MATEMATNYKN BECHUK OPUTMHAJIHNA HAYYHU DAL
67, 3 (2015), 201211 research paper
September 2015

FUZZY REPRESENTABLE MODULES AND
FUZZY ATTACHED PRIMES

Naser Zamani, Zeinab Rezaei and Jafar A’zami

Abstract. Let M be a non-zero unitary module over a non-zero commutative ring R. A
kind of uniqueness theorem for a non-zero fuzzy representable submodule p of M will be proved,
and then the set of fuzzy attached primes of p will be defined. Then among other things, it will
be shown that, whenever R is Noetherian, a fuzzy prime ideal £ is attached to p if and only if
¢ is the annihilator of a fuzzy quotient of pu. The behavior of fuzzy attached primes with fuzzy
quotient and fuzzy localization techniques will be studied.

1. Introduction

Let R be a commutative ring with identity and let M be a unitary R-module.
In the last two decades a considerable amount of works has been done in fuzzifying
various concepts and results of classical ring and module theory. Among them,
the fuzzy primary decomposition of ideals/submodules and fuzzy associated prime
ideals are of particular significance (see, for example, [4-6]). Recently, in [12], the
concept of fuzzy coprimary submodules of M, which is in fact a dual of fuzzy pri-
mary submodules, has been defined and some of its properties studied. A fuzzy
submodule p of M is said to be fuzzy coprimary if for each r € R, 1, - 4 = p or
else 1, € R(1p : ). We continue our study on the fuzzy coprimary and fuzzy rep-
resentable submodules. It should be noted here that this concepts in crisp case has
been introduced in [1,2] and has led to extensive applications in the commutative
algebra area (see, for example, [3,7,10,11]). Let p be a fuzzy submodule of M. A
fuzzy coprimary representation of p is an expression

po= e i (1)

of ;1 as a sum of finitely many fuzzy coprimary submodules p;, 1 < ¢ < n of M.
This representation is said to be minimal if the fuzzy prime ideals & = R(1g : 1),
1 <4 < n, are all distinct and non of the summands p; is redundant (i.e., for all

J=1m, g E 300 )
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In this paper, it will be shown that the prime ideals &; depend only on u
and not on the minimal coprimary representation of p. Using this fact the fuzzy
attached prime ideals of y will be defined. Then, among other things, we show that
whenever R is Noetherian, a fuzzy prime ideal £ is attached to p if and only if &
is the annihilator of a fuzzy quotient of . These will be done in section 2. The
behavior of fuzzy coprimary representation and fuzzy attached primes with fuzzy
localization technique will be studied in Section 3.

2. Fuzzy coprimary representations

Throughout the paper, the set of all fuzzy ideals of R will be denoted by FI(R)
and the set of all fuzzy R-submodules of M will be denoted by F'S(M). The zero
fuzzy ideal of R (resp. the zero fuzzy submodule of M) will be denoted by 1¢ (resp.
by 1p), where 0 and 6 are the zero elements of R and M respectively. For any
unexplained notation and terminology we refer to the textbook [8].

Let ne N, (€ FI(R) and A\, \; € FS(M),i=1,...,n. As usual,

N ={zeM|ANz)>0}, A ={veM|Aa)=1}
(€ A)(z) = Vo o)Ay

reR,yeM,x=ry

for all x € M, and
Cut ) @) = VIA N [ 20 € MY i = a},
i=1 i=1

for all x € M. It is well known that A*, A, are submodules of M and ( - A,
M+ + A, € FS(M).

REMARK 2.1. (A). Let v, A\ € FS(M). Like in the ordinary commutative
algebra, by 2, we mean the fuzzy quotient 2t~ € FS(%), (note that (A+v)* =
A* 4+ ).

