MATEMATNYKN BECHUK OPUTMHAJIHNA HAYYHU DAL
68, 3 (2016), 182-191 research paper
September 2016

NON-NULL HELICOIDAL SURFACES AS
NON-NULL BONNET SURFACES

Abdullah Inalcik and Soley Ersoy

Abstract. In this study, we obtain an equivalent of the Codazzi-Mainardi equations for
spacelike and timelike surfaces in three dimensional Lorentz space R?. Also, we find necessary
and sufficient conditions for spacelike and timelike helicoidal surfaces with non-null axis to be
Bonnet surfaces.

1. Introduction

Surfaces which admit a one-parameter family of isometric deformations pre-
serving the mean curvature are called Bonnet surfaces. In 1867, Bonnet proved
that any surface with constant mean curvature in R3(which is not totally umbili-
cal) is a Bonnet surface (see [2]). Lawson extended Bonnet’s results to any surface
with constant mean curvature in Riemannian 3-manifold of constant curvature c,
R? (¢), [10]. Also, it is proved that any Bonnet surface of non-constant mean cur-
vature depends on six arbitrary constants. The similar problems for surfaces in
space form R3 (c) and for spacelike surfaces in indefinite space form R? (¢) were
studied by Chen and Li in [4]. A geometric characterization of helicoidal surfaces
of constant mean curvature, the helicoidal surfaces as Bonnet surfaces and the
tangent developable surfaces as Bonnet surfaces were investigated by Roussos in
[15, 16] and [17], respectively. More recently, timelike surfaces in Lorentzian space
forms which admit a one-parameter family of isometric deformations preserving
the mean curvature were studied by Fujioka and Inoguchi in [8]. As it is known, a
helicoidal surface is a kind of some ruled surfaces and rotation surfaces and there
are remarkable studies on helicoidal surfaces in R? [1, 6, 7, 9, 11].

In these regards, we have investigated spacelike and timelike helicoidal surfaces
with non-null axis as Bonnet surfaces and obtained the necessary and sufficient
conditions for the existence of these surfaces.
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2. Preliminaries

Let R} be a Lorentzian 3-space with the nondegenerate metric tensor
g = —da? + da3 + da’
where {x1, 72,73} is a system of the canonical coordinates in R3 [13].

Firstly, we introduce the basic knowledge and notions about the geometry
of surfaces in Lorentzian spaces. A surfaces M in R? is given by the immersion
X :ICR?— M C R3. A surface is said to be spacelike (resp. timelike) if the
induced metric on M is positive definite (resp. indefinite). Let {e1, e2, €3} be alocal
orthonormal frame on M, such that es is a unit normal vector field on M. The unit
normal vector field es can be regarded as a map ez : M — Hi if M is spacelike and
as amap ez : M — S} if M is timelike. Here H? = {z € R} : (z,2) = -1, z; > 0}
is the hyperbolic space and S? = {:v ER}: (x,2) = 1} is the de-Sitter space. Also,
{e1, e2} comprise an orthonormal basis of the tangent space of M at . Let pu; be
the coframe of e; which is defined by p; (e;) = (e;,e;) = €;0;5, 1 < 4,5 < 3. Then

dr =111 + eapioes

where ¢; = (e;, e;) = 1. The connection forms ti; are defined by

3
dei = 3 €;fhije; (2.1)
j=1
which satisfy p;; + pj: = 0. Then the structure equations become
3
dp; = Zl Ejkg N Hji (2.2)
j=
and
3
dpi = Y €xbic N fj-
k=1

Since ug is a zero form on M, the exterior derivative of us gives

g1 N p1s + oo A poz = 0. (23)

By the equation (2.3) and the Cartan Lemma, there exists a symmetric tensor h;;
such that s
pis = > €ihijpg,  hij = hyi. (2.4)
j=1
The Gauss equation and mean curvature of M are defined as

1
d,ulg = 63K[1,1 N U2 and H = 563 (€1h11 + €2h22)

where K is the Gauss curvature of M [13, 14].

