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ADDITION FORMULA FOR COMPLEMENTARY ERROR
FUNCTION WITH ASSOCIATED INTEGRAL REPRESENTATIONS

Leila Moslehi and Alireza Ansari

Abstract. In this paper, using the Mellin transform of parabolic cylinder functions we
present an addition formula for the complementary error function in terms of the Gaussian func-
tions. Also, some inverse Laplace transforms of the complementary error functions are shown and
new integral representations for the exponential integral and Bessel functions are given. Moreover,
the solution of diffusion equation in finite domain is presented in terms of the theta functions.

1. Introduction

In the literature, the error function (probability integral) [9]

Erf(z) =
2√
π

∫ z

0

e−x2
dx,

along with its complement (complementary error function)

Erfc(z) =
2√
π

∫ ∞

z

e−x2
dx,

have many applications in various branches of applied mathematics, such as prob-
ability, theory of errors, heat conduction and different branches of mathematical
physics [9]. In this paper, we intend to develop the literature review on complemen-
tary error function and find some new integral representations for this function and
other special functions. For this purpose, first by using the definition of parabolic
cylinder function [10, p. 328]

D−ν(z) =
e−z2/4

Γ(ν)

∫ ∞

0

e−zt−t2/2tν−1dt, <(ν) > 0,

and considering the complementary error function as a special case of it

D−1(z) = ez2/4

√
π

2
Erfc

( z√
2

)
, (1.1)
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we get an addition formula for the complementary error function. This formula is
obtained by applying the one and two dimensional Mellin transforms [10, p. 397]

M{f(x); s} = F (s) =
∫ ∞

0

xs−1f(x) dx,

M2{f(x, y); s, t} =
∫ ∞

0

∫ ∞

0

f(x, y)xs−1yt−1 dx dy,

and associated properties

M{f ′(x); s} = −(s− 1)F (s− 1),

M{f(ax); s} =
1
as

F (s), a > 0.

2. Main theorems

Before we state our results for the complementary error function, let us recall
the Mellin transform of parabolic cylinder function D−ν [10, p. 330]

M{e−x2/4D−ν(x); s} = π1/22−(s+ν)/2 Γ(s)
Γ
(
(s + ν + 1)/2

) , <(s) > 0, (2.1)

and find an integral addition formula for the parabolic cylinder function D−ν(a+b)
in special case of ν. In this sense, we use the approach of papers [1, 2, 13] for
obtaining our result. Also, see the papers [6, 7] for other addition formulas in
terms of the series representations for ν = n ∈ N.

Theorem 2.1. For | arg(a)| < π/2 and | arg(b)| < π/2, the following addition
formula holds for the complementary error function

Erfc(a + b) =
2
π

∫ π
2

0

e− csc2(θ)a2−sec2(θ)b2dθ. (2.2)

Proof. We employ the function e−(a+b)2/4D−ν(a + b) and set a = r cos2(φ)
and b = r sin2(φ) to get the two dimensional Mellin transform of this function as
follows∫ ∞

0

∫ ∞

0

e−(a+b)2/4D−ν(a + b)aα−1bβ−1 da db = B(α, β)M{e−r2/4D−ν(r); α + β}

=
Γ(α)Γ(β)π1/22−(α+β+ν)/2

Γ
(
(α + β + ν + 1)/2

) ,
(2.3)

where B is the beta function given by B(α, β) =
Γ(α)Γ(β)
Γ(α + β)

. Now, we consider the

following integral and intend to get the two dimensional Mellin transform of it

I =
∫ 1

0

xν/2−1(1−x)ν/2−1 d

dξ

(
e−ξ2/4D−ν(ξ)

)
ξ→ a

x1/2

d

dξ

(
e−ξ2/4D−ν(ξ)

)
ξ→ b

(1−x)1/2
dx.
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For this purpose, by using the definition of two dimensional Mellin transform we
have ∫ 1

0

xν/2−1(1− x)ν/2−1

{ ∫ ∞

0

d

dξ

(
e−ξ2/4D−ν(ξ)

)
ξ→ a

x1/2
aα−1 da

}

×
{ ∫ ∞

0

d

dξ

(
e−ξ2/4D−ν(ξ)

