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STRONG MIXED AND GENERALIZED FRACTIONAL CALCULUS
FOR BANACH SPACE VALUED FUNCTIONS

George A. Anastassiou

Abstract. We present here a strong mixed fractional calculus theory for Banach space
valued functions of generalized Canavati type. Then we establish several mixed fractional
Bochner integral inequalities of various types.

1. Introduction

Here we use the Bochner integral for Banach space valued functions, which is a direct
generalization of Lebesgue integral to this case. The reader may read about Bochner
integral and its properties from [2,6,7,9-12].

Using Bochner integral properties and the great article [12], we develop a right
and left generalized Canavati type, [8], strong fractional theory for the first time in
the literature, which is the direct analog of the real one, but now dealing with Banach
space valued functions.

In the literature there are very few articles only about the left weak fractional
theory of Banach space valued functions with one of the best [1].

However we found the left weak theory, using Pettis integral and functionals,
complicated, less clear, dificult and unnecessary.

With this article and [4, 5] earlier, we try to simplify matters and put the related
theory on its natural grounds and resemble the theory on real numbers.

2. Main results

Here C ([a, b] , X') stands for the space of continuous functions from [a, b] into X, where
X is a Banach space.
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G. A. Anastassiou 177

All integrals here are of Bochner type. By [4], we have that: if f € C ([a,b], X),
then f € Ly ([a,b],X) and f € Ly ([a,b], X ). Derivatives for vector valued functions
are defined according to [11, p. 83], similar to numerical ones.

We need the following reverse Taylor’s formula:

THEOREM 2.1. Letn € N and f € C™([a,b],X), where [a,b] C R and X is a Banach
space. Then

fla)= i & - D) ) 1) + #), /b a7t @) (2)

— (n—1)!

Proof. We consider

n—1 i
Clearly F € C([a,b],X) and F (a) = f (a), with F (b) = > =" ¢ (p). Further-
0

more it holds
n—1
a—1x)

F @) = S @), Yo e o,

and F' € C ([a,b],X).
By the Fundamental Theorem of Calculus for Banach space valued functions and

Bochner integral, see [12], we get F (b) — f F’(t) dt. That is we have
n—1 b n—1
@0 oy~ = [ O
> f(a)—/a 0 e
(="
e A e el AICE )
proving (2). U

THEOREM 2.2. Let f € C ([a,b],X). Then the function

/f dr = — /f dr, Vt€[a,b]

is continuous and F’ ( ),V tela,b], ie. FeC'(a,b],X).

Proof. Let a <t <ty <b. We have that

F(ti—f’(to) @ . / f(7) dr (see [2, p. 426, Theorem 11.43))
_— -

1 fo 1
= to) dt
to—t J; /(o) Tt

/t ) = (1) dr

1 to

_f(t0)+ﬁ [f (1) — [ (to)] dr,
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where
1
to—t

<[ ro-rwilar
< max 17 (7) = ] (o)) =0,

t<7t<to

/t () — £ (to)] dr

as t — tg, since f (t) is continuous at tg.
Thus there exists F' (to) = f (t9), for any to € [a,b]. By [11, p. 83], now F is
continuous. U

THEOREM 2.3. Let g € C ([a,b],X), where X is a Banach space, n € N. Then

00 = o ([ o a)”

_ (7(1‘_1)17;! (/tb (=" g (2) dz) " i la,b].

Proof. We apply Theorem 2.2 repeatedly. We consider the function

£(6) :/bt(/btl (b/"tg (b/btn_lg(:n) dtn> dtn1> > dtQ) dty
o (P saoa) - Jojor)

YV t € [a,b]. Hence it holds

f)= /bt (/btl ( .. (/th g(tn_1) dtn_1> dtn_2> ) dt,
=(-)"! (/tb (/:(. . </t:29(tn1) dtnl) dtng) ) dt1>,

YV t € [a,b], etc. Continuing, similarly, we get

F02) () = /bt (/bt g (k) dt2> dty = (=12 (/tb (/:g(m dtg) dt1>,

YVt € [a,b], and

t b
fn-) (t):/b g (t) dt1=—/ g(t) dtr, Vi€lab.

