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ON THE CONTACT AND CO-CONTACT OF HIGHER ORDER
A. Mastromartino and Y. Nogier

Abstract. The unifying methodologies are based on the construction of ‘bridges’ connect-
ing distinct mathematical theories with each other. The purpose of this paper is to study the
relationship between the geometric and algebraic formulation of completely integrable systems of
order k and dimension n over a differentiable manifold, in terms of contact C*" M and co-contact
(C*™ MO of higher order, as seen in [A. Morimoto, Prolongation of Geometric Structures, Math.
Inst. Nagoya University, Nagoya, (1969)], to establish an equivalence between both formulations.

1. Introduction

In this article we establish equivalence between the notions of completely in-
tegrable systems of higher order, given in [6], in the geometric and algebraic for-
mulation, respectively.

Moreover, we clarify the concept of co-contact and the ideal associated with a
differential system (WW*)° on co-contact manifold and we show some examples.

Let M be a smooth m-dimensional manifold and C*"™M, n < m, the manifold
of contact elements of order k and dimension n over M [8]. Given an n-submanifold
S C M, we denote by C¥S a contact element of order k of S at = € S and by pk
the canonical projection over M. We put C%"M = M. There exists a natural
immersion

iV CRTL N — PO M), CETES - Ol gCFS

where C*S C C*™M denotes the n-submanifold in C*™ M, defined by the immer-
sion i* 1z € S C Mw— CkS e C*M.

Let JY¥(RP, M) be the tangent bundle of pF-velocities, i.e., the k-jets bundles
of curves mappings from RP to M with source 0 € RP. If p = k = 1, we have the
tangent bundle T M, and if p = 1,k = 2, we have the second tangent bundle T2 M,
and if p = 1,k > 2, we have the k-tangent bundle T*M.

2010 Mathematics Subject Classification: 53C15, 53B25
Keywords and phrases: geometric structures on manifolds; differential systems; contact
theory; co-contact of higher order.

89



90 A. Mastromartino, Y. Nogier

Moreover, J¥(RP, M) can be immersed in T(T*~'M) as the invariant set of
the canonical involution « [3, 4] and thus T*M = T(T*~1M).

We recall [4] that two n-dimensional submanifolds Sy, S2 C M have co-contact
of order k£ and codimension n in x € S; N Sy if the annihilator of the r-th order
tangent vector at x € Sy, denoted by (7751)°, coincides with the annihilator of the
r-th order tangent vector at € Sy, where r is an arbitrary integer with 0 < r < k.

The equivalence class of co-contact elements of an n-dimensional submanifold
S is called the co-contact element of order k£ and codimension n at x and denoted by
(CES)O. The set (C*"M)° of all co-contact elements of order k and codimension n
on M has a differentiable manifold structure induced by the local bijections between
coordinate neighborhoods of the manifold C*™M.

Denote by (pF)? : (CES)? € (CF"M)° — (C7S9)° € (C™"M)°, the canonical
projection, with 0 < r < k and (C%"M)° = M. By a differential system of order
k and dimension n in (C*"M)°? we mean an imbedded submanifold (W*)° c
(CEnM)Y. The solution of a differential system (W¥)? in a point (X£)° € (W*)°
is an n-dimensional imbedded submanifold S C M, with zo = (p§)°((X%)?) € S,
such that (CES)? € (W*)°, z € S and (Ck 9)° = (X§)°.

The differential system (WF)°, of order k and dimension n in (C*"M)° is
completely integrable in a given point (XF)? € (W*)°, if there exists a solution
S C M at (X})°.

If (p¥_,)° is an immersion in a neighborhood (U*) of (X*)% then it was proved
in [5] that there exists an ideal defined in an open subset (U¥~1)0 of (Wk=1)0 =
(pk_)°(WF)0, such that this ideal is locally generated by independent 1-forms in
(UF=1)0. The ideal associated with the differential system (W*)? is denoted by
y(Wk)O.

In this paper we clarify the concept of co-contact and the ideal associated to
the differential system (W*)° and we show some examples. Moreover, we show
that necessaries conditions of integrability over (W*)? and W* are “equivalents”.
In Sections 2 and 3, we recall briefly, as seen in [4, 5], the geometric formulation
(contact theory) and the algebraic formulation (co-contact theory) of differential
systems completely integrable but we clarify the concept of co-contact and the ideal
associated with the differential system (W*)0.

