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GENERALIZED CONE b-METRIC SPACES
AND CONTRACTION PRINCIPLES

Reny George, Hossam A. Nabwey, K. P. Reshma and R. Rajagopalan

Abstract. The concept of generalized cone b-metric space is introduced as a generalization
of cone metric space, cone b-metric space and cone rectangular metric space. An analogue of
Banach contraction principle and Kannan’s fixed point theorem is proved in this space. Our
result generalizes many known results in fixed point theory.

1. Introduction

Due to the wide applications of fixed point theorems in different fields, the
study of existence and uniqueness of fixed points and common fixed points has
become a subject of great interest. The main idea is to extend or generalize the fa-
mous Banach Contraction Principle in different directions. In the recent past many
authors generalized the Banach contraction Principle by generalizing the concept of
a metric space. Rectangular metric [7], b-metric space [3], cone metric space [11],
cone rectangular metric space [2] and cone b-metric space [13] are some of the gen-
eralized metric spaces introduced by different authors in the recent past. Analogue
of Banach contraction principle, Kannan contraction principle, Ciri¢ contraction
principle etc. and many fixed point theorems for various generalized contractions
were proved in these generalized spaces by different authors (see, e.g., [1,2,4-6,8—
10,12,14,16,17,19,20,22,26]).

It can be seen that many of the generalized metric spaces are not necessar-
ily Hausdorff' (see [15,21,24,25]). Proper examples of non Hausdorfl rectangular
metric space and rectangular b-metric space can be found in [21,23,24]. Note that
spaces with non Hausdorff topology play an important role in Tarskian approach
to programming language semantics used in computer science.

In this paper we have introduced the concept of generalized cone b-metric space
which is not necessarily Hausdorff, and which generalizes the concepts of metric
space, rectangular metric space, b-metric space, cone metric space, cone rectangular
metric space and cone b-metric space. We have also proved an analogue of the
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Banach Contraction Principle as well as a fixed point theorem for a generalized
contraction from which analogue of the Kannan contraction principle is deduced as
a special case.

2. Preliminaries

Let F be a real Banach space and P a subset of E. Then P is called a cone if
(i) P is closed, nonempty, and satisfies P # {6},
(ii) ax 4+ by € P for all x,y € P and non-negative real numbers a, b,
(i) re Pand —x € P = x =46, ie, PN(—P)=0.

Given a cone P C E, we define a partial ordering < with respect to P by z <y

if and only if y —x € P. We shall write x < yifz < yand z # y, and z < y
if y — x € intP, where intP denote the interior of P. A cone P is a solid cone if

intP # ¢.
DEFINITION 2.1. [11] Let X be a nonempty set. Suppose that the mapping
d: X x X — E satisfies:
(CM1) 0 < d(x,y) for all z,y € X and d(z,y) = 0 if and only if x = y,
(CM2) d(z,y) =d(y,z) for all z,y € X,
(CM3) d(z,y) X d(x,z) +d(z,y) for all x,y,z € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.

DEFINITION 2.2. [13] Let X be a nonempty set and s > 1 be a real number.
Suppose that the mapping d : X x X — FE satisfies:

(CbM1) 0 = d(z,y) for all z,y € X and d(z,y) = 0 if and only if z = y,
(CbM2) d(x,y) =d(y,z) for all z,y € X,
(CbM3) d(x,y) = sld(x,2) +d(z,y)] for all z,y,z € X.

Then d is called a cone b-metric on X and (X,d) is called a cone b-metric space
(in short CHMS).

DEFINITION 2.3. [2] Let X be a nonempty set. Suppose that the mapping
d: X x X — E satisfies:

(CRM1) 0 = d(z,y) for all z,y € X and d(z,y) = 0 if and only if x = y,
(CRM2) d(z,y) =d(y,x) for all z,y € X,
(CRM3) d(z,y) =< d(z,u) + d(u,v) + d(v,y) for all z,y,€ X and for all distinct

points u,v € X \ {x,y} (rectangular property).