Finally, we have that f) (t) = g(t), YVt € [a,b]. Clearly f € C"([a,b],X) with
f@ () =0, fori=0,1,...,n—1.
By Theorem 2.1 now we obtain

0=,

/b (t— 2" 0 () dz,

1 t (n)
and finally f™ () = </ (t—2)""" M (2) dz) , Vitelab],
"\Jb

proving the claim. U
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DEFINITION 2.4. Let f € C ([a,b],X), where X is a Banach space. Let v > 0, we
define the right Riemann-Liouville fractional Bochner integral operator

v 1 ’ v—1
(Jb_f) (z) == ) /z (z—2)""" f(2) dz, VY x€]la,b],

where T' is the gamma function.

In [5], we have proved that (J/_f) € C([a,b],X). Furthermore in [5], we have
proved that

JUJE f=Jrr = T Y,
for any p,v > 0; any f € C([a,b], X).

LEMMA 2.5. Let f € C ([a,b],X), v>1, n=[v] ([] integral part), o« = v —n. Then

(T h) @)™ = (~)F = (@),
k=0,1,...,n—1. Also
(Ff) @)™ = (=" f (2), ifa>0,
and
()™ = (1" ifa=0. (4)
Proof. We notice that
(1) @)™ = (DEIf) (@) = (DRIE T4 ) (@)
= (D" (IR0 (@) = (1" (B2F) (@),
k=0,1,...,n — 1, where I is the identity operator. If & > 0, we get
((Ff) @)™ = (D" 1) (2) = (D"Ji+" f) (=)

= (D"J_Jg_ f) (@) = (=1)" (LT f) (2) = (=1)" (S f) (=)
Equality (4) is obvious by Theorem 2.3. O

THEOREM 2.6. J_ : C([a,b],X) = C([a,b],X), v>0,is I-1.

Proof. Let f € C(la,b],X) such that J/ f = 0. If 0 < v < 1, then J! f =
JE7VJY f =0, hence J!_f =0. That is by Theorem 2.3, (—1) f = (Jbl_f)/ =0, and
f=0.

Ifnow v > 1, then v =n+a, (wheren=[v], a:=v—n,n>1,and 0 < a < 1).
If @ = 0, then J f = 0, hence by Theorem 2.3, (—1)" f = (Ji £)™ =0, so that
f=0.

If a > 0, then

T (T f) = prep=Jy f=0

Hence by the first case of this proof we get J;* f = 0. And as in the second case of
this proof we get f = 0. The proof now is complete. U
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DEFINITION 2.7. Let v > 0, n:= [v], a = v —n, 0 < a < 1, v ¢ N. Define the
subspace of functions

Cy_ (o8], X) i= {f € C" ([a,1], X) : JI=°f™ € € ([a,8], X) }

Define the Banach space valued right generalized v-fractional derivative of f over
[a, b] as
!/
Dy_f = (1" (S20F ™)
Notice that

b
B @) = e [ G0 S0 @)
exists for f € C}_ ([a,b],X), and
o n—1 b
(D;:_f) (I) = I(‘(ll)—a)dc.l%“/ (z — x)_a f(n) (z) dZ,
ie.
_1\n—1 b
(Dy_f) (z) = 1“((nl>z/+1)jx/ (z—2)" 7" f" (2) d.

If v e N, then « =0, n = v, and
(Dy_f) (z) = (Dy_f) (@) = (~=1)" £ ().
Notice that Dy _f € C ([a,b],X).

We give the following right fractional Taylor’s formula.

THEOREM 2.8. Let f € C}_([a,b],X), v >0, n:= [v]. Then
1) If v > 1, we get

n—1 (k)

f(x) = Z / k!(b) (x — b)]~C + (J_Dy_f) (z), Yaz€lab]. (5)
k=0
2)If0<v<1, we get
f@)=J Dy f(z), Vaxelab. (6)
We have that
1 .