)
ξ→ b

(1−x)1/2
bβ−1 db

}
dx

=
Γ(α)Γ(β)π2−α/2−β/2−ν+1

Γ(α/2 + ν/2)Γ(β/2 + ν/2)

∫ 1

0

xα/2+ν/2−1(1− x)β/2+ν/2−1 dx

=
Γ(α)Γ(β)π2−α/2−β/2−ν+1

Γ(α/2 + ν/2)Γ(β/2 + ν/2)
B(α/2 + ν/2, β/2 + ν/2)

=
πΓ(α)Γ(β)2−α/2−β/2−ν+1

Γ(α/2 + β/2 + ν)
. (2.4)

At this point, in view of the relations (2.4) and (2.3) in special case ν = 1, we get

e−(a+b)2/4D−1(a + b) =

1√
2π

∫ 1

0

x−1/2(1−x)−1/2 d

dξ

(
e−ξ2/4D−1(ξ)

)
ξ→ a

x1/2

d

dξ

(
e−ξ2/4D−1(ξ)

)
ξ→ b

(1−x)1/2
dx,

which by using the relation (1.1) leads to

Erfc(a + b) =
1
π

∫ 1

0

e−
a2
x − b2

1−x
dx

x1/2(1− x)1/2
,

or equivalently, by setting x = sin2(θ) we have

Erfc(a + b) =
2
π

∫ π
2

0

e− csc2(θ)a2−sec2(θ)b2dθ.

Remark 2.2. Throughout this paper, we denote the function κ(θ) as κ(θ) =
sec2(θ) or κ(θ) = csc2(θ).

Using the above notation for κ(θ), we simplify the relation (2.2) for a = 0 or
b = 0, and derive an integral representation for the complementary error function
in the next corollary.

Corollary 2.3. For complementary error function, the following integral
representation holds

Erfc(a) =
2
π

∫ π
2

0

e−κ(θ)a2
dθ, | arg(a)| < π/2. (2.5)

Theorem 2.4. For | arg(a)| < π/2, the following representations hold for the
products of error functions

Erfc2(a) =
4
π

∫ π
2

π
4

e−κ(θ)a2
dθ, (2.6)

Erf(a) Erfc(a) =
2
π

∫ π
4

0

e−κ(θ)a2
dθ − 2

π

∫ π
2

π
4

e−κ(θ)a2
dθ. (2.7)
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Proof. First, we represent the error function Erf2(a) as a double integral on
the region 0 ≤ s ≤ a, 0 ≤ t ≤ a

Erf2(a) =
4
π

∫ a

0

∫ a

0

e−s2−t2ds dt,

and use the polar coordinates s = r sin2(θ) and t = r cos2(θ) to obtain

Erf2(a) =
4
π

∫ π
4

0

∫ a
cos(θ)

0

re−r2
dr dθ +

4
π

∫ π
2

π
4

∫ a
sin(θ)

0

re−r2
dr dθ

= 1− 4
π

∫ π
4

0

e−κ(θ)a2
dθ.

Now, by applying the relation (2.2) and using the identity Erfc2(a) = [1−Erf(a)]2,
we get the relation (2.6). Also, the relation (2.7) is obtained after a simple compu-
tation on identity [Erfc(a) + Erf(a)]2 = 1.

Theorem 2.5. For | arg(a)| < π/2, the following representation holds for the
cubic products of error functions

Erf3(a) + Erfc3(a) = 1− 6
π

∫ π
4

0

e−κ(θ)a2
dθ +

6
π

∫ π
2

π
4

e−κ(θ)a2
dθ.

Proof. By expanding the identity [Erfc(a) + Erf(a)]3 = 1 and applying the
relation (2.7), we get the result.

3. Identities involving the inverse Laplace transforms

In this section, using the results obtained in previous section we improve the
existing tables for the inverse Laplace transforms of the complementary error func-
tions. For example, see the handbooks [4, 12], [16, Sec. 3.7].