Then d is called a cone rectangular metric on X and (X, d) is called a cone rectan-
gular metric space (in short CRMS).

Note that any cone metric space is CbMS and CRMS but the converse is not
true in general (see [2,3]).

DEFINITION 2.4. Let X be a nonempty set. Suppose that the mapping d :
X x X — E satisfies:
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(GCbM1) 0 = d(x,y) for all z,y € X and d(x,y) = 0 if and only if z = y,

(GCbM2) d(z,y) =d(y,x) for all x,y € X,

(GCbM3) there exists a real number s > 1 such that d(z,y) < s[d(z,u) + d(u,v) +
d(v,y)] for all z,y, € X and for all distinct points u,v € X \ {z,y}.

Then d is called a generalized cone b-metric on X and (X, d) is called a generalized
cone b-metric space (in short GCbMS) with coefficient s.

Note that every CbM S with coefficient s is a GCbM S with coefficient s? and
every CRM S is GCbM S but the converses are not true in general. As in [21,23,24]
we furnish the following examples in support of our claim.

EXAMPLE 2.5. Let E = R?, P = {(z,y) € E | z,y > 0}, X = AU B, where
A ={L:n € N} and B is the set of all positive integers. Define d: X x X — E such
that d(x,y) = d(y, z) for all z,y € X and

(0,0) if z=y;
’ - (2,2) if x,y € A;
,Y) = (%7ﬁ) ifx:%eAandyE{Q,?)}%

(1,1) otherwise.

Then (X, d) is a generalized cone b-metric space with coefficient s = 2 > 1. However
there does not exist s > 0 satisfying d(z,y) < s[d(z, z) +d(z,y)] for all z,y,z € X,
and so (X, d) is not a cone b-metric space.

EXAMPLE 2.6 Let E =R? P={(z,y) € B |2,y >0}, X =N,d: XxX - F
such that
(0,0), for all z,y € X and = = y;

d(y,z), forall z,y € X;
10,10), ifz =1 and y = 2;
1,1), if x € {1,2} and y = 3;
2,2), if x € {1,2,3} and y = 4;
3,3), ifzoryé¢ {1,234} and = # y.
Then (X,d) is a GCbM S but it is not a CRM S as we have d(1,2) = (10,10) >~
d(1,3) +d(3,4) + d(4,2) = (5,5).
For any = € X we define the open ball with center « and radius r > 0 by
B.(z)={ye X :d(z,y) <r}
The open balls in GCbM S are not necessarily open (see Remark 2.8 below). Let U
be the collection of all subsets A of X satisfying the condition that for each x € A

there exist 7 > 0 such that B, (x) C A. Then U defines a topology for the GCbM S
(X, d) which is not necessarily Hausdorff (see Remark 2.8 below).

(
(
(
(

Now we define convergent and Cauchy sequences in GCbM S and completeness
of GCbM S.

DEFINITION 2.7. [3] Let (X, d) be a GCbMS. The sequence {z,}in X is said
to be:
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(a) a convergent sequence if for every ¢ € E with 0 < ¢, there is ng € N such
that for all n > ng, d(x,,z) < ¢ for some z € X. We say that the sequence {x,}
converges to x and we denote this by lim, .oz, = z;

(b) a Cauchy sequence if for all ¢ € F with 0 < ¢, there is ng € N such that
d(Tm, Ty) < ¢, for all m,n > ng.

(¢) The GCbM S (X, d) is said to be complete if every Cauchy sequence in X
is convergent in X.

REMARK 2.8. In Example 2.5 above we note the following:

(1) B%(%) = {2,3,1} and there does not exist any open ball with center 2 and
contained in Bj (3)- So B%(%) is not an open set.