KDL @) =g [ G (DL () e Vaeld (0

Proof. Let f € C}_([a,b],X). We see that

b b
RDY5) @ = [ (0 1) @) ds =1y [ () ) e
= (0" (B ) ) = (B ) @)] = (A @),
That is
T (@) = (<) T (DY) (8) = (<1)" B2 (i (DE-f)) ().
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Hence since J}~* is 1-1 we get f(™) (z) = (—1)" J¢ (Dy_f) (z). Consequently
T £ (@) = (1" J- T (Dy-f) (@)
= (=1)" 7 (Dy_f) (z) = (=1)" J;_ (Dy_f) (z) -
That is
T ) (@) = (=1)" Iy (D f) (). (8)
Let now v > 1, hence n > 1, n € N. By Theorem 2.1 we have that

TN Gl O /:@c—t)“fwt) i

£l (n—1)!

7(_]_)” b 71,77.71 (n) _ (_1\" n r(n) T
F(n)/m(t )" () dt = (—1)" TP f ) ()

O (12 g (DY_f) (2) = Ji_ (DL f) ().
That is

FO ) = B (Dy_f) (@), ¥ € ab],

proving (5).
If 0 < v <1, then n =0. Then by (8) we get
flz)=Jy_(Dy_f) (z), ¥z €lab],
proving (6). The theorem is proved. O
COROLLARY 2.9. Let f € CY_([a,b],X), v > 1, and f (b) =0,i=0,1,...,n— 1.
Then
fx)=(-Dy_f) (@), Vaelal.

We give the following Taylor’s formula:

THEOREM 2.10. Let n € N and f € C" ([a,b],X). Then

n—1 - 7 ) b
10 =Y 0@+ s [ - ) @) d

il
i=0

Proof. We consider
e

7!

@ (), z€la,b].

n—1 i
Clearly F € C ([a,b],X) and F (b) = f(b), and F(a) = Y. Y= £ (4). Further-
1=0

more it holds

F @)= S 1 @), e o,

and F' € C ([a,b],X).
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By the Fundamental Theorem of Calculus for Banach space valued functions and
Bochner integral, see [12], we get

b
F(b)—F(a):/ F'(t) dt
That is we have

ro- (S0 @) = [ 6y a

proving the claim. O
THEOREM 2.11. Let f € C([a,b],X). Then the function

:/tf(r) dr, V€ lab
is continuous and F' (t) = f (), V tae [a,b], i.e. F€C*([a,b],X).

Proof. Let a <ty <t <b. We have that
F(t) — F(to)
t—to

1 t
) — / f(7) dr(see [2, p 426, Theorem 11.43])
—to

- [ a2 [0 )

= £+ = [ )= f i) ar
where
L dr|| < —— 1 d
|25 [ - s e < 2 [ 1o - o ar
< ma 110) £ ()] 0.

to<1<t

as t — to, since f (t) is continuous at tg.
Thus, there exists F’ (tg) = f (to), for any ¢y € [a,b]. By [11, p. 83], now F' is
continuous. (]

THEOREM 2.12. Let g € C ([a,b],X), n € N. Then
(n)

g(t):(n_ll)!</at(t—z)nlg(z) dz> , Vitelab].

Proof. We apply Theorem 2.11 repeatedly. We consider the function

f(t)_/at (/at (/at < </:Mg(tn) dtn> dtn_1> ) dtg) dt1, V't € [a,b].

Hence it holds

@)= /: (/:1 ( o </at“ g (tn—1) dtn1> dtn2> ) dty, Vtela,b],
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etc. Continuing, similarly, we get

Fn2) (t):/at (/atlg(@) dt2) dtr, Vi€ ab],

F= (1) = /tg(tl) dty, Vtela,b].

a

and

Finally, we have that f) (t) = g(t), YVt € [a,b] Clearly f € C™([a,b],X) with
f@(a)=0,fori=0,1,...,n—1.
By Theorem 2.10 now we obtain

1 ¢ nel e(n
£ = Gy | =0 @) o
and finally
t (n)
M ()= L —2)"" ) () dx a
0=t ([ - O @) vee o,
proving the claim. O

DEFINITION 2.13. Let f € C([a,b],X). Let v > 0, we define the left Riemann-
Liouville fractional Bochner integral operator

(T () = F(ly)/ (@—2)"" 1 f(2) dzy Ve lal.

