥
in recent years; it was followed by such works as those by Frasin and Aouf [6], Xu
et al. [18,19], Hayami and Owa [8], Porwal and Darus [13] and others.

Not much is known about the bounds on the general coefficient |a,| for n > 3.
This is because the bi-univalency requirement makes the behavior of the coefficients
of the function f and f~! unpredictable. Here, in this paper, we use the Faber
polynomial expansions for a subclass of analytic bi-univalent functions to determine
estimates for the general coefficient bounds |ay,|.

In the literature, there are only a few works determining the general coeffi-
cient bounds |a,| for the analytic bi-univalent functions given by (1.1) using Faber
polynomial expansions, [7,9,10].

2. The class Hx(j, o, \)

Firstly, we consider the class of analytic bi-univalent functions defined by Por-
wal and Darus [13].

DEFINITION 1. [13] For A > 1, a function f € ¥ given by (1.1) is said to be in
the class Hyx (4, a, A) if the following conditions are satisfied:

Re ((1 —A) % +A(DIf (z))’> > o (2.1)

and )
Dlg (w)
w

Re ((1 —A) +X(Dig (w))’) > a, (2.2)
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where 0 < o < 1; j € Ng; z,w € U; g = f~! is defined by (1.6); and D7 is the
Salagean differential operator.

REMARK 1. In the following special cases of Definition 1, we show how the
class of analytic bi-univalent functions Hyx (j, @, \) for suitable choices of j and
A lead to certain new as well as known classes of analytic bi-univalent functions
studied earlier in the literature.

(7) For j = 0, we obtain the bi-univalent function class
HE (0, (e /\) = BZ (Oé, /\)
introduced by Frasin and Aouf [6]. This class consists of functions f € ¥ satisfying

f(z)

Re ((IA)Z+>\f’(z)> > a

and
Re <(1 -A) # + g (w)) >«
where 0 < a < 1; A >1; z,w € U and g = f~! is defined by (1.6).
(73) For j = 0 and A = 1, we have the bi-univalent function class
Hs (0,a,1) = Hy ()

introduced by Srivastava et al. [15]. This class consists of functions f € X satisfying
Re (f'(2)) > a and Re (¢’ (w)) > a, where 0 < a < 1; z,w € Uand g = f~ ! is
defined by (1.6).

3. Coefficient estimates

Using the Faber polynomial expansion of functions f € A of the form (1.1),
the coefficients of its inverse map g = f~! may be expressed as [1]:

g(w)=f(w)=w+ i; %K;fl (ag,asz,...)w", (3.1)
where
-n _ (—’I’L)' anfl_’_ (_n)' n73a(
LT (Cn e D) (n—1)1 2 2(=n+1) (n-—3)12 "

(—n)! e
(—2n+3)! (n—4)! 2
L

2(—n+2))! (n—2>5)!
(—=n)!

+ a” % lag + (—2n + 5) asas] + a?*v,
(—2n+5)! (n—6)! 2 las +( ) asal k%:? ? (3.2)

+

ag_5 [a5 +(—n+2) a%]
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such that Vi, with 7 < k < n is a homogeneous polynomial in the variables

a2,as, ... ,an, [2]. In particular, the first three terms of K", are
K1_2 = 720,2,
K{3:3(2a§—a3),
K;t=—4 (5ag — basas + as) . (3.3)

In general, for any p € N, an expansion of K? is as, [1],

plp—1) p! 3 p!
P — I — [ E— R [ —— b 1
K? = pa, + 5 D; + (p—3)!3!D"+ + (p—n)!n!D"’ (3.4)
where D2 = DP (as,ag, ... ), and by [17],
[es) | i )
D:Ln(alaa%-'-aan): Z 77771 azll...a;"
=)y
while a; = 1, and the sum is taken over all non-negative integers i1, . . . , 2, satisfying

i1ty tin =m, i1+ 2ip iy = n.

It is clear that D" (a1, aq,... ,a,) = al.

Consequently, for functions f € Hx (4, o, A) of the form (1.1), we can write:
Dj X e’}
# + X (D f (z))/ =1+ Y F,1(az,a3,...,a,) 2" 1, (3.5)

n=2

(1=2)
where ‘ ‘ A
F1 = (1 + )\) 2]0,2, F2 = (1 + 2)\) 3j(13, F3 = (1 +3)\) 4JCL4.

In general, we have
Fo_1(ag,az,...,a,) =14 (n—1) A n’a,. (3.6)

Our first theorem introduces an upper bound for the coefficients |a,,| of analytic
bi-univalent functions in the class Hx (7, a, \).

THEOREM 1. For A > 1, 0 < a < 1 and j € Ny, let the function f €
Hs (J,a, A) be given by (1.1). Ifap, =0 (2<k <n-—1), then
2(1—-a)
1+ (n—1And

lan| < [ (n>4).