(B). Let v,m,A € FS(M) and let v C ,v C X. Then € FS(L), 2 € FS(A0)

U*

and @ € FS(2") 5o that we can consider each of this as a fuzzy submodule

v

of X by (for example)

(D@ +v) =\ (nz+e)}, Vrel,

14
ecr*

etc. In this situation it is not hard to see that given z € M,

(

R I3

+%)($—|—y*)= \V {(g)(y+V*)/\(%)(z+y*)}
y,2E M, y+z+v*=z+v*

= Vi + M@+ a = (@40

ecr*
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Thus, as for fuzzy submodules of VM (and so as for fuzzy submodules of ("*%)‘))

we have N LA
PR i

(C). Let v, A € FS(M) such that v C X\ and v* C A\*. Let 5 € FS(I)‘/—) and

n C % Assume that 7 : \* — i‘— is the natural epimorphism. Then @ €

FS(%), so that we can consider @ € FS(i‘—) It is easy to see that
)
n= v

as fuzzy submodules of ;)—*

The next proposition which is the fuzzy version of the Prime Avoidance The-
orem is needed in the sequel. It is may be well-known and exists in the fuzzy
literature, but we were not able to find a suitable reference. Because of its impor-
tance, we supply the statement without the proof.

PROPOSITION 2.2. Let ¢ € FI(R) and let £, &, 1 < i < n, be fuzzy prime
ideals of R.

(1) If ¢ CUPE;. Then ¢ C&; for some i.

(2) If € = NPE;, then & = &; for some i.

DEFINITION 2.3. (1) Let A\,n € FS(M). The fuzzy residual of A by 7, denoted
by (X : ), is defined by

M) =\/{¢)IC-nC A} VreR.

By [8, Theorem 4.5.6], (A :n) € FI(R).
(2) For ¢ € FI(R), the R-radical of {, denoted as R((), is defined by

R(O(r) =\ ¢(™) VreR,

neN

which is a fuzzy ideal of R containing (. It is well known that the R-radical
commutes with finite intersection of fuzzy ideals.

(3) Let o € FS(M) and let the situation be asin (1). By [12, Theorem 3.7(1)],
and omitting the redundant summands, any fuzzy coprimary representation of p
can be refined to a minimal one. If y has a fuzzy coprimary representation, we
shall say that p is fuzzy representable. Note that as the sum of empty family of
fuzzy submodules is 1g, we shall regard 1y as fuzzy representable.

REMARK 2.4. As it was stated in Introduction, the fuzzy coprimary submod-
ules were studied in [12]. Let p be a fuzzy coprimary submodule of M. Following
[12, Theorem 2.4], if u is a fuzzy coprimary submodule of M, then (1p : p) is a
fuzzy primary ideal of R so that £ = R(1g : u) is a fuzzy prime ideal. In this case
we will say that u is £-fuzzy coprimary.

It is easy to see that 1o # A € FS(M) is &-fuzzy coprimary if and only if
A € FS(\*) is &-fuzzy coprimary.
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Now, we can state and prove one of the main theorems of this section.

THEOREM 2.5. Assume that p is a fuzzy representable submodule of M and
w=p1+- -+, is a minimal fuzzy coprimary representation of p with & = R(1p :
wi). Then the set of fuzzy prime ideals {&1,...,&.} depends only on p and not on
the minimal fuzzy coprimary representation of w. In fact for a fuzzy prime ideal &,
the following conditions are equivalent:

(1) £ =¢&; for someie{1,...,n}.

(2) pu has a &-fuzzy coprimary quotient module.

(3) There exists a fuzzy submodule v C p such that v* C p* and that
R(lg: L) =¢.

Proof. (1) = (2).* Let v; = X;4;p;. By the minimality of the representation,
we have v; C p and £ # 6. Now, by [8, Theorem 4.2.5] we have

Hi Vit [

vi OV ph v Vi
Thus, using 8, 4.2.4] for [B- € FS(M) and £ € FS(M) (note that [ - €

Vi
FS( ) which we can consider as a fuzzy submodule of M by a similar argu-

(Vi ﬁu )*
ment as in Remark 2.1(A)), there exists A € FS(W) (and so in F'S(M)) such
that A C mL " and that
pa/ (Vi O i) By, o
A o V; (Z) l/i,

note that ([-)* = ‘:—* But the right—hand side is non-zero (# 1p), which in turn

gives that A" C (5.-)" . Now by [12, Theorem 3.7(2)], %
is &-fuzzy coprlmary Therefore £is f fuzzy coprimary.