In Sections 4 and 5, some preliminary notions are introduced and studied and
the main theorems (Theorem 4.3, Theorem 5.3) are formulated and proved in terms
of differential systems and in terms of ideals respectively.

2. Contact theory and integrable systems

Let (M, N, p) be a fibred manifold with total space M, base M, projection p,
dimM =m,dim N =n, zg € N and k an integer, k > 0. Two sections f, g whose
domains contain zg are k-equivalent at zq if there is some fibred chart z = (z;, 27)
in zg, with 1 <7 <n, n+1 < j < m, such that the r-partial derivatives, 0 < r < k,
of f and g coincide at g, i.e., 0" f/(xg) = 0"¢g’(x0) where fI = 27 o f (resp.
g’ = 27 0 g) is the expression of f (resp. of g) in terms of (z;,27).
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The equivalence class of f, denoted by j’;o f, is called a k-jet of f at zy. We
denote by J*¥M the differentiable manifold of all k-jets of sections of (M, N, p) and
by J;foM the set of k-jets at xyp. We shall define the jets of curves through xg, by
which we henceforth mean smooth functions f : R — M such that f(0) = xo.

Let f and g be a pair of curves through zy. We will then say that f and g
are equivalent to order k at xg if there is some neighborhood U of z(, such that,
for every smooth function ¢ : U — R, j¥ (p o f) = j¥ (¢ o g). This equivalence
relation is sometimes called the k-th order contact between curves at xg.

We now define the k-jet of a curve f through xg to be the equivalence class
of f. The k-th order jet space J& (R, M),, is then the set of k-jets of curves at z.
As xg varies over M, JE(R, M),, forms a fibre bundle over M and the k-th order
tangent bundle, often denoted in the literature by T*M, the k-th order tangent
vectors on M.

Two k-jets, j’;o 1 jfog € Jg’jOM are equivalent at x if there exists an invertible
k-jet jlgoh € JfON, with h : N — N, such that jlgof = jg’jog Oj’;Oh = j’;og o h.
An equivalence class is called the contact element of order k& and dimension n at
f(wg) € M. The set of all contact elements of order k at x is denoted by C¥" M,
and C*™M denotes all the k-contact elements of sections of (M, N, p).

Let S C M be an imbedded n-submanifold, then the tangent space TS in
x € S defines a local fibration (V,U,p) at © € M such that S is the images of a
cross section f and the fibred chart (V,z = (x;,27)) satisfies z; o f = &;, where &;
are the canonical coordinates in R™.

A coordinate neighborhood at X* = CkS is given by
o , o _
(Vxre = C*V, (zi,27,p])),  pl, (Crg(U)) = mgj(l")’

where I, = (i1,...,14,) is an ordered r-uple of integers {1,...,n}. The set Vxr of
all k-contact transversal manifolds of (V,U, p) is called the chart associated with
Xk =CFg.

The manifold structure on C*™M is given by all coordinate neighborhoods
(Vxr, (zi, 27, p7 ), Xk e Ckn M. With this differential structure the natural pro-
jections,

b C*S e CP "M vz e M, pF.CFSw— CIScCm"M
are submersions, and the natural injections
*rxe S CpS, iYL COPtS o Chyg(CRS) € CHH(CRM)
are immersions, moreover, the natural immersion i""* makes it possible to identify
Cyt1S = Chrg(CPS) = Teus(CFS).

By a differential system of order k and dimension n in C*"™M, we mean an
imbedded submanifold W* c C*"M. A solution of a differential system W* at
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X* € WF is an n-dimensional imbedded submanifold S C M, with z = pk(X*) €
S, such that C*S Cc W* and CFS = X*. A system WP is completely integrable if
for each X* € W* there exists a solution S C M passing through X*.

The first prolongation of a submanifold W* C C*"M is defined by Olver [7
as PWF = CLrWknCFHLn M| where C*T17 M is identified with its image by i'*
in CLn(CFM).

THEOREM 2.1. [4] Let Wk € C*"M be an imbedded submanifold and X* €
WF such that the following conditions are satisfied:

1) pf_, : Wk — CF=L"M is a local immersion in a neighborhood of X* € W*;
2) pZH : PW¥* — W¥* is a local submersion in a neighborhood of X*.

Then Wk is completely integrable, that is, there exists a solution S C M of the
differential system W* passing through X*. Moreover, if S is another submanifold
of W* passing through X*, then there exists an open set A C M, x = pk(X*) € A,
such that SN A =5nN A.