Theorem 3.1. The following representation holds for the inverse Laplace
transform of complementary error function

L−1
{1

s
Erfc

(√
s +

√
s− a +

√
s +

√
s− b

)
; x

}

=
2
π

∫ π
2

sin−1(2/
√

x)/2

ea sec2(θ)+b csc2(θ) Erfc
( 2[sec2(θ) + csc2(θ)]√

x− sec2(θ)− csc2(θ)

)
dθ. (3.1)

Proof. Using the complex inversion formula for the Laplace transform and
applying the addition formula (2.2) for the complementary error function, we have

L−1
{1

s
Erfc

(√
s +

√
s− a +

√
s +

√
s− b

)
; s

}

=
1

2πi

∫ c+i∞

c−i∞

[ 2
π

∫ π
2

0

1
s
e− sec2(θ)(s+

√
s−a)−csc2(θ)(s+

√
s−b)+sx

]
ds
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=
2
π

∫ π
2

0

ea sec2(θ)+b csc2(θ)

×
[ 1
2πi

∫ c+i∞

c−i∞

1
s
e−

(
sec2(θ)+csc2(θ)

)√
s+s

(
x−sec2(θ)−csc2(θ)

)]
ds dθ.

At this point, by using the fact that L−1{e−a
√

s/s;x} = Erfc(2a/
√

x), we simplify
the above relation as follows
2
π

∫ π
2

0

ea sec2(θ)+b csc2(θ) Erfc
( 2(sec2(θ) + csc2(θ))√

x− sec2(θ)− csc2(θ)

)
H

(
x− sec2(θ)− csc2(θ)

)
dθ,

where H is the Heaviside unite step function. Finally, the relation (3.1) can be
easily derived after a simple computation.

Theorem 3.2. The following relation holds for the inverse Laplace transform
of complementary error function

L−1{Erfc
(
(s− a)α/2

)
; x} =

2eax

πx

∫ π
2

0

W
(
− α, 0;−κ(θ)

xα

)
dθ, 0 < α < 1, (3.2)

where W is the Wright function given by [11]

W (γ, β; x) =
∞∑

n=0

xn

n! Γ(γn + β)
, γ > −1, β ∈ C. (3.3)

Proof. By applying the inverse Laplace transform on the function Erfc
(
(s −

a)α/2
)

and taking the relation (2.2) into account, we have

L−1
{

Erfc
(
(s− a)α/2

)
;x

}
=

2
π

∫ π
2

0

L−1{e−κ(θ)(s−a)α

; x} dθ.

Now, if we apply the inverse Laplace transform of function e−κ(θ)(s−a)α

in terms of
the Wright function

L−1{e−κ(θ)sα} =
1
x

W
(
− α, 0;−κ(θ)

xα

)
,

then we get

L−1
{

Erfc
(
(s− a)α/2

)
;x

}
=

2eax

πx

∫ π
2

0

W
(
− α, 0;−κ(θ)

xα

)
dθ.

Corollary 3.3. The following identities hold for the inverse Laplace trans-
form of complementary error function

L−1
{

Erfc
(
(s− a)1/3

)
; x

}
=

2eax

π

∫ π
2

0

2κ(θ)
3x5/3

e−(2/27)κ3(θ)x−2

×
[
3−1/3κ(θ)x−2/3Ai

(κ2(θ)x−4/3

34/3

)
− 31/3Ai′

(κ2(θ)x−4/3

34/3

)]
dθ,

(3.4)
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L−1
{

Erfc
(
(s− a)1/4

)
; x

}
=

eax

π3/2x3/2

∫ π
2

0

κ(θ)e−κ2(θ)/(4x) dθ, (3.5)

L−1
{

Erfc
(
(s− a)1/6

)
; x

}
=

2eax

π

∫ π
2

0

κ(θ)
31/3x4/3

Ai
(κ(θ)x−1/3

31/3

)
dθ,

(3.6)

where Ai(x) is the Airy functions of first kind such that [17]

Ai(x) =
1
π

∫ ∞

0

cos(xt + t3/3) dt.

Proof. If we use the following relation for the Wright function (3.3)
1
z
W (−α, 0;−z) = αW (−α, 1− α;−z),

and apply the following identities for the special cases of this function [3, 11]

W (−1/2, 1/2;−z) =
1√
π

e−
z2
4 ,

W (−1/3, 2/3;−z) = 32/3Ai(3−1/3z),

W (−2/3, 1/3;−z) = e−(2/27)z3
[3−1/3zAi(3−4/3z2)− 31/3Ai′(3−4/3z2)],

the relation (3.2) is simplified to the identities (3.4)–(3.6) for α = 2/3, 1/2, 1/3,
respectively.