(2) = (3). It is clear.
(3) = (1). We enumerate p; in such a way that p; ¢ v for 1 < i < r and

w; Cvfor r4+1 <4 <n. Then, using Remark 2.1, as fuzzy submodules of ’;—* we
have

p_ptv vt v

v v 14
:/’61+V++,un+y
14 14
+v +v
:L+...+L.
14 14

Now for each i =1...,r, 3 \; € F( ) such that A; C -2 and that

[ ﬁu) = piNv
Mi/(ﬂiﬂV)g,uH-V‘ WitV
by o v (L)« = v
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Then after deleting the 1y components (if any), in the family

m/lpaOv) g
Ai
and renumbering, we have the family
m/Ov) g
Ai

(note that since £ # 14, k > 1), with suitable related domains, each of which is
&;i-coprimary by [12, Theorem 3.7(2)], for i = 1,...,k.

Therefore we have

5:72(19:%):72(19 ’“”+V+~ “T;L”)
= R(N(1p: 212)) ﬂR ’“/‘“”” ﬂ@

So by Proposition 2.2(2), £ = ¢; for some i € {1,...,k} and the proof is complete. m

Let ¢ € FI(R) and £ be a fuzzy prime ideal of R. Following [8, Definition
6.2.19], ¢ is called fuzzy prime divisor of ¢ if ( C € and (. C &. Then & is called
an isolated (or minimal) prime divisor of ¢, if there does not exist a fuzzy prime
divisor & of ¢ such that £’ C €.

DEFINITION 2.6. Let M be an R-module and let p be a fuzzy representable
submodule of M. Let
p= 1+ i, (*)
be a minimal fuzzy coprimary representation of u, where p; is §;-fuzzy coprimary,
1 <i < n. Then the set {&1,...,&,} which, by Theorem 2.5 is independent of the
choice of minimal coprimary representation of u, is called the set of fuzzy attached
primes of p. We will denote this set by Att(u). We note that for each i =1,...,n,
(1p: ) €&, and that (1g: )« C (1p : i) € (&)« The elements of Att(x) which
are isolated prime divisor of (14 : u) are said to be fuzzy isolated attached primes
of p and the others are said fuzzy embedded attached primes of u. We call a subset
A of Att(p) an isolated subset of Att(u) if for each fuzzy prime ideal £’ € Att(u),
& C ¢ for some & € A, gives that £’ € A.

To state the next lemma, we need the following concept of (fuzzy) primary
decomposition of a fuzzy ideal of R.

Let ¢ be a proper fuzzy ideal of R. A fuzzy primary decomposition of { is an
expression for  as an intersection of finitely many fuzzy primary ideals of R. Such
a fuzzy primary decomposition

(=mnN---Nm,, with & =R(m) for i=1,...,n

of ¢ is said to be reduced (or irredundant) if &;’s are different fuzzy primes and
ﬂ;;iwj ¢ m, foralli=1,...,n
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We say that ( is a fuzzy decomposable ideal precisely when it has a primary
decomposition. It is well-known that any fuzzy decomposable ideal has a reduced
fuzzy primary decomposition and the set of fuzzy prime ideals {&;,...,£,} (in any
reduced fuzzy primary decomposition), which is uniquely determined by ¢, is called
the set of associated primes of (, (see for example [8, Chapter,6]). We denote this
set by ass(().

PROPOSITION 2.7. Let u be a fuzzy representable submodule of M with a
minimal fuzzy coprimary representation such as (x). Then the fuzzy ideal (1g : p)
is a fuzzy decomposable ideal and ass(1lg : p) C Att(w).