Let C1™(C*"M) be the manifold of all contact elements of order 1 and di-
mension n, of n-submanifolds S € C*™M, such that the natural projection pé’k
restricted to S over M, has a maximal rank. The manifold C*"(C*™M) is embed-
ded in C*"(Ck" M), and the natural immersion

i ORI M — Y (CR M), CEFS s Ol gCF S (2.1)

is an embedding.

3. Co-contact manifolds and higher order differential systems

Let S € M be an embedded n-dimensional submanifold of M and f : R — M
be a local parametrization of S and a maximal rank. Given an n dimensional
subspace T,S C T,, M we will denote by (7},S)° the set of one-forms w € Q(C%" M)
on the contact bundle C®"M = M of order k = 0, which annihilate 7,5, i.e.,
i*w =0, where i : S = im(f) — C%"M is the natural inclusion map.

Now we will denote by (T:25)" the set of one-forms w € Q(CY"M) on the
contact bundle C1" M of order k = 1, which annihilate T2, i.e., i*w = 0, where
the map 4 : C1S < CY"M is an embedding. At each point 2 € S the annihilator of
tangent space of (T¥S) denoted by (T¥S)? is the set of one-forms w € Q' (Ck~1m M)
on the contact bundle C¥~%"M which annihilate TS, i.e., i*w = 0, where i :
CF=18 < C*=1 M is the natural inclusion map.

We say that two n-dimensional submanifolds S1,Ss have co-contact of order
k and codimension n in x € S NSy if the annihilator of the r-th order tangent
vector at x € S7 coincides with the annihilator of the r-th order tangent vector at
x € Sa, ie, (TrS1)? = (T7S;)° where r is an arbitrary integer with 0 < r < k.
The equivalence class of co-contact elements of an n-dimensional submanifold S is
called the co-contact element of order k and codimension n at z and denoted by

(CyS)°.
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Let us also denote by (C*™M) the set of all co-contact elements of order k
and codimension n over M, and put (C*"M)° = M. Let (X*)° = (C*9)° be a
co-contact element in (C*"M)°, and consider a local coordinate system (V,¢ =
(r;,27)),1<i<n,n+1<j<m,at x € M, such that {dz;} generates T} S.

Consider (V, U, p), a local fibration of V associated to S and V¥, (V¥)° open
set defined as

Yk — cky, (VEYO = (Ck VY.
Then the map
Uy VE— (V5 Crg(U) = (Crg(U))° (3.1)
is a bijection.
Moreover, if Y* = C¥g(U) is defined in coordinates as Y* = (z;, acﬂpi) with
1 <r <k, then (Y*)? is generated by one-forms defined as follows

n
o=~ S dn a1 SiEm 0SrSkol
=1

where dpJI-0 = dx’, and I,.,i denotes the ordered (r + 1)-uple of integers {1,...,n}
given by the set {i1,...,4,,i}. These one forms, are contact forms on (Y*)? i..,
i*w = 0 and the map W¥ allows us to define a differential structure on (C*"M)°.
A coordinate neighborhood at (X*)? = (C*S)? is given by ((V¥)°, x;, 27, (p}r)o)7
where (p} )°(Y*)? = w] (Y Y)(v,,_,)) with (v ,_,) basis of Tys—1(CF1M).
With this differential structure the natural injection, (%) : S «— (C*"M)° is
given in coordinates as
YO (. fd j i _ i\~ O
(1) (@, [ (24)) = (@4, [P (1), (p7,)" = w7, = dpy, — Z

s
i=1

dx;
al']hi * )
where 0 <7 <k —1and f(U) = S. Moreover, (i*)? is an imbedding and (i*)°(95),
denoted by (C*S)?, is a regular submanifold of dimension n. The natural projection
(pF)0: (CFn MO — (O™ M)? with 0 < r < k is a submersion.

Let (CY(C*"M)°)° be the manifold of all co-contact elements of order 1 and
codimension n, of n-submanifolds S° C (C*" M), such that the natural projection
(p(l)’k)o restricted to S over M, has a maximal rank.

REMARKS 3.3. 1. Let (X*T1)0 = (C*+16)0 ¢ (C*+1.2M)%. Then we have the
natural identification

Tin50(CH8)° = (IM)0(CEH18)° € (Cldh g0 (CH" M),

2. Note that generally pj{Ikil’il}’i #* pilk717

i},i1”

3. Let i%* be the natural immersion given in (2.1) and \Il%,’lC be the map defined
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as C4,SF — (C}

(Xk)U(Sk)O)O. Then the following diagram

il,k()
(CkJrl,nv)O( ) (Cn (CRmY)0Y0

wir | [y
Ck+1,nV Cl,nck,nv

ilik

is commutative.