Function Laplace transform
2
π

∫ π
2

0
xνκ(θ)−1

Γ(νκ(θ)) dθ Erfc
(√

ν ln(s)
)
, <(ν) > 0

2
π

∫ π
2

0

(
x

aκ(θ)

)(ν−1)/2
Iν−1(2

√
aκ(θ)x) dθ 1

sν Erfc
(

a√
s

)
, <(ν) > 0

2
π

∫ π
2

0
[ 1√

πx
e−κ2(θ)/(4x) − bebκ(θ)+b2x Erfc(κ(θ)

2
√

x
+ b

√
x)] dθ 1√

s+b
Erfc( 4

√
s)

x−ν−1

2ν−1/2π3/2

∫ π
2

0
e−κ2(θ)/(8x)D2ν+1(

κ(θ)√
2x

) dθ sν Erfc( 4
√

s)
2
π

∫ π
2

cos−1(1/
√

x)
J0

(
2 csc(θ)

√
x
)
dθ 1

s Erfc(
√

s + 1√
s
)

Table 1. The inverse Laplace transform of complementary error function

Using the relations (2.6) and (2.7) for the quadratic products complementary
error functions, all obtained results in this section can be rewritten for the func-
tions Erfc2(x) and Erf(x) Erfc(x). It suffices to replace the interval (0, π/2) with
(π/4, π/2) or (0, π/4) ∪ (π/4, π/2). For example, we can show the following corol-
lary.

Corollary 3.4. The following identities hold for the inverse Laplace trans-
form of the quadratic products complementary error functions

L−1{Erfc2(s1/4); x} =
2

π3/2x3/2

∫ π
2

π
4

κ(θ)e−κ2(θ)/(4x) dθ,
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L−1{Erf(s1/4) Erfc(s1/4); x} =
1

π3/2x3/2

∫ π
4

0

κ(θ)e−κ2(θ)/(4x) dθ

− 1
π3/2x3/2

∫ π
2

π
4

κ(θ)e−κ2(θ)/(4x) dθ.

At the end of this section, we conclude that the simple relation (2.2) enables
us to obtain various inverse Laplace transforms of complementary error functions
with complicated arguments. For example, we draw Table 1 for different forms of
complementary error functions and their inverse Laplace transforms. The necessary
relations for obtaining the results have been taken from [16]. Also, the notations

Jν(z) =
( z
2 )ν

Γ(ν + 1/2)Γ(1/2)

∫ 1

−1

(1− t2)ν−1/2 cos(zt) dt, <(ν) > −1/2,

Iν(z) =
( z
2 )ν

Γ(ν + 1/2)Γ(1/2)

∫ 1

−1

(1− t2)ν−1/2 cosh(zt) dt, <(ν) > −1/2,

are the Bessel function of first kind and the modified Bessel function of first kind,
respectively.

4. Integral representations for exponential integral and Bessel functions

Definition 4.1. The exponential integral function Ei is defined as [8, p. 883,
8.211.1]

−Ei(−s) =
∫ ∞

s

e−t

t
dt, s > 0.

Theorem 4.2. For all | arg(s)| ≤ π/2, the following representations hold for
the exponential integral function

−Ei(−s) =
1 + s

s2
e−s − 8

πs2

∫ π
2

0

K1(s
√

κ(θ)) dθ, (4.1)

−Ei(−s) =
2
π

∫ π
2

0

K0

(
s
√

κ(θ)
)
dθ, (4.2)

where Kν is the modified Bessel function of second kind [8, p. 917, 8.432(1)]

Kν(z) =
∫ ∞

0

e−z cosh(t) cos(νt) dt, | arg(z)| < π

2
or <(z) = 0, ν = 0.