Proof. By [12, Theorem 2.4], (1 : p;) is &-fuzzy primary for ¢ = 1,...,n. Now
(lg:p)= (Lo :pa+-4 pn) = NP(lg : p;) and the result follows by the above
observation. m

The next theorem examines the fuzzy attached primes of the fuzzy quotient
modules.

THEOREM 2.8. Let p be a fuzzy representable submodule of M with a minimal
fuzzy coprimary representation such as (x). Let v € FS(M) be such that v C p.
Then /v is fuzzy representable and Att(£) C Att(p).

Proof. We enumerate p; in such a way that pu; € v, fori = 1,...,7 and p; C v
fori=r+1,...,n. Then
+v +v +v +v
H:L+...+u” _Mm +...+L'
v v v v v

Now just as in the proof of Theorem 2.5 (3) = (1), for each i = 1,...,r, there exist

Ai € F((M”T) such that A; € £ and that
pi/ (N v) ,Ui‘f"/‘ e ity
Ai v (=) v
Since each
pflsv) =y

i '
is &;-coprimary, we see that Att(£) C {&1,...,§,}, and the result follows. m

We note that for v, A € FIS(M) with v C A, (1g : 2)(0) = 1. So if { is a fuzzy
ideal of R such that (1p: 2) C ¢, then (1 : 2), C (. automatically.

PROPOSITION 2.9. Let p be a fuzzy representable submodule of M. Then
€ € Att(p) if and only if there exists v C p such that & is an isolated prime divisor

of (1g: ).

Proof. Let £ € Att(u). By Theorem 2.5, there exists a fuzzy submodule v C
such that v* C p* and R(1y : £) = . Now, by the observation just before the
statement of the proposition, we see that £ is the only isolated prime divisor of

(1p: £).
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Conversely, let v C p be such that ¢ is an isolated prime divisor of (15 : £
By Proposition 2.8, £ is fuzzy representable, and by Proposition 2.7, { = (1g : £)

is a fuzzy decomposable ideal. So

~—

¢ € ass(lp : “) c Att( ) C Att(p),

by Proposition 2.7 and Theorem 2.8. m

When our ring R is Noetherian, we can improve Proposition 2.9 as follows.

THEOREM 2.10. Suppose that R is a Noetherian ring and that pu is a fuzzy
representable submodule of M. Let £ be a fuzzy prime ideal of R. Then & € Att(u)

if and only if IN € FS(M) such that A C pu and that § = (19 : §).

Proof. The direction (<) follows by Theorem 2.5 (3)=(1).

To prove (=), let £ € Att(u). By Theorem 2.5, there exists v C u such that
B is ¢-fuzzy coprimary and so R(1p : £) = £. Since R is Noetherian there exists
m € N such that {™ C (15 : £) (see [9, Lemma 5.1]. This, by [12, Remark 2.8(B)],
gives that &™ - C 1,+ so that £&™ - u* C v*. We claim that (1g : éu%> =¢. To
do this, first we note that p* # £*u* + v*. Otherwise, we must have

u*zg*#*+y*:g*(g*ﬂ*+y*)+y*::g*m'ul*_i_y Cl/

/L

which is not the case. So m # 1o (note that (g )= T
[12, Theorem 3.7], &t is {-fuzzy coprimary and so R(ly : &) =
other hand, since - C & pu+v, using [12, Remark 2.8(A)], we see that -
Thus & C (1p :

). Thus using
f On the

€'u+

and we must have £ = (1 ) as desired. m

&-ptv C&pty

THEOREM 2.11. Let p be a fuzzy representable submodule of M and let v €
FS(M) such that v C u. Then

Att(%) C Att(u) C Att(v) U Att(%).

Proof. The first inclusion was proved in Theorem 2.8.