In [4], we have proved that (JYf) € C([a,b],X). Furthermore in [4], we have
proved that

JoJif=J 0 f = JLT3 ],
YV u,v>0,V felC(abd],X).
LEMMA 2.14. Let f € C([a,b],X), v>1,n=[v], a =v —n. Then
(T f) @)™ = T4 (),
k=0,1,...,n—1. Also
(Jf) @)™ = Jgf @), if a>0,
and
TN =1 ifa=o0. (9)
Proof. We notice that
((J2F) @)™ = (DRJ2 ) (@) = (DTETL R F) ()
= (L7 f) (@) = (775 f) (x),
k=0,1,....n—1. If « > 0, we get
(T f) @)™ = (D" T f) () = (D" f) (a)
= (D"JgJg f) (@) = (13 f) () = (J5 f) (@) .
Equality (9) is obvious by Theorem 2.12. U
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THEOREM 2.15. J¥ : C ([a,b],X) = C([a,b],X), v >0, is I-1.
Proof. Let f € C([a,b],X) such that JVf =0. If0 < v < 1, then J f = J}1VJ/ f =
0, hence J!f = 0. That is by Theorem 12, f = (J;f)/ =0, and f=0.

Ifnowv > 1, thenv =n+o0o, 0 <a <1l If a =0, then J'f = 0, hence by
Theorem 12, f = (J*f)™ =0, so that f = 0.

If @ > 0, then

T (o f)y=Jgtef=Jf=0.

Hence by the first case of this proof we get JJ'f = 0. And as in the second case of
this proof we get f = 0. The theorem is proved. 4

DEFINITION 2.16. Let v > 0, n = [v], a = v —n, 0 < a < 1, v ¢ N. Define the
subspace of functions

CY ([a,b],X) :== {f € C" ([a,b],X) : J1=2f™ € C* ([a, D] ,X)}.

Define the Banach space valued left generalized v-fractional derivative of f over
[a,b] as
!
(DLf) = (i)
Notice that

J;—af(n) (z) = ﬁ /‘” (x —2)"° f(n) (2) dz

exists for f € C¥ ([a,b],X), and

(DL f) (z) = F(ll—a)jx / (= 2% F™) (2) d,
i.e.
(Dyf) (x) = wjx / (2= 2)""" f (2) de.

If v e N, then « =0, n = v, and
(Dyf) (@) = (D f) (x) = f™) ().
Notice that DY f € C ([a,b], X).
We give the following left fractional Taylor’s formula.

THEOREM 2.17. Let f € C¥ ([a,b],X), v >0, n:= [v]. Then
1) If v > 1, we get

= f* (a) k
fla)y=>" @ —a)" +(JgDef) (), ¥z &lab]. (10)
k=0 ’
2)If0<v<1, we get
fla)=J;Dgf (), Vax€lab]. (11)

We have that

TIPS ) = 55 / o — 2 T DY) () dzy Y€ o], (12)
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Proof. Let f € C¥ (a,b],X). We see that
x x d
0D @) = [ 0if) ) o= [ L (T @) e

= [(or) @ = () @] = (2™ @).
That is (J1=2f™) :r) JY(DYf) (z) = T (J& (DL f)) (z) . Since J1=* is 1-1 we
get f (z) = (Jg (Dif)) (x) . Consequently
To ™ (@) = (I3 I3 (D)) (2) = (3 (DLf) (@) = (I (DEF)) ().
That is

Jof (2) = (JyDYf) (@), V€ lab]. (13)
Let now v > 1, hence n > 1, n € N. By Theorem 2.10 we have that

n—1 7 x
Fa) -3 E Y 0 () = ﬁ JACEE I CIOYE

7!
i=0

= (™) @) 2 (DL (), Vo elat],
proving (10).
If 0 < v < 1, then n = 0. Then by (13) we get f () = (JYD%f) (z), proving (11). U
COROLLARY 2.18. Let f € C¥([a,b],X), v > 0, n = [v], and f@ (a) = 0
i=0,1,...,n—1. Then f () = (JYDLf)(z), VY x € a,b].

We give the following fractional Polya type integral inequality without any bound-
ary conditions, see also [3, p. 4].
THEOREM 2.19. Let 0 <v <1, f € C([a,b],X). Assume that f € C% ([a, ‘%rb] . X)
and f € Cy_ ([%H’,b] ,X). Set

M () = max DY M o) I [ oy}
Then
(b—a)"
[ rww /||f ) de < M () e (19

Inequality (14) is sharp, namely it is attained by
%
z—a) i, x¢€la, ],
fel@) = (e~ a) o .25 , 0<v<l,
(b—a) i, ze [0
1 €eX: H i H = 1. Clearly here non zero constant vector function f are excluded.