Proof. By considering the relation (2.2) and using the following integral for
the error function [14, p. 106, no. 16]

∫ ∞

0

xe−
s2

4x2 Erfc(x) dx =
1 + s

4
e−s +

s2

4
Ei(−s), | arg(s)| ≤ π/2,

we get
1 + s

4
e−s +

s2

4
Ei(−s) =

2
π

∫ π
2

0

∫ ∞

0

xe−x2κ(θ)e−
s2

4x2 dx dθ.
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Now, using the following integral representation for the modified Bessel function of
second kind [8, p. 370, 3.478(4)]

∫ ∞

0

xe−βx2−γ/x2
dx =

√
γ

β
K1(2

√
βγ), <(β),<(γ) > 0,

we obtain (4.1). For the proof of relation (4.2), we begin with the following identities
[14, p. 106, no. 17], [8, p. 370, 3.478(4)]

∫ ∞

0

e−s2/(4x2) Erfc(x)
dx

x
= −Ei(−s), <(s) > 0,

∫ ∞

0

e−βx2−γ/x2 dx

x
= K0(2

√
βγ), <(β),<(γ) > 0,

to get

−Ei(−s) =
2
π

∫ π
2

0

∫ ∞

0

e−κ(θ)x2−s2/(4x2) dx

x
=

2
π

∫ π
2

0

K0

(√
κ(θ)s

)
dθ.

Theorem 4.3. For | arg(a)| ≤ π/2 and | arg(b)| ≤ π/2, the following addition
formula holds for the exponential integral function

−Ei
(− (a + b)

)
=

4
π2

∫ π
2

0

∫ ∞

0

Kiτ

(√
κ(θ)a

)
Kiτ

(√
κ(θ)b

)
dτ dθ.

Proof. Using the following relation for the addition formula of modified bessel
function of second kind [8, p. 749, 6.791(4)]

2
π

∫ ∞

0

Kiτ (a)Kiτ (b) dτ = K0(a + b),

and applying the identity (4.2), we get the result.

Theorem 4.4. The following relations hold for the Bessel functions

K1/4(s) = 2e−s

∫ π
2

0

κ(θ)e2sκ2(θ) Erfc
(√

2sκ(θ)
)
dθ, (4.3)

H0(s) = Y0(s) +
4
π2

∫ π
2

0

K0(s
√

κ(θ) + 1) dθ, (4.4)

where Y0 is the Bessel function of second kind [8, p. 914, 8.415(1)]

Y0(z) = − 2
π

∫ ∞

1

cos(zt)√
t2 − 1

dt,

and H0(z) is the Struve function of zero order given by [8, p. 942, 8.550(1)]

H0(z) =
∞∑

n=0

(−1)n(z/2)2n+1

Γ2(n + 3/2)
.
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Proof. Similar to the proof of previous theorem, we use the following integral
identities [15, p. 174, 3.7.2(17)], [15, p. 30, 2.2.1(15)]

L{Erfc( 4
√

x); s} =
1
s
− 1

2
√

πs3/2
e1/(8s)K1/4

( 1
8s

)
,

L{e−a
√

x; s} =
1
s
− a

√
π

2s3/2
ea2/(4s) Erfc

( a

2
√

s

)
,

to get the relation (4.3). Also, we use the following relations [15, p. 180, 3.7.4(13)],
[15, p. 31, 2.2.2(1)]

L
{ 1

x
e−1/x Erfc(1/

√
x); s

}
= π[H0(2

√
s)− Y0(2

√
s)],

L
{ 1

x
e−a/x; s

}
= 2K0(2

√
as),

to obtain (4.4).

5. Application to diffusion equations in finite domains

One of the important representations of addition formula for the complemen-
tary error function occurs in diffusion equations. We consider the following one-
dimensional diffusion equation in a finite medium 0 < x < a with the concentration
function u(x, t)

ut = κuxx, t > 0, 0 < x < a, (5.1)

u(x, 0) = 0, u(a, t) = u0, ux(0, t) = 0.

By applying the Laplace transform on the both sides of equation (5.1)

ū(x, s) =
∫ ∞

0

e−stu(x, t) dt,

and using the boundary conditions we get the solution as [5]

ū(x, s) =
u0 cosh(x

√
s/k)

s cosh(a
√

s/k)
,

which can be rewritten in the following form

ū(x, s) =
u0

s

ex
√

s/k + e−x
√

s/k

ea
√

s/k + e−a
√

s/k

=
u0

s

∞∑
n=0

(−1)n
[
e−
√

s/k[(2n+1)a−x] + e−
√

s/k[(2n+1)a+x]
]
.