For the second one. let £ € Att(u). By Theorem 2.5, there exists a fuzzy
submodule A of M such that A C p and § is {-fuzzy coprimary. If g = X + v, then

v _AtUr

ANy AN

and so there exists n € FS(%—=+) such that W & /vy~ Thus, using

(,\m
Remark 2.1(C) we have
v v/(ANv) Q(HH Y
Ti(n)  al(n)/(Anv) T

Now, £ is £-fuzzy coprimary which gives that 7r+(n) is &-fuzzy coprimary. Therefore
by Theorem 2.5 we must have £ € Att(v).
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If A\ 4+ v C p, then, )\_’f_y = (fi,//))‘}k (see [8, p. 137]) and so ﬁ as a quotient

b~ (/v
AMrv T (M) /v

of & is {-fuzzy coprimary. Since using Theorem 2.5, we must have

§CAtt(L). m

PROPOSITION 2.12. Let pu be a fuzzy representable submodule of M and let
r € R. Then

(1) 1, - = p if and only if 1, ¢ UT_,&;.

(2) Lpn - C 1p if and only if 1, € NT_1&;.

Proof. (1) Let 1, ¢ U 1&. Then 1, ¢ &, V1 < i < n, and since each p; is
&;-fuzzy coprimary, this gives that 1, - pu; = u; fori=1,...,n. So, 1, - = p.

Conversely, if 1, € UTE;, then 1, € & for some i. This gives that 1,m - u; C 1p
for some m € N. Thus

n
Lom =g =1pm - (Y i) €Yy C o,
i j#£i
and hence 1, - p # pu.

(2) can be proved by a similar argument using Proposition 2.2(2). m

3. Local examinations

In this section, our aim is to examine the behavior of the fuzzy coprimary
representation with multiplicatively closed subsets of R and fuzzy localizations.

Let S be a multiplicatively closed subset of R. Then the set
O(S) :={x € M |3 s e S such that sz = 0},
is a submodule of M, so that we can consider M/O(S) as a submodule of S~'M.
Let m: M — M/9O(S) =: M be the natural epimorphism x — T = x + O(5) for all
ze M.

Let I = [0, 1]. For a fuzzy submodule p of M we define the fuzzy subset S~1u
of ST1M by
(S™'u)(y/s) = Vit e I|y/s € ST (m(u))},
for y € M and s € S, where m(u); = {z + O(S)|(w(w))(x + O(S)) > ¢}, and put
S(u) = () (L - ).
seS

The following Proposition is, in a sense, the general case of [12, Theorem 3.7(2)].

PROPOSITION 3.1. Let S be a multiplicatively closed subset of R. Suppose that
W is a fuzzy coprimary representable submodule of M with Att(M) = {&1,..., &}
enumerated in such a way that (§). NS =0 for 1 <i <7 and (&)« NS # D for
r+1<i<n. Then
S(u) = pa+-Hpr =D A\
39
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where 2 is the set of all fuzzy prime ideals & with £, NS =0, and A C pu runs over
all £-fuzzy coprimary submodules of M.

Proof. Let s; € (&)« NS, for i = r+1,...,n. Then 3 I; € N such that
Lo - pi C 1o, for v =r+1,...,n. Hence 31 € N such that 14 - u; C 1p. Put

U= H?:,-_H st € S. Then

S(p)= (s p) CLy-p

seS
= (Lu- (o) S e A e

Next, it is clear that
prt e €Y ON
£e=
Now let £ be a fuzzy prime ideal of R such that £, NS = 0 and that A be &-fuzzy
coprimary. Then, by [12, Theorem 3.7(2)], A = S(\) C S(u) and the proof is
complete. m

THEOREM 3.2. Let u be a fuzzy representable submodule of M and let ¥ =
{&1,...,&}, (0 < r < mn), be an enumerated isolated subset of Att(n). Then the
fuzzy submodule 1+ - -+, is independent of the choice of minimal fuzzy coprimary
representation of .