Proof. For the function f € Hyx (j,«, \) of the form (1.1), we have the expan-
sion (3.5) and for the inverse map g = f~!, considering (1.6), we obtain

Dig(w)

1-n=~

FA(Digw) =1+ Y Fuoy (A2, 43, A)w™t, (3.7)
n=2
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with ]
A, ==K " (ag,as,...,ap). (3.8)
n

n—1

On the other hand, since f € Hx, (j, o, A) and g = f~! € Hx (4, a, \), by definition,
there exist two positive real part functions

p(z) =14+ > cpz"€e A

n=1

and -
gw)=14 > d,w" € A,

n=1

where Re{p(2)} > 0 and Re {g (w)} > 0 in U so that

1-»2LE \@0if ) = a+1-a)p(e)
St (1) S KL (cr,c0nnr0n) 2"
= (3.9)
and
(=02 L\ (g () = o+ (1 - a)a(w)
1t (=) S KL (dr,da, ... dn)w™

n

! (3.10)
Note that, by the Caratheodory Lemma (e.g., [5]),
len] <2 and ldo| <2 (neN).
Comparing the corresponding coefficients of (3.5) and (3.9), for any n > 2, yields
Fo_1(ag,a3,...,a,) = (1 —a) K} | (c1,¢0,.. ,Cn_1), (3.11)
and similarly, from (3.7) and (3.10) we find
Fo1(Ag, Az, A)) = (1 —a) K} (dy,da, ... ,dy1). (3.12)
Note that for ap =0 (2 <k <n—1), we have A,, = —a,, and so
1+ (n—1DNnMa, =(1—a)c,_1,
[+ -1 Nna, =1 —a)d, 1.
Taking the absolute values of the above equalities, we obtain

A-a)fenn| _ (A-)|dpa| _  2(1-0)
I+(m-DNm QA+ m-DNm I+ n-1DNni’

|a‘n| = [

which completes the proof of Theorem 1. m
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The following corollary is an immediate consequence of the above theorem.

COROLLARY 1. [9] For A > 1 and 0 < a < 1, let the function f € Bs (o, A) be
given by (1.1). Ifap, =0 (2 <k <n—1), then

|“"|<m (n>4).

Relaxing the coefficient restrictions imposed in Theorem 1, we see the un-
predictable behavior of the initial Taylor-Maclaurin coefficients of functions f €
Hs (4, @, A) illustrated in the following theorem.

THEOREM 2. For A > 1,0 < a < 1 and j € Ny, let the function f €
Hs (4,0, A) be given by (1.1). Then one has the following

, 2(1—a) 2(1-a)
a2 Smm{ T+203 (14N 2j}’ (3.13)
2(1-a)
|a3|§m
2(1—a)
(142X)37°

(3.14)

|a3 72a§’ <

Proof. If we set n =2 and n =3 in (3.11) and (3.12), respectively, we get

(1+X)2ay = (1 —a)c, (3.15)
(1+2)\)3a3 = (1 —a)c, (3.16)
—(1+XN)2ay=(1—-a)dy, (3.17)
(142X)37 (203 — a3) = (1 — a) do. (3.18)
From (3.15) and (3.17), we find (by the Caratheodory Lemma)
(I-a)fa|  (A—-a)ld| _ 2(1—-aq)
ool = TNy T ANy S s (3.19)
Also from (3.16) and (3.18), we obtain
2(1+2))3a2 =(1—0a)(co+da). (3.20)

Using the Caratheodory Lemma, we get

2(1-a)

< _
jaz] < (142730

and combining this with the inequality (3.19), we obtain the desired estimate on
the coefficient |as| as asserted in (3.13).
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Next, in order to find the bound on the coefficient |as|, we subtract (3.18) from
(3.16). We thus get
(142X)37 (—2a3 4 2a3) = (1 — «) (c2 — da)
or
a3::a§4—(1£}f?s;i;é?2) (3.21)
Upon substituting the value of a3 from (3.15) into (3.21), it follows that

(1-a)’¢ | (1—a)(c—do)
(14 X)%22 2(142X)37

We thus find (by the Caratheodory Lemma) that
41-a)®  2(1-a
|as| < ( 2) _ ( ). (3.22)
(14+N)%22  (1+2)0)3

On the other hand, upon substituting the value of a3 from (3.20) into (3.21), it

follows that
(1-a)es
a3 = —-——.
(1+2X)37

Consequently, (by the Caratheodory Lemma) we have
2(1—a)
< — 7 3.23
R CEEIVEY (3:23)

Combining (3.22) and (3.23), we get the desired estimate on the coefficient |ag| as

asserted in (3.14).
Finally, from (3.18), we deduce (by the Caratheodory Lemma) that

o) _ (I=a)|ds| _ 2(1-0)
2 — = - < -,
jas — 2a3] (1+20)3 = (1+2X)30

This evidently completes the proof of Theorem 2. m
REMARK 2. The above estimates for |as| and |as| show that Theorem 2 is an

improvement of the estimates obtained by Porwal and Darus [13].

[13] For A > 1, 0 < a < 1 and j € Ny, let the function

COROLLARY 2.
f € Hs (4,a,\) be given by (1.1). Then one has the following

0] < 2(1-a)
=N 2en

and
1(1-a)  2(1-a)

.| < -
as| < (142722 (1+2))3
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By setting j = 0 in Theorem 2, we obtain the following consequence which is
an improvement of the estimates obtained by Frasin and Aouf [12].

COROLLARY 3. [9] For A > 1 and 0 < a < 1, let the function f € Bs (o, A) be
given by (1.1). Then one has the following

2(1—a) 1422—)2
i< { {020 <3
2(1—a 14220\

ITx sty o<1
2(1-a) 91 2(1—a)
< — = d -2 < —"
losl < =gy and s — 23] < Sy

By setting 7 = 0 and A = 1 in Theorem 2, we obtain the following consequence.

COROLLARY 4. For 0 < a < 1, let the function f € Hx (a) be given by (1.1).
Then one has the following

2(13—@)
las| < 57
1—a,

o
IN

1
Oé<§
1

2(1—
and |ag| < M.

REMARK 3. The above estimates for |as| and |as| show that Corollary 4 is an
improvement of the estimates obtained by Srivastava et al. [15].

COROLLARY 5. [15] For 0 < a < 1, let the function f € Hsx («) be given by
(1.1). Then one has the following

2(1-a)

(I1-a)(5-3a)
|a2| S 3 f

and las| <
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