(ii) The sequence {1} converges to 2 and 3 in GCbMS and so the limit is
not unique. Also, d(1 L ) = (2,2) = (0,0) as n — oo; therefore {%} is not a

n’ n+p
Cauchy sequence in GCbM S. Thus in a GCbM S not every convergent sequence is

necessarily a Cauchy sequence.
(iii) There does not exist r1, 7o > 0 such that B, (2)N B, (3) = () and so (X, d)
is not Hausdorff.

3. Main results

For x1,x9,...2; € E, we define
x. (1<r<k), ifz, Ja;foreachi=1,2... k;

min{xy, To,..., T} =
{z1, 22, 2} {OGE, otherwise.

THEOREM 3.1. Let (X,d) be a complete generalized cone b-metric space with
coefficient s > 1, P be a solid cone and T: X — X be a mapping satisfying

d(Tz, Ty) = Ad(z,y) (3.1)

for all z,y € X, where X € |0, %) Then T has a unique fixed point.

Proof. Let xy € X be arbitrary. We define a sequence {z,} by z,+1 = Tz,
for all n > 0. We shall show that {x,} is a Cauchy sequence. If z, = 2,1 then
Ty is a fixed point of T. So, suppose that z,, # z,41 for all n > 0. Setting
d(xp, Tpt1) = dp, it follows from (3.1) that

d(mnamn-i-l) = d(Txn—laTxn) = )\d(xn—laxn)
dn = )\dnfl-

Repeating this process, we obtain
dn j AndO (32)

Also, we can assume that x( is not a periodic point of T'. Indeed, if g = z,, then
using (3.2), for any n > 2, we have

do = d(xo, 1) = d(x0, Txg) = d(Xp, Txr) = d(Xp, Tpy1) = dp 3 Adp.
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Since A € [0,1) we obtain —dy € P. Therefore, we must have dg = 0, i.e., g = 27,
and so xg is a fixed point of T. Thus, we assume that x, # x,, for all distinct
n,m € N. Again setting d(z,, Tn42) = d, and using (3.1) for any n € N, we obtain

4y =d(zn, Tpnye) = d(Txp—1,TTpni1) S Ad(Tp—1,Tpt1) XA _4.

Repeating this process we obtain

AT, Tnta) 2 Adg. (3.3)
For the obtained sequence {z,,}, we consider two possible cases for d(z,, Zpnip).
If p is odd, say p = 2m + 1, then using (3.2) we obtain
d(:z:n, $n+2m+1) = s[d(zn, xn+1) + d(xn+1v xn+2) + d(fcn+27 In+2m+1)]
< sldp + dpi1] + 5% [d(@nt2, Tnis) + A3, Tnpa)
+ d(Tnt4, Tntom1)]
= s[dp 4 dnia] + 5% [dngo + dnga) + 5% [dpga + dns]
+ -+ 8" dnyom
=< s[A"dy + A" o] + s* N 2dg + NP dp) + PN Ty + A" O d]
e smATTE
< SAML 4 sA? + 82 4 Jdo + sATTHL 4 A% + 82A - ]dy

1+Xx ., 9
=1 sA"dy  (note that sA* < 1).
Therefore,
1+Xx .,
d($n7$n+2m+1) = ms/\ do.

Let 0 < ¢ be given. Choose ¢ > 0 such that ¢ + Ns(0) C P, where N5(0) = {y €
E:|ly|| < §}. Also choose a natural number Ny such that 11—ti2 sA™dy € N5(0),
for all n > N;j. Then 117':;2 sA"dy < ¢ for all n > Nj. Thus d(@n, Tniam+1) =

LB sAMdy < c for all n > Ny.