4. Any section local F': U - R —V C M can be prolonged to a smooth map
(CEYOF : {z = (C () S)° = dF] — Y1) 2 day} with F} = 2" and where

i=1 Oxr,_, ozr, ,

0<r<k—1, F(U) = 5. Note that (C*)OF satisfies (p§)°0(C*)°F = idy.

DEFINITION 3.4. By a differential system of order k£ and dimension n in
(C*"M)° we mean an imbedded submanifold (W*)? c (Ck"M)°. A solution
of a differential system (W*)° at (X*)° € (W*)? is an n-dimensional imbedded
submanifold S C M, with x = (pf)°((X*)%) € S, such that

(*)°(8) = (C*9)* ¢ WF)? and (C39)° = (X)".

EXAMPLE 3.5. Let (M™,N™, p) be a fiber manifold with local coordi-
nates at ¢ € M (z;,27) and (C*"M)° the k order co-contact manifold. If
(VF)O, (WF=2)0 (pk_,)0) is a local fibration and ® : (V*=2)° — (V*)0 is a local
section of the special form (C1)°F with F : (V¥=2)0 — (VF=1)0 then ®(V*~2)0 is
a subspace of T*(C*~1" M) generated by one-forms

DEFINITION 3.6. The first prolongation of an n-submanifold (W*)?
(CkmM)0 is defined as

P(Wk)o — (Cl’n(Wk)O)O N (CkJrl.,nM)O’
where (CF+1.7 )0 is identified with its image by (iV)? in (C1™(C*™M)9)O.

PROPOSITION 3.7. [4] Let (WF)? C (C*"M)° be an imbedded submanifold,
and let (X*¥)0 € (WF)0, (V,U, p) be a local fibration at x = p&(X*) associated with
(X*)0. Suppose that (po (p§)?)|(wyo is a local submersion on U. Then

(CET18)° € P(WF)? = (Ticrsy0(C*S)%)0 € (Ticn gy (WF)?)?,
(PWk)O N (QkJer)O — (QkJer)O N (Cl’n(Wk)O)O.
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PROPOSITION 3.8. [4] Let Wk C C*"M be an imbedded submanifold passing
through X* and (W*)0 c (C*"M)° be its annihilator. Let (V,U,p) be a local
fibration at x = p§(X*) associated with (X*)° and \I!%/lc the map defined as

CxrS* € CVCMMV o (Clxiyo (S7)°)°.
Then Z € PW* if and only if U;F(Z) € P(Wk)O.

4. On the equivalence problem and integrable systems

Let W* c C*"M be a differential system and (X*) € W* be a contact ele-
ment, (V,U, p) be a fiber manifold associated and (X*)0 = (wk)~1((X*)), where
WY is given in (3.1). Let ((V¥)°, (p7)%), (V¥,p].) be coordinate systems at (X*)°
and X* respectively and let (F''),..., (F*) be smooth functions defined in a neigh-
borhood of X* such that

W AWr={(¥") e V") (FH((YF) = = (F*)((YF)) = 0}

DEFINITION 4.1. The differential system (W*)° generated by (F7)° = FJ o
(U%)~1 in a neighborhood (V*)? of (X*)? is called the associated differential system
at Wk,

DEFINITION 4.2. Let W* c C*"M be a differential system. We say that the
system WP is completely integrable, if the following conditions are satisfied:

1) The map pf_, : W* — C*=L2 M is a local immersion in a neighborhood
of (Xk) e Wk.

2) The map pyt* : P(W*) — W* is a local submersion in a neighborhood of
Xk,

THEOREM 4.3. Let W* be a differential system in V¥ and (W*)° be the asso-
ciated differential system in (VF)°. Then (WF)0 is completely integrable if and only
if Wk is completely integrable.