A helicoidal motion group is a non-trivial one-parameter group of rigid mo-
tions of R} and any element of such a group is called a helicoidal motion of RF.
Here, trivial cases are pure translation groups. Every helicoidal motion group is
completely determined by an axis [ and a pitch h. Depending on the line [ being
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spacelike, timelike or null, there are three types of motion. If the axis is space-
like (resp. timelike), then [ is transformed to the zz-axis or zs-axis (resp. xi-axis).
Therefore we can always suppose that [ is the x3-axis (resp. x1-axis) if [ is spacelike
(resp. timelike). If the axis [ is null, then we may assume that [ is the line spanned
by (1,0,1). If G, = {¢: : t € R} denotes the helicoidal motion group with axis [
and pitch h, for p = (a,b,c) € R}, the image of p under any helicoidal motion of
one parameter group Gy is (see [6, 7, 11, 12].

cosht sinht 0 a 0
¢¢ (p) = | sinht cosht 0 b | +h| 0| iflis spacelike,
0 0 1 c t

1 0 0 a t
¢+ (p)=10 cost —sint b |+h| 0| iflis timelike,
0 sint cost c 0

t2 t? t3
-t L a 5ot
¢ep)=| -t 1 t bl +h| 2 if { is null,
-t 1+ % c 24y

where t € R. If we take h = 0, we obtain the rotations group related to axis [.

A helicoidal surface in Lorentzian space R} is a surface invariant by unipara-
metric group Gy, of helicoidal motion and it is given by immersion X (s,¢) : [ C
R? — M C R$. Here (s,t) is parameter of helicoidal surface. The images of the
t-curves are the trajectories of the helicoidal motions, while the s-curves are their
orthogonal trajectories parameterized by arc length in the induced metric such a
local parameterizations will be called natural parametrization of the helicoidal sur-
face. Notice that the first fundamental form in such parameters can be written as
d6? = e1ds® + eoU%dt?, where e1 = (X, Xs), e2U% = (X3, Xy) and U = U (s) is a
function depending only s. If a helicoidal surface invariant under G, ; meets the
axis [ at some point and if [ is non-null, then the whole axis is contained in the
surface. In this paper, we have omitted the case of helicoidal surfaces with null
axis.

3. Spacelike helicoidal surfaces as Bonnet surface

Let M be a spacelike surface with unit normal es which is a map from M to
H? and {ey, es} are spacelike tangent vectors with corresponding coframe {1, po}-
The Weingarten map of M is diagonalizable over R if and only if H? + K > 0. If
H? + K = 0, M is an umbilic surface. So, we will assume H? + K > 0 and
J = +VH? + K. In this manner, let {z;¢'1,¢'2,€’s = e3} be a another typical field
of orthonormal principal frame on M with the principal coframe {w;,ws} and the
corresponding connection forms {w;;}, 1 <4,j < 3. Then the first fundamental

form of M is

I= ()" + (2)” = (w1)* + (w2)*

There exists a function ¢ on M, such that

€] = cos ey + sinpea, ey = —sin pe; + cos pes
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and
w1 = Cos Py + SinPua,  wo = —sin Gy + cos Gus. (3.1)
Since e, e} are spacelike principal vector fields, The tensor his = hg; vanishes.
Also, by denoting the principal curvatures hi; = k1 and hoo = ko, we can say
w13 = klwl, W23 = kg(.«)z. (32)
Obviously, the Gauss and mean curvature are

k1 + ko
2

H=- , K= —kika,

respectively. Also, we get
k1 — ko
J = .
2
THEOREM 3.1. Let M be a spacelike surface with no umbilic points. Then the

Codazzi-Mainardi equations are equal to

dH = Hypy + Hapa,
H H H H
do =sino (Jl,ul — J2M> —coso (;ul + Jl,u2> —xdInJ — 2u12, (3.3)

where * is the Hodge operator whose action on the 1-form is described by

s = 2, oy = —p1, (%) =—1.

Proof. The exterior differentiation of the principal coframe (3.1) gives
dwi = wo A (—=do — p12), dwy =wi A (do + pi2) .

By the structure equations (2.2), the connection form associated to the principal
coframe is w12 = d¢ + w12, so that

do = w12 — pi2. (3.4)
With the smooth functions p and ¢, we can write wis = pw; + qws where p and ¢
are determined uniquely by the structure equations (2.2). Thus, by the aid of the
equations (2.2) and (3.2), the Codazzi-Mainardi equations can be reduced to

(dk1 —p (k1 — k2)wa) Aw1 =0,  (dk2 — g (k1 — k2)w1) Awz = 0.
On the other hand, if we set
dky + dko
2

dH = —

= uw + vwa,
we get

dky = (—2Jq — 2u) wy + 2Jpws =0, dks = 2Jquwy + (—2v — 2Jp) we = 0.
Dividing dk; — dko by 2J gives us

dlnJ = —%wl + %wg + 2 (—qwi + pwa) .
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If we apply the Hodge operator to the last equation, we get

1 1
Wiz = =55 (vwy + uws) — 5 * dln J. (3.5)

Since dH = Hypy + Hopo = uwi 4+ vwo, the relationships between u, v and Hy, Ho
are

u=Hjcos¢p+ Hosing, v =—Hjsing+ Hycosao.
By the equations (3.4), (3.5) and the last equation, we find

J J

Finally, substituting o = 2¢ into the above equation completes the proof. m

H H H H
d2¢ = sin 2¢ (Jlm - fm) — cos2¢ (2,“ + 1#2) — xdInJ — 2p15.