If p is even, say p = 2m, then using (3.2) and (3.3) we obtain
d(xm Tpiom) = S[d(mm anrl) +d(Tpy1, Tny2) + d(Tny2, $n+2m)]

= S[dn + dn+1] + s [d(xn+2, Tny3) + d(Tpy3, Tnia)
+ d(xn+4, xn+2m)]

= s[dn + dns1] + 2 [dns2 + dnys] + 5% [dnra + dnis)
4 8" dom—a + dom—s] + 8" A (@n2m—2, Tngom)

=< s[A"dy + A" o] + s* N 2dg + NP dp) + PN Ty + A" TP d]
o s NI T+ AP 4 s IR 2

<A1 4 sA2 82N - ]dg + sATTHL A 4 52T 4 - d

+ Sm—l)\n+2m—2d6’
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i.e.
1 + )\ n m— n+2m—2 g%
d(znaxn-i-Qm) = mSA do + s Lyn+2 2d0
14+ A
<7 _—:/\2 s\do + (sA\)?MA"T2ds (as 1< s)
1 + >\ n n—2 jx 1
ij)\ d0+/\ dO (aS)\Sg)
Therefore,
14+ A
d(Tn, Tptom) = T + Y ———sA\"dy + \"2d}

Now choose a natural number N such that 235 sA"do + A"~2dj € N5(0), for all
n > Ny. Then 11:32 sAdp + A" 73y < ¢ for all n > No. Thus d(z,, Tntom) =
11—+s§2 sA\dy + A" 72d} < c for all n > N,. Let Ng = max{Nj, Na}. Then for all

n > Ny we have

lim d(zp, Tntp) <

n—oo
Thus {z,} is a Cauchy sequence in X. By the completeness of (X, d) there exists
u € X such that

lim z, = u.
n—oo

We shall show that u is a fixed point of T'.

For any n € N we have

d(u, Tu) = s[d(u, xn) + d(Xp, Tpy1) + d(@Xpi1, Tu)]
sld(u, ) + dp + d(Tzy,, Tu)]
sld(u, ) + dp + Ad(2p, u)]

S[(14+ N)d(xn, u) + A"do].
Now choose N3, Ny such that d(z,,u) < WCH\) for all n > N3 and A\"dy < 55
for all n > Ny and let Ny = max{N3, Ny}. Then for all n > Ny, d(u,Tu) < c. It
follows that d(u,Tu) = 0, i.e., Tu = v. Thus u is a fixed point of T'.

For uniqueness, let v be another fixed point of T. Then it follows from (3.1)
that d(u,v) = d(Tu, Tv) < Md(u,v) < d(u,v), a contradiction. Therefore, we must
have d(u,v) =0, i.e., u = v. Thus the fixed point is unique. m

=
=

THEOREM 3.2. Let (X,d) be a complete generalized cone b-metric space with
coefficient s > 1, P be a solid cone and T: X — X be a mapping satisfying

for all z,y € X, where A € [O,ﬁ), L > 0 and o(r,y) = min{d(z,Tz) +

d(y,Ty),d(x,Ty),d(y,Tz)}. Then T has a unique fixved point.

Proof. Let xp € X be arbitrary. We define a sequence {z,} by z,4+1 = Tz,
for all n > 0. We shall show that {z,} is Cauchy sequence. If x,, = x,; then
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Ty is a fixed point of T. So, suppose that z,, # z,41 for all n > 0. Setting
d(Tpny Tpt1) = dp, it follows from (3.4) that

d(@n, Tpt1) = d(Txp—1,Txy) I Nd(@p—1,TTn—1) + d(2p, Tx,)]
+ L -min{d(zp_1,TTn_1) + d(zn, Txy), d(xn_1,Txy),d(@n, TTn_1)}
< Nd(zp—1,Tn) + d(Tn, Tni1))
+ L-min{d(zn-1,2n) + d(Tn, Tnt1), d(@n—1, Tnt1), d(Tn, Tn)}
dp, 2 Ndp—1 + dy]

A
dn = mdn—l = 6dn—17

where § = ﬁ < % (as A < —-). Repeating this process we obtain

s+1
dy = B do. (3.5)

Also, we can assume that x( is not a periodic point of T'. Indeed, if xy = x,, then
using (3.5), for any n > 2, we have

do = d(xg, 1) = d(x0, Tx0) = d(Tpn, Txn) = d(Tpn, Tny1) = dn < 6"dp.