Proof. Let (X*) = (CkS) be a co-contact element, and let (V,U,p) be a
fiber manifold associated, (X*)° = (¥%)((X*)), where ¥¥ is given in (3.1). Let
(VF)°, (pjl's)o), (Vk,pzs) be coordinate systems at (X*)? and X* respectively, and
(F1),...,(F?®) be smooth functions defined in a neighborhood of (X*) such that

VHNWE={(Y") e V") : (F)((YF) = - = (F*)((Y")) = 0}

Let
C'V =V F = (F) 0wy,

and the differential system (W*)? of order k in (V¥)° be generated by (F7)°. We
shall verify that (W) satisfies the conditions of Definition 4.2.
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Consider the commutative diagram, given in Proposition 3.2.

k+1

Pt Ty (VE+1)0
p£+1JV l(pllerl)O
Vk (Vk)O

L4

p’li—lJ/ l(l)’lzfl)o

Vk—l (Vk—l)O
oht

Now, as by hypothesis (pf ;) : W¥ — (C¥=1" M) is a local immersion, then
(k1) (WO R () — (1A

is also a local immersion, and Condition 1 of Definition 4.2 is verified.

To verify that (pf™1)%: P(W*)? — (W*)® is a local submersion we consider
the commutative diagram given in Remark 3 of 3.3,

(il,k)o

(CkJrl,nv)O (Cl,n(ck,nv)O)O

k+1 1,k
\I}V ’;‘T T:\PV

Ck+1,nV - Cl,nck,nv

ilk

where
(i) : C3 1S € CMIV v Oy 5(CFS) € CH(CV)

and (i1*)° are immersions and the map

U CxaS™ 1 (C (e (8M)9))°

is as seen in (3.1). Using Proposition 3.8 we have
Z e PW* «— wiH(Z) e (CYm(WR)0 N (CFH1my)0 = p((Wh)?),
and hence Uy"(PWF) = P((W*)9).
Now, by hypothesis, (pf™!) : P(W*) — W* is a local submersion and
Uy optt = () o wpt

Consequently,

(,OZH)O . P(Wk)o . (Wk)O
is a local submersion, and Condition 2 of Definition 4.2 is satisfied. Hence the
differential system W* is completely integrable.

The proof of the converse is similar. m
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5. On the equivalence problem in terms of ideals

If M is a smooth n-dimensional manifold then we denote by dj the dimension
of (C*nM)® and by F2(M) the algebra of smooth functions on (C*"M)°. The
Lie algebra over R with respect to the commutator product [X,Y] in the set of all
vector fields on (C*™ M) is denoted by ZF(M).

An ideal Y in E*(M) is called a differential ideal if it is closed under exterior
differentiation, that is d)) C ).

Let QY (C*"M)° be the algebra of all smooth i-forms on (C*"M)°. The set
of all differential forms on (C¥"M)? is denoted by Q*(C¥"M)% and it has the
structure of a module over the ring .7-',8 with respect to the operation of wedge
product.

Consider an n-dimensional distribution
TF:(CF"M)° 3 0F s T € Ty (CFM)°.
Denote by 7ZF(M) C Z¥(M) the submodule of vector fields lying in 7% and
T ={we Q' (C*" M) |ixw=0X € T=F (M)},
where ix is the inner product.

PROPOSITION 5.1. [5] If (pf_,)° is an immersion in a neighborhood (U*)° of
(X*)O then there exists an ideal denoted by Y(W*)? and defined in an open subset
(UE=10 of (WE=1)0 = (pF_)O(W*)°, such that it is an ideal locally generated by
independent 1-forms in (UF~1)0.

The ideal Y(W*)? is called the ideal associated with the differential system
(WH)°.
Furthermore, we have the following theorem.

THEOREM 5.2. [5] The projection (pf™)° : P(W*)? — (Wk) is a local
submersion on a neighborhood of (X*)° € (WF)? if and only if Y*(W*)? is a
differential ideal.

Now, the problem of equivalence in terms of ideals is terated in the following

THEOREM 5.3. Let WF be a differential system in V¥, X* € W* and (WF)°
be the associated differential system (VF)° with (X*)0 = Wy (XF) € (W),
Suppose (W*)0 is transverse to the fiber Fxr. Then YF(WF) is a differential ideal
if and only if Y* (W) is a differential ideal.

Proof. Let (X*)? e (WF)0. As (W*)? is transverse to the fiber Fyx there exist
an open subset (U*)? of (X*)? and function F} defined on neighborhood (U*~1)°
of (pk_)°(X*)? such that

(p7,)" = F{ (w27, (p}_)°).
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Now if Y*(W*)? is a differential ideal, then we have by Theorem 5.2 that the map
(pETH0 . P(WF)? — (W*)? is a local submersion in a neighborhood of (X*)°.
Moreover, the ideal *(W*)? is an ideal locally generated by one-forms

n

Wi =dp) =3 F] dw,  1<r<k-1
i=1

and by its exterior derivative dw?r on (UF1)0 = (pr_)O(U*)°.