Now, let us establish a principal coframe of a spacelike helicoidal surface with
non-null axis such that
wr =ds, pua=q(s)dt (3.6)
where s is the arc length of curves orthogonal to orbits measured from a fixed orbit
and t is time along orbits from a fixed ¢t = t3. The t — constant curves are carried
along the orbits by helicoidal motions and foliate the surface. An orthonormal
frame {e1, e} is determined along these coordinate curves with es tangent to the
orbits. By the equations (2.2) and (3.6), it is easily seen that

q (s)

Hi2 = a(s) p2 =1 (s) pa-

Hence the pi-curves are geodesic curves and the ps-curves have the geodesic cur-
vature equal to

1(s) = (g (o))

Moreover, dJ = @, so we can put dJ = —Jiug + Jopue and we obtain
Ji Jo
dlnJ = —— —= s,
n 7 M1+ 7 M2

Along the each orbit, k1, ko, ¢ and ¢ depend on s, then Hy = Jo = 0. Hence the
relation (3.3) becomes

H H
do =sino (;) ji1 — COS O (Jl) o + %Mg — 21 (s) pa.

Since o = o (s), this implies

and

(4
=2 & —cos2p |
7(s) 5 | cosngJ

THEOREM 3.2. A spacelike helicoidal surface M with H?> + K > 0 in R} has
a one parameter family of non-trivial isometric deformation preserving the mean



Non-null helicoidal surfaces 187

curvature i.e., M is a spacelike Bonnet surfaces if and only if the following relation

is satisfied
2
d [ 41 aH dH \ 11 q(s
d8<”§>+cosa(s)<dj +| 5 7@[3( W _y, (3.8)

where H = H (s) is the non-constant mean curvature.

Proof. The criterion of Chern given in [3] for the existence of Bonnet surface
is dog = 0 and dag = a3 A ag, where a; = Swi — Swa, ag = Jwi + Swe and
dH = uw; + vwy. By substituting « and v in the equations wy = coso (s)ds +
sino (s) q (s)dt, we = —sino (s) ds + cos o (s) g (s) dt, we get

C(H . Hy Hi oo H
o) = ( 7 cos 2¢ + N bln?d)) ds + ( 7 sin 2¢ 7 cos2¢>q(s) dt,

H H H H
oy = (—Jl sin 26 + 72 cos 2¢> ds + (Jl cos 2¢ + 72 sin 2¢> q(s)dt.

By substituting the equation (3.7) into the exterior derivative of these last two
equations, it is seen that Chern’s criterion is verified if and only if the relation (3.8)
satisfied. This completes the proof. m

By the equation (3.7), it is easily seen that

T)__ 1 do
J ) sino(s)ds’

If we differentiate the last equation with respect to s, we find

df@)_d(doy 1 (do) coso(s)
ds \ J | ds \ds) sino(s) ds ) sin’c (s)

By comparing the last equation with (3.8), we get

(%) mom* (&) moma -

The solution of this ordinary differential equation gives us the following remark.

REMARK 3.1. The ordinary differential equation (3.8) is equivalent to

dH
q(s) ‘fjs sin o (s) = constant
with non-constant mean curvature H = H (s).

4. Timelike helicoidal surface as Bonnet surface

Let M be a timelike surface with unit normal es which is a map from M to de-
Sitter space S?. We can choose a local orthonormal frame field {x; ey, 2, e3} on M,
such that e; is a spacelike tangent vector and e, is a timelike tangent vector at z.
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Obviously, the normal vector ez is spacelike at z. If we take into consideration
another field of orthonormal principal frame {x;e’;,e’s,€'s = e3} with principal
coframe {wq,ws} and corresponding to the connection forms {w;;}, 1 < 4,5 < 3,
the first fundamental form of M is

I=(m)* = (p2)” = (@) = (2)*. (4.1)
The function ¢ exists on M as follows
€] = cosh ¢e; + sinh ¢ey, €, = sinh ge; + cosh ey
and
w1 = cosh ¢y + sinh ¢puo, wo = sinh ¢uy + cosh Ppuso. (4.2)

The Weingarten map has real eigenvector if and only if H?>— K > 0. So, we suppose
that H?— K > 0, that is, M has no umbilic points. Since €/, e} are principal vector
fields, we can give

w1z = k1w, wez = —kowa, hia = ho1 =0,
where the principal curvatures are hy; = k1 and hoe = ko in (2.4). The mean and

Gauss curvature of M are

k1 — ko
H=—"=
2 )
respectively. If we define J =VH2 - K, J = Lgk? > 0 is obtained.