Therefore, we must have —dy € P, i.e., x9 = x1, and so xg is a fixed point of T'.
Thus we assume that x, # z,, for all distinct n,m € N. Again using (3.4) and
(3.5) for any n € N, we obtain

A(xp, Tpy2) = d(TTp-1,TTni1) I Ad(@Xp-1,TTpn-1) + d(Tn+1, TTnt1)]
+ L -min{d(zn—1,TTn-1) + d(@ni1, TTnt1), d(@pn—1,TTni1),
d(xpt1, Txn-1)}
= ANd(xn-1,2n) + d(@nt1, Tnt2)]
+ L -min{d(zn_1,%n) + d(@nt1,Tni2), d(@n-1,Tni2), d(Tni1, Tn)}
< ANdp—1+dpt1] + L -min{d,—1 + dpy1,dn}.
The following three cases arise:
Case 1. min{d,,—1 + dn+1,dn} = d—1 + dpy1. Then we have
d(p, Tpy2) 2 AB" o + 7 do) + LIB" o + 57 do)
<AG"TH L+ BPldo + L - 571+ 5%do
= 6" 'do,
where v = [A + L][1 + 3?] > 0.
Case 2. min{d,,—1 + dn+1,dn} = d,,. Then we have
d(xn, Tng2) 3 A[B" ' do + B do] + L[B"do]
X ABYH L+ Bdo + L - 57 Bdo < 8" do.

Case 3. min{d,—1 + dn+1,dn} = 0. Then we have
(@, Tny2) S AB" o + B do] = MG THL A+ B%]do = 8" Hdo.
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Therefore, in all cases we have

ATy, Tpyo) = 3" tdy. (3.6)

For the obtained sequence {x,}, we consider two possible cases for d(zy, Znyp).

If p is odd, say p = 2m + 1, then using (3.5) we obtain

d(xm $n+2m+1) < S[d(xm 9U7l+1) + d($n+1v xn+2) + d($n+2v $n+2m+1)]

= S[dn + dn+1] + 32[d(33n+2= mn+3) + d($n+37 xn+4)
+ d(Tnya; Tnyomr1)]
s[d + dpy1] + 8% [dnto + dnys) + 83 [dnya + dns)
+ -+ 8"dpram

< s[Bdo + B do] + $*[3" P do + B do] + $*[3" o + 87 dy)
+ oo MBI

< sB™[1 +s06% 4+ 2B + - ]do + 56T 1 + 587 + 8261 + -+ -]do

1
=1 —+5g2 sf"dy  (note that sp% < 1).
Therefore,
1+ n
d(l’n, xn+2m+1) —< /gg 86 dO

Let 0 < ¢ be given. Choose § > 0 such that ¢+ N;(0) C P Where N5;(0) = {y €

s |lyll < 6}. Also choose a natural number Ny such that ; B2 sp™dy € N5(0),
for all n > N;. Then +52 sB"dy < c for all n > Nj. Thus A(Xp, Tproms1) <
H'B 580"dy < ¢ for all n > Nj.

If p is even, say p = 2m, then using (3.5) and (3.6) we obtain

d(xnaanr?m) = [ (Tny Tpy1) + d(Tng1, Toyo) + d($n+2amn+2m)]

< sldp + dpy1] + 8°[d(2ny2, Tnys) + d(Tny3, Tya)

+ d(Tn+4, Tntom)]
= sldp + dpt1] + 8*[dnto + dpss) + 8% [dpsa + dinys)

oo 8 T o g + o) + 8™ (@0t 2m-2, Totom)

< s[6"do + 5" o] + s* (B2 dy + B do] + 57 [6" o + 6"0d]
o sTHBP T g 4 B d) + s IR R