Proof. By [12, Corollary 2.3], Im(&;) = {0,1} for ¢ = 1,...,n. Set S =
R\ UI_{(&)«. Then SN (&)« =0 fori=1,...,r. Also by our assumption on U,
SN(&)« # B fori =7r+1,...,n. So, by Proposition 3.1, we have p; +- - -+, = S()
which is independent of the choice of minimal fuzzy coprimary representation of
. W

In the light of Theorems 2.5 and 3.1, we deduce

COROLLARY 3.3. In any minimal fuzzy coprimary representation of u, each
coprimary term corresponding to a fuzzy isolated prime of u is uniquely determined
by w and is independent of the choice of minimal fuzzy coprimary representation.

THEOREM 3.4. Let S be a multiplicatively closed subset of R and let u be a
fuzzy representable submodule of M with a minimal fuzzy coprimary representation
as in (x). Then S(u) = (15 - ) for some s € S.

Proof. Let SN (&)s=0fori=1,...,rand SN (&)« #Dfori=r+1,..., n.
Then, by Theorem 3.2, S(u) = p1 + -+ + p. For each i = r 4+ 1,...,n, let
si € SN (&)« Then we can find I € N such that 1, - C 1g. Let s = [Ti_, | s}
Then '

(Ls-p) =1 (p1+ -+ )
=1 (1 +-+pr) =S(u)Ulp = S(p),

as desired. m
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PROPOSITION 3.5. Let S be a multiplicatively closed subset of R and let n, \ €
FS(M). Then S7Y(n+A) = S7in+ S7IX as fuzzy submodules of S™'R-module
S—IM.

Proof. Clearly S™'n+ S7'A\ C S71(n + \). To prove the other inclution,
consider g

S':T:{s/1|s€S}
which is a multiplicatively closed subset of S™'R, and
O(S) ={x/s € S~'M | 3s' € §', such that s'z/s = 6},

a submodule of ST'M. Let™: S™'M — STM/O(S) be the natural epimorphism
and ¢ € FS(S™1M). Then it is straightforward to see that for each x € M and
s,u €S,

x/s

s"1<¢><u—/1> = ¢(z/1). ()

Also, it is clear, for example, that n(z) < (S71n)(z/1) for all x € M. Thus, for
reM,

ST n+N(z/1) =\/{t €I |3s,uec S,z € Myust =uz, \/ (n+\)(z+e) >t}

e€cO(S)
< \/{t el|3s,u€ S, z€ M,ust =uz, \/ (S~ 'n+ S_l)\)(zi—fe) >t}
e€cO(S)
= \/{t el3su €8 2 Musz/l=uz/1, \/ (S7In+S71N)(2/1+e/1) > t}
eeO(S)’

/1

1/1
where in the last equality we use (#). Hence S~'(n+ ) C S7in+S~tA\. m

<SS STIN(T) = (ST ST /),

THEOREM 3.6. Let S be a multiplicatively closed subset of R. Assume that p
is a fuzzy representable submodule of M as in (%) such that each p;,i = 1,....,n

has the sup property. Then S~™'u is a fuzzy representable submodule of S™'M, with
Att(STIM) C {871, ..., 871, ).

Proof. This follows by Proposition 3.5 and [12, Theorem 3.7]. m

We close the paper with the following theorem which is a kind of connection
between the fuzzy attached primes of u and the (crisp) attached primes of p*

(ct. [2]).

THEOREM 3.7. Let i be a fuzzy coprimary representable submodule of M with
the minimal fuzzy coprimary representation as in (). Then p* = uf + -+ + p is
a minimal coprimary representation of pu* with Att(p*) = {&F,..., &5}

Proof. Using the fact that Im¢&; = {0,1} for ¢ = 1,...,n and that p is absorb-
ing, the proof is rather straightforward. m
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The results of this paper raise various dual questions on the concept of fuzzy

coprimary modules and fuzzy coprimary representation. However some dual state-
ments which one would hope, are topics for the further research.
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