This one-form and its exterior derivative are annihilates by the n-distribution:
Th=1 = {L(Xk—l)o S T(Xk—l)o(ck_l’nM)o | (Xk_l)o S (Uk—1)07wi‘((Xk—1)O) = 0}

where dpJI‘0 = da7, I,,; denotes the ordered r + 1-uple of integers {1,... ,n} given
by the set {i1,...,i,,i}, and 0 = ((p§_1)0)71|(Uk—1)0 is the section of the fiber
bundle ((U*)% (U*1)% (pf_,)°) defined by

o((zisa?, (p7,)")) = (@i 2’ (p7,)°, F] (23,07, (p7,)%))
Thus, (p¥_,)° is an immersion on (U*~1)% and hence (W*)? is completely inte-

grable.

Now, using Theorem 4.3, Proposition 5.1 and Theorem 5.2, we have the proof
of the theorem. m

REMARK 5.4. Let (W*)? be a differential system in (V¥)° and W* the as-
sociated differential system in V¥ determined by ¥}, and i : Wy, < (C¥"M) the
embedding.

Now, consider the pull-back i*(w;r), where w}'r are one-forms of contact on
CFn M. Then the differential ideal ¥ (W*)%, can be considered as the ideal locally
generated by i*(wi) with the diffeomorphism W%, i.e., (wi) = d¥Y, 0 (wi).

EXAMPLE 5.5. Let (W1)°? C (C12M)° be the differential system determined
by the one form
w = dy — (y.dz — ®dt) € Q* (M),

where @ defines the differential system W' associated at (W1) i.e.,
W= {y; = ®(,1,y,9,)} C (CT*M).

The differential ideal Y*(W1)? C Q(W;) is generated by the one form w and its
exterior derivative

dw = dy, Ndx — ®ydy A dt — @, dy, A dt.

Suppose that (p§)° : (CH2(W1)9)0 — ((W1)9) is a local submersion on a neighbor-
hood of (X1)° € (W1)?).

Consider ((X1H)1)? € (CL2(WH)0 such that (ph)°((XH)1)° = (X1)° and
(XDt e Cc12(Wh), X1 € W the associated contact of ((X1)!)° and (X1)°, re-
spectively.
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Now, let Dx1 C Tx1W"' be a two-dimensional subspace, transversal to the
fibre over (X1') € W1, such that w(X')(Dx1) = 0. This two-dimensional subspace
is generated by two vectors w; and ws of the forms

Txli(wl) =0, + yway + alayw + blayt

and
T ,i(wz) = O + y:0y + a20ys + b20y;

since Dx1 C T, W' is transversal to the fibre over (X') € W'. As the one-form
w annihilates Dx1, then the tangency condition is given by

i* (dw(X 1) (wy,ws)) = 0.
Moreover the components of fibre of this vectors are
ar = Puz, a0 = Py, by = Py, by = Py,

thus we have the system of equations

From this it follows that
by — @, (X1)a; = —L1(®)(X1)
by = @y, (X)az = —Ly(®)(X")
by —azy =0

where L¥ are the contact field defined by

m ar
A .
var S Y2
j=n+1 1, 9PI1,
where 1 <r < k.
Using the formal derivative
m 8T .
_ J
Di =00+ ) ZWPIW
j=n+1 1, 9P1,

where 1 < r < k, we know that
Yo = Dy ® = L%(CI)) + Yot Py,

and hence y,; and y; are determined for a value of vy,

Then, to find the solution space of this system, first identify a3 = 9., and then
use the above relationships. Thus, we have that y;, = as = b1 = Y+ and a1 = Yz
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and consequently ®;, = ®,, and from this it follows that the vectors w; and wo
are the forms:
TX1 l(wl) = 0: + yacay + ymmaym + yztayt

T, i(w2) = 0t + Y:0Y + Y120y + y1:0Ys

The condition i*(dw(X*!)(wy,ws)) = 0 shows that ®;, = ®,; and that a local
section v € T,c(p) exists such that i'y(x) = X'. Hence T, (im(i'y)) is generate
by the vectors T’ ,i(w1) and T, i(wa).

Consequently, (X1)1)? € P(W1)? and the map (p?)° : P(WH? — (W)Y is
a local submersion in a neighborhood of (X*)? and D1 is an integral element. m
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