Proof. By (6) and (7) we get that
1 b .
1@l = 5| [ G- 0E0) ) a

b
qu) / (z =) [(DE-f) ()] d= < [[[1DE- Al

(b— )"

= [“F* T (v +1)
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That is

b—uz)” a+b
17 @< D Mgy sy Yo [500]. a9
Similarly by (11) and (12) we get:

I vt DG f oo [, 2501 ,
F@I< o [ @ 0 e e s = = o as)

V z € [a, %%]. Hence we find

a+b

b . b
[lr@lde= [ " s @ldes [ 1f @) do by (15) and (16)

a+b

<rorl ([ @ a) Mo sy
b ([ 0 ae) 1Dl g

2

B (F(V+11))(V+1){<b;a>"+ ||‘|D(lj//f||||oo,[a7a;rb
(05 A e

ZM(T)M{HWMHW 4 I gostg -

So we have proved that

]

v (b—a)"
[ 17 <m0 e T o}
proving (14).
Notice that
a+b a+b b—a\”—
() )= ((37),) - (59 7
- +
so that f, € C([a,b],X).
Here, very similarly, as in [3, p. 5-6], we get that
DZ((zfa) _'>>*F(1/+1) foralle{a,aer].

Therefore it holds
[[[2z (= D). gy =T @+

Similarly, it holds

i (@ D g =T+ -
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Consequently we find that M (f,) =T (v +1). Applying f. into (13) we obtain:

(b . a)l/—‘rl
RH.S. (14) = - ——,
(14) OESET
and L.H.S. ( / fi (x) dx / I f« ()] dx
a+b v+1
_ _(b—a) +
_/a (x —a)” dac—l—/a;b(b z)” dm—(y+1)2u,
proving optimality of (14). a

We present the following fractional Ostrowski type inequality, see also [3, p. 379-381].

THEOREM 2.20. Let v > 1, n = [v], f € C([a,b],X), ¢y € [a,b]. Assume that

f|[a10 S qu:o— ([a,:l,'o},X), f|[x0,b] € C;?/g ([x07b]aX); and f(l) (:CO) = O) fOT
i=1,...,n—1, which is void when 1 < v < 2. Then

‘b_ /f ) do — f (z0) :

S ENCET)]
D7 g 0 = @) D2 AUl iy B = 20 }
1

< ot ™ (12 M oy 122 Al )

% [(b —20)"" 4 (o — a)”+1]

05

b
< (195 Mgy WP M) s 0

Proof. By (5) we get that

f(x)—f(xo)=ﬁ / Y (DY ) () de Yrelam].  (18)

And from (10) we get that
f (@) = f(wo) = T
Hence, by (18),
1 o v—1
I @)= @)l < 7 [ =) (02 @) a:

< D2 o Ty ¥ o € lasaol

1
(¥)

/I (z—2)""" (DY f) (2) dz, V¥ € [x0,0]. (19)

Furthermore it holds

( ’ v—1 v
If (@)= £ (@o)ll < F()/ (2= 2)" (D%, 0) (2)]] d=

(x — x0)"”
< P2 Mo oo, :

m Vxe[xo,b}
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Next we observe that
1

H / f (@) de = f(@o)|| = 5=
_f/ IF (@)~ F (wo)l| da
Zbia{/a 1f (x) = f (o) de+/ £ (@ (mo)lldx}

1 z0 )
< =t NP5 My [ =) o
b
D2y | (=20 dz}

1 , )
T b-a)T(v+2) {HHDwO—fHHOOY[awO] (2o — )"+

D% gy 0= )}

Smm‘“(mw Mo ooy - 11 PZo £ oo ,[wo,b])

% {(mo —a)" 4 (b ﬂfo)wl}

max (2%, 1]

b

(f (z) = f (20)) dzx

105, ) (0= )"

1
“T'(v+2)
Notice here that

1D%0— £l o sy HTPZ F Il o < 2
The theorem is proved. O

Inequalities (17) are optimal.