=< sB"M1 4 s8% + 2B + -+ |do + sB"TH1 + s8% + 528 + -+ - ]do
Ly grmsg,,
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i.e.
1+ 6 n m— n+2m—
d(xnvxn—&-Qm) = 1— 62 ﬂ do + s I”yﬂ +2 3d0
1+8 . s
<1z 532 sB"do +(sB)*"B" Pdy  (as 1< s)
L+ ﬁ n n—3 1
L <L
_1_Sﬁ2sﬂ do + 8" °dp (asﬂ_s)
Therefore,
1+ » .
d($n71'n+2m) = 1= 22 sﬁ dO + ’Yﬁ Sdo

Now choose a natural number N5 such that H'ﬁ >8(3"do +B"3dy € Ns(0), for all

n > Ny. Then 115252 s8%dy + 3" 3dy < ¢ for all n > No. Thus d(x,, Tpiam) <

1tg2 s3"do + 3" 3dy < c for all n > Ny. Let Ng = max{Nj, Na}. Then for all
n > Ny we have

lim d(zp, Zntp) < c

n—oo
Thus {z,,} is a Cauchy sequence in X. By completeness of (X, d) there exists u € X
such that lim,, .o z, = u.

We shall show that u is a fixed point of T. Again, for any n € N we have
d(u, Tu) = s[d(u, n) + d(Xp, Tpi1) + d(@np1, Tu)]
sld(u, ) + dp + d(Ty, Tu)]
sld(u, ) + dn + Md(xp, Txy) + d(u, Tu)} + L - oy, u)]
[d(u, ) + dn + Md(2n, Tng1) + d(u, Tu)} + L - af@y,, u)],
sld(u, zn) + (1 4+ A)B"do + L - a(zn, u)],

IA

(1 —sN)d(u, Tu)

where

PN

71'Tl

a(p,u) = Min{d(zn, Tzy) + d(u, Tu), d(x,, Tu), d(u, Tx,)}
< min{\"dy + d(u, Tu), d(xn, Tu), d(xn1,u)}
— 0, asn — o0
Choose a natural number N3 buch that =g ld(u, ) + (14 X) "o+ L - (2, u)] €
Ns(0), for all n > N3. Then 1 sﬂz sf™dy < c for all n > N3. It follows that
d(u, Tu) < ¢, for all n > N3, i.e. Tu = u. Thus u is a fixed point of T.

For uniqueness, let v be another fixed point of T. Then it follows from (3.4)
that d(u,v) = d(Tu, Tv) < A[d(u, Tu) + d(v, Tv)] = N[d(u,u) +d(v,v)] = 0. There-
fore, we have d(u,v) = 0, i.e., u = v. Thus the fixed point is unique. m

Taking L = 0 in Theorem 3.2, we get an analogue of Kannan contraction
principle in a generalized cone b-metric space as follows.

THEOREM 3.3. Let (X,d) be a complete generalized cone b-metric space with
coefficient s > 1, P be a solid cone and T: X — X be a mapping satisfying

d(Tx, Ty) 2 A[d(z, Tx) + d(y, Ty)]

for all z,y € X, where A € [0 Then T has a unique fized point.

1
) 551)-
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EXAMPLE 3.4. Let X = AU B, where A = [0,3] , B = [1,2] and let E =
Cr(X),P={f€E: f(t)>0,te X}. It is known that P is a nonnormal cone.
(see [18]) Let ¢ : X — R such that ¢(t) = 1 +t. Define d: X x X — F such that

for all z,y,t € X, d(z,y) = d(y,x) and
d(0,3) =d(3,3) =d(3,§) = 0.69(t)
(0, 3) = d(3,5) = d(3, 5) = 0.2¢(t)
d(0, ) = d(3,3) = d(3, §) = 0.4¢(t)
(0, 3) = d(3,5) = d(3, §) = 0.5¢(t)
d(0,3) =d(3,3) =d(3, %) = 0.3¢(t)
d(z,y) =0, ifz=y
d(z,y) = ¢(t), ifx,yeA—{O,%,%,i,%,%
d(z,y) = 5=0(t), if z=2X(n>2)eAandye{l,2};
d(z,y) = |$ —ylo(t), otherwise.