Now, by applying the inverse Laplace transform, the final solution is given by

u(x, t) = u0

∞∑
n=0

(−1)n
[
Erfc

( (2n + 1)a− x

2
√

kt

)
+ Erfc

( (2n + 1)a + x

2
√

kt

)]
.
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At this point, we intend to present another representation for the above solution
in terms of the theta functions. We recall the definition of theta function [12]

θ(x, q) = 1 + 2
∞∑

n=1

(−1)nqn2
cos(2nx),

and employ the addition formula (2.2) to show the solution in a different form as

u(x, t) =
2u0

π

∞∑
n=0

(−1)n

∫ π
2

0

e−n2 csc2(θ)/(kt)

× [
e−(a−x)2 sec2(θ)/(4kt) + e−(a+x)2 sec2(θ)/(4kt)

]
dθ

=
u0

π

∫ π
2

0

[
θ(0, e− csc2(φ)/(kt)) + 1

]

× [
e−(a−x)2 sec2(φ)/(4kt) + e−(a+x)2 sec2(φ)/(4kt)

]
dφ.

Acknowledgement. We thank the anonymous referees for their careful read-
ing and constructive comments.

REFERENCES

[1] A. Ansari, An addition formula for parabolic cylinder function associated with Weyl frac-
tional derivative of Gaussian function, International Conference on Fractional Differentiation
and its Applications, Novi Sad, Serbia, July 2016.

[2] A. Ansari, Remarks on the Green function of space-fractional biharmonic heat equation using
Ramanujan’s master theorem, Kuwait J. Sci., accepted, 2016.

[3] A. Ansari, M. R. Masomi, Some results involving integral transforms of Airy functions, Int.
Trans. Spec. Func., 26, 7 (2015), 539–549.

[4] Yu. A. Brychkov, Handbook of Special Functions: Derivatives, Integrals, Series and Other
Formulas, Boca Raton, CRC Press, 2008.

[5] L. Debnath, D. Bhatta, Integral Transforms and Their Applications, Second Edition, New
York, Chapman and Hall, 2006.

[6] S. C. Dhar, On the product of parabolic cylinder functions, Bull. Calcutta Math. Soc., 26
(1935) 57–64.

[7] S. C. Dhar, N. A. Shastri, On parabolic cylinder functions, Philos. Magazine Series 7, 18
(1934) 401–405.

[8] I. S. Gradshteyn, I. M. Ryzhik, Table of Integrals, Series and Products, Seventh Edition,
New York, Academic Press, 2007.

[9] N.N. Lebedev, Special Functions and Their Application, New York, Prentice Hall, 1965.

[10] W. Magnus, F. Oberhettinger, R. P. Soni, Formulas and Theorems for the Special Functions
of Mathematical Physics, Berlin, Springer, 1966.

[11] F. Mainardi, Fractional Calculus and Waves in Linear Viscoelasticit, London, Imperial Col-
lege Press, 2010.

[12] F. W. J. Olver, D. W. Lozier, R. F. Boisvert, C. W. Clark, NIST Handbook of Mathematical
Functions, Cambridge, Cambridge University Press, 2010.

[13] N. V. Proskurin,Integral addition formulae for Airy function, Int. Trans. Spec. Func., 5, 1
(1997), 143–146.

[14] A. P. Prudnikov, Yu. A. Brychkov, O. I. Marichev, Integrals and Series, Vol. 2, Special
Functions, London, Gordon and Breach, 1993.



Addition formula for complementary error function 297

[15] A. P. Prudnikov, Yu. A. Brychkov, O. I. Marichev, Integrals and Series, Vol. 4, Direct
Laplace Transforms, London, Gordon and Breach, 1993.

[16] A. P. Prudnikov, Yu. A. Brychkov, O. I. Marichev, Integrals and Series, Vol. 5, Inverse
Laplace Transforms, London, Gordon and Breach, 1993.

[17] O. Vallee, M. Soares, Airy Functions and Applications to Physics, London, Imperial College
Press, 2004.

(received 08.04.2016; in revised form 26.07.2016; available online 20.08.2016)

Department of Applied Mathematics, Faculty of Mathematical Sciences, Shahrekord University,
P.O.Box 115, Shahrekord, Iran

E-mail : leilamoslehi@yahoo.com, alireza 1038@yahoo.com