THEOREM 2.21. All as in Theorem 2.20. Inequalities (17) are sharp, namely are

attained by
y_.>
_ (xo—2)" i, z€[a,xo],
f(Z) = u—') 9
(z —x0)” 1, 2 € [x0,b]
where 7 e X: H7|| =1,v>1, z € [a,b] is fized.

Proof. See that
79 (o) = F* (204) =0, k=0,1,...,n—1.
We have that
Dz~ Fllll o o oy = M P26 Flll o oy =T (1)



G. A. Anastassiou 189

The
1 v r v r
RIS, of (17) = g ma (1102, Fll oy 11227 o)

% [(b —20)" "+ (w0 — a)wl}

1
T -aT(v+2)
{(b . xo)uﬂ + (z0 — a)u+1:|

I'(v+1) [(b —20)" ! + (20 — a)V'H}

- (b—a)(v+1) ' 20)
The
L.H.S. of (17) H/f ) dx — f (x0) H /f ) dx
zo b
:bla{/ (o —2) dz+/ z—xo }
<(.’£0 o a)l/+1 u+1)
- (b—a) (1/ +1) (21)
By (20) and (21) we get optimality of (17). O

We continue with a right fractional Poincaré type inequality.

THEOREM 2.22. Let p,q > 1 : ]%Jr L—1, a> %, m = [a]. Let f € C¢ ([a,b],X).
Assume that f*) (b)) =0, k=0,1,...,m — 1, when o > 1. Then
(b—a)" | Dy

|

fHL(ab ).
T () (p(a— 1)+ 1)7 (qa)

1AL, (o, x) <

Proof. We have that (by (5)—(7))

I a1 [ ra
f(x)= ﬁ/ (z—2)" (D_f) () dz, V€ la,b].

Hence
1
If (@)l = =

Oé

%/ zfa:a1||Db (z)”dz

z—x“]-Dbe>

a\

’1

IN
—
=

1

P(a 1) dz>p </ H(D?—f) (Z)Hfl dz)q

pla—1)+1

(b—x .
|| pe .
F(a) (p (OZ _ 1) + 1); H b f||Lq([a,b],X)

I /\

IN
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‘We have proved that

1 (b )p(a71)+1
— X
17 @) < DAl oy ¥ € [000]-
I'(«) (p(a—1) +1)% 128 HLq([ b1,X)
Then
b gy Pla—DH+DE §
I @l < =2 DRI oy ¥ € lard]

(T (@) (pla—1)+1)
Hence it holds

[iswiaes 0o g g
@ T (T () (p(a—1)+1)7 g b=J 1L ([a,b],X)

The last inequality implies

% b—a « Da_
(/b ||f(13)Hq dl‘) S ( ) H b fHLq(l[a’b]’X)l7
“ F(a)(p(a71)+1)p(qa)q

proving the claim.

We finish with a Poincaré like left fractional inequality:

THEOREM 2.23. Let p,q > 1:

11
v
Assume that f*) (a) =0, k=0, 1,.

yo..,m—1,4fv>1. Then

(b—a)y .
L) (pr—-1)+1) 1Dl a0

)

1112, a1, <

3 =

(qv)*

Proof. We have that (by )—(11))

x

(z—2)"""(DVf) (2) dz, ¥z € [a,b].

Thus

—_

1S ()]l

/ (x— 2" L (DY) () d
/ (2 — )" IDLf ()] da

/G(:z:fz) v=1) dz) </ DY f ( ||qdz>q

p(v—1)+1

1 (z—a)
V) (p(v—1)+1)7

IN

IA
~/—/~
=
Sia

< ID& SN 2, (ap1, %)

—

We have proved that

I (@) <

t 1DafllL,(ap.x), V@ €lab].

=1, andu>%,n:[u]. Let f € C¥ (]a,

b, X).
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Then
({E _ a)qufl

f X qé q
17l @) pr-1)+1)"

H Vf”L(ab I

and

b =)™ DL e
f@]" dx <
[ CE) (v —1)+1)F g

This last results into

[ 1@ a s i 1Dy o
‘ TTWEE -+ @)t

proving the claim. 0

One can prove, with the above built fractional machinery, all kinds of inequalities
but we choose to stop here.
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