In these regards, we can give the following theorem related to the Codazzi-
Mainardi equations for timelike surface.

K = —kiks,

THEOREM 4.1. The Codazzi-Mainardi equations for timelike surface with H? —
K >0 are
dH = Hyp1 — Hapo

and

H H H H
do = —sinh o <Jlu1 + ;u2> —cosho (;ul + Jl,u2> —xdInJ+2p12, (4.3)

where x is the Hodge operator such that

spy = iz, iz = 1, ()7 =1,

Proof. By the equation (4.2), we get
dw1 = —W?2 A (d¢ — ,ulg) s dWQ = W1 A (—d¢ + /ng) .

Thus, the connection form associated to the principal coframe is wio = —d¢ + p12.
This implies
dp = —w12 + p12. (4.4)

By the equation (2.2), the Codazzi-Mainardi equations for M are

dwiz = —wiz A waz, dwez = wa1 A w2
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and they can be reduced to

(dky +p (k1 + ko) wa) Nwy =0, (—dka — q (k1 + ka)w1) Awa =0,
where w1 = pw; + qws. Considering @
dk1 = 2u —2Jq) w1 — 2Jpws =0, dky = —2Jqwr + (2v — 2Jp) we = 0.

If we divide the addition of the last two relation by 2.J, we obtain

= uwi — Vw2, we get

i v
dinJ = jwl + ng + 2 (—qwi — pwa) .

By use of Hodge operator, we have
_ 1
T 2J
If we compare dH = uw; — vwe and dH = Hipy — Hopoe with wy, wo expressed in
terms of uy and uo, we get

u = Hj cosh ¢ + Hs sinh ¢, v = H; sinh ¢ + H; cosh ¢.

The equations (4.4), (4.5) and the last equations give us

H H. H H
d2¢ = —sinh 2¢ (Jlm + 2,u2> — cosh 2¢ (;m + 1,u2> —xdInJ + 2pu1s.

1
w1 (vwy + uws) + 3 xdln J. (4.5)

J J
If we take 0 = 2¢, then we complete the proof. m
For a timelike helicoidal surface with non-null axis, there is the relation

q (s)

12 = H2 = T1(S) K2,
q(s) (=)

where the orthonormal corresponding coframe is defined by
p1 = ds, pz = q(s)dt.
Since dJ = M, we can consider dJ = —Jjpuy — Jaus, and then

Jo J1
dlnJ = — — 2.
*xa In JM1+JM2

By the fact that ki, ko, p and ¢ depends on s we can say that Hy, = Jo = 0. So
we can rewrite the equation (4.3) as follows

H H J
do = —sinho (j) p1 — cosho <,]1> o — 71u2 — 21 (s) pa.

By the last equation,

do dH 1 dH dJ
ngsinh&i) ‘3"’ , 77(5):5 Cosh2d>‘§5+d78

are obtained.

THEOREM 4.2. Let M be a timelike helicoidal surface with H*> — K > 0 in R3.
Then M is a Bonnet surface if and only if there exists a relation as follows

dii (?) —cosho (s) (?) + (?]I‘LSI) d1nla (s))) (CZ(S)D =0, (4.6)

where H is a non-constant mean curvature.
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Proof. In [5], it is proved that every timelike constant mean curvature surface
with no umbilic points is a timelike Bonnet surface and also, it is mentioned that
M with non-constant mean curvature is timelike Bonnet surface if and only if

doy =0, das = aq N as,
where a1 = Swi + Swa, az = Jwi + w2 and dH = uw; — vwsy. If we substitute
the relations
w1 = cosho (s)ds + sinh o (s) ¢ (s)dt, we =sinho (s)ds+ cosho (s)q(s)dt

and (4.1) into the exterior derivative of ay and asg, we verify the necessary and
sufficient condition of a timelike helicoidal surface being a timelike Bonnet surface.
The solution of the differential equation (4.6) can be obtained in a similar manner. m

REMARK 4.1. The ordinary differential equation (4.6) is equivalent to

aH

q(s) ‘TJS sinh 2¢ = constant,

where H is non-constant.
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