Clearly d is a generalized cone b-metric with s = 2. However, there does not exist
s > 1 satisfying d(z,y) < sld(z, z) + d(z,y)] for all z,y,z € X, and so (X, d) is not
a cone b-metric space. Also (X,d) is not a cone metric as d(3,3) = 0.6(1+1t) >
d(3, 1) +d($, ) =0.5(1+¢). Define T by

=, ze[1,2]U{}}
Ter=( -z, v€C={2:n>3n+#6}
1, zeA-{CuUt}

Then T satisfies contraction (3.4). In fact, if a(z,y) # 0 then by choosing L
sufficiently large, T' will satisfy condition (3.4). We will discuss some cases when

a(z,y) = 0.
Case (i): z € [1,2]U{g},y e C={L :n>3,n+#6}.
d(TJZ Ty) = d(207 5 = y)v d(:c,T:v) = d( ’20) d(yaTy) = d(ya% - y)v d(:c,Ty) =
a(z, y)folferyfforyf% Since y € C' = {1 n>3,n# 6}, yf—lsnot
possible.
z+y=3onlyatz=%and y = 3. Then d(Tz,Ty) = d(%, ) = 0.080278¢(t),
d(zx, Tx) = d(%, 55) = 0.0802784(t), d(y, Ty) = d(%, %) = 0.5¢(t). Then clearly we
can find X € (0, 1) satisfying d(Tz, Ty) < A[d(z, Tz) + d(y, Ty)].
Case (ii): z € [1,2]U{s},ye A—{CU:}
d(Tz,Ty) = d(%&) d(z,Tx) = d(z, 55), d(y, Ty) = d(y, 3), d(=,Ty) = d(z, 3),
d(y, Tx) = d(y, 55)-
a(z, y)zOonlyatxz%oryzzg—O x
Let y = 55 and = € [1,2] U {§}. d(T=,Ty) = d(5, 1) = 0.04¢(t), d(y, Ty) =
9
’ 20

d(290, 4) = 004q’)( ), d(z, Tz) = d(z, ) |x — —| Zg(’ 31; when z = 1, d(z,Tx) =

= % is not possible.
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0.3025¢(t), when = = 2, d(z,Tz) = 2.4025¢4(t), when z = %, d(z,Tz) =

0.0802777¢(t).

Again clearly we can find A € (0, 3) satisfying d(Tz,Ty) < Md(z, Tz) + d(y, Ty)].
Case (iii): xEC:{%:n237n7é6},yEA—{CU%}.

d(Tz,Ty) = d(% - xvi)v d(z,Tx) = d(l‘,% —x), d(y, Ty) = d(%i), d(z,Ty) =

d(z, i), d(y, Tz) = d(y, % — ).

afz,y)=0atz =1 and z +y = 3.

Atz =jandy e A—{CU¢Y}, d(Tz,Ty) = (§,3) = 0. Hence contraction is

satisfied.

Atx:%andy:%—

dla, Ta) = d(%, 3~ 1) = |2 3 + 2 26() =12

17— zlP().

We have to show that d(Tz,Ty) < A[d(z, Tx) + d(y, Ty)] for some X € (0, 3), i.e.,

‘1 12

The above inequality is clearly true for A = % < %

Similarly in all other cases T satisfies condition (3.4). Thus T satisfies all the
conditions of Theorem 3.2 and % is the unique fixed point. However T does not
satisfy contractions of Theorem 3.3 at x = % and y = % as d(Tz,Ty) = d(%, %) =
0.04¢(t) > [d(z,Txz) + d(y, Ty)] = 5[d(}, 55) + d(3, 1)] = 0.02676¢(t).

REMARK 3.5. Theorems 3.1 and 3.2 are proper generalizations of the results
of [1,2,12,19,21] and many others.
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