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REMARKS ON PARTIAL --METRIC SPACES AND FIXED POINT
THEOREMS

Nguyen Van Dung and Vo Thi Le Hang

Abstract. In this paper, we prove some properties of a partial b-metric space in the
sense of Shukla. As applications, we show that fixed point theorems on partial b-metric
spaces can be implied from certain fixed point theorems on b-metric spaces. We also give
examples to illustrate the results.

1. Introduction and preliminaries

In [4], Bakhtin introduced the notion of a b-metric space as a generalization of a
metric space.

DEFINITION 1.1. [4] Let X be a non-empty set and d : X x X — R™ be a function
satisfying:

1. d(z,y) = 0 if and only if x = y for all z,y € X.
2. d(z,y) = d(y,z) for all z,y € X.
3. There exists s > 1 such that d(z,y) < s[d(z,z) + d(z,y)] for all z,y,z € X.

Then d is called a b-metric on X and (X,d) is called a b-metric space with a coeffi-
cient s.

This was previously studied in [6] for the case s = 2. A b-metric space is also
called a metric-type space in the sense of [9, Definition 2.1]. b-metric spaces and fixed
point theorems on b-metric spaces were investigated in many papers, see [8,12-15]
and some references therein.

In [11], Matthews introduced the notion of a partial metric space as a part of the
study of denotational semantics of dataflow networks. In that space, the usual metric
was replaced by a partial metric with an interesting property that the self-distance of
any point of space may not be zero.
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232 Remarks on partial b-metric spaces and fixed point theorems

DEFINITION 1.2. [11] Let X be a non-empty set and p : X x X — R* be a function
satisfying:

1. p(z,x) = p(z,y) = p(y,y) if and only if z = y for all z,y € X.
2. p(x,z) < p(z,y) for all z,y € X.

3. p(z,y) = p(y,z) for all z,y € X.

4. p(z,y) < p(x,2) + p(z,y) —p(z,2) for all z,y,z € X.

Then p is called a partial metric on X and (X, p) is called a partial metric space.

Partial metric spaces and fixed point theorems on partial metric spaces were in-
vestigated by many authors, see [1,3,5] and some references therein.

Recently, Shukla introduced the notion of a partial b-metric space as a generaliza-
tion of a partial metric and b-metric space in [17]. An analogue to Banach contraction
principle, as well as a Kannan type fixed point theorem was proved in such space.

DEFINITION 1.3 ( [17], Definition 3). Let X be a non-empty set and b: X x X — R*
be a function satisfying:

1. b(z,z) = b(x,y) = b(y,y) if and only if x =y for all z,y € X.
2. b(x,z) < b(x,y) for all z,y € X.
3. b(z,y) =b(y,x) for all z,y € X.

4. There exists s > 1 such that b(x,y) < s[b(x,z) + b(z,y)] — b(z,z) for all
z,y,z € X.

Then b is called a partial b-metric on X and (X, b) is called a partial b-metric space
with coefficient s.

We see that the relation between a partial b-metric space and a b-metric space is
alike the relation between a partial metric space and a metric space. As far as the
relation between a partial metric space and a metric space is concerned, Samet et
al. in [16] established some new fixed point theorems on metric spaces and analogous
results on partial metric spaces were implied. Also, in [7], Haghi et al. showed that
some fixed point generalizations to partial metric spaces can be obtained from the
corresponding results in metric spaces.

In this paper, following the idea used in [7], we present a b-metric from a partial
b-metric space and state some relationship between them. As applications, we show
that some fixed point theorems on partial b-metric spaces can be implied from certain
fixed point theorems on b-metric spaces. We also give examples to illustrate the
results.

First we recall some notions and results which will be useful in what follows.
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DEFINITION 1.4. [4] Let (X,b) be a b-metric space with coefficient s.

1. A sequence {z,} is called convergent to x in X, written as lim z, = =z, if
—00

X n
nl;rr;o b(xp,x) =0.

2. A sequence {z,} is called a Cauchy sequence in X if lim b(zp,xn) =0.
n,1Mm— 00

3. (X, ) is called complete if each Cauchy sequence in X is a convergent sequence.
DEFINITION 1.5. [10]

1. A point w € X is called a point of coincidence and a point u € X is called a
coincidence point of two maps T,g : X — X if Tu = gu = w.

2. Twomaps T, g : X — X are called weakly compatible if Tgu = gTu for all their
coincidence points u.

In [2], Arandelovi¢ and Keckié¢ approached some fixed point theorems in symmetric
spaces. The following Theorem 1.6 is a direct consequence of [2, Proposition 5] and [2,
Theorem 3].

THEOREM 1.6. Let (X,b) be a complete b-metric space with coefficient s and
T:X — X be amap. If o(Tz, Ty) < \o(z,y) for all z,y € X and some X € [0,1),
then T has a unique fixed point u.

In [9], Jovanovié et al. obtained several fixed point theorems on metric-type spaces,
that is, on b-metric spaces. Some of the results are as follows.

THEOREM 1.7 ( [9], Theorem 3.7). Let (X,b) be a b-metric space with coefficient s

and T,g : X — X be two maps such that TX C gX and one of these subsets of X is

complete. Suppose that there exist non-negative coefficients a;, i = 1,...,5, such that
2say + (s + 1)(ag + az) + (s> + s)(ag + as) < 2 (2)

and that for all z,y € X,

b(Tz,Ty) < a1b(gx, gy) + a2b(gz, Tx) + asb(gy, Ty) + asb(gz, Ty) + as.b(gy, T'x)
holds. Then T and g have a unique point of coincidence. If, moreover, the pair (T, g)
s weakly compatible, then T and g have a unique common fixed point.

THEOREM 1.8 ( [9], Theorem 3.11). Let (X,b) be a b-metric space with coefficient s
and T, g: X — X be two maps such that TX C gX and one of these subsets of X is
complete. Suppose that there exists \ € (O, %) such that for all z,y € X,

b(gx, Ty) b(gy, Tx
(T, Tg) < Amax {blgr, gu), blgwr Ta) blgy, Ty), "2 TV Mov- T2y,

Then T and g have a unique point of coincidence. If, moreover, the pair (T,g) is
weakly compatible, then T and g have a unique common fized point.
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REMARK 1.9 ( [17], Remarks 1 & 2).

1. In a partial b-metric space (X,b), if b(x,y) = 0, then = = y, but the converse
may not be true.

2. Every partial metric space is a partial b-metric space with coefficient s = 1 and
every b-metric space is a partial b-metric space with the same coefficient and
zero self-distance. However, the converse of this fact need not hold.

ExAMPLE 1.10 ( [17], Example 1). Let X = R*, p > 1l and b : X x X — R be
defined by

b(z,y) = (max {z,y})’ + |z — y|P for all z,y € X.

Then (X, b) is a partial b-metric space with coefficient s = 2P > 1, but it is neither a
b-metric nor a partial metric space.

Some more examples of partial b-metrics can be constructed with the help of
following propositions.

PROPOSITION 1.11 ( [17], Proposition 1). Let X be a non-empty set such that p is
a partial metric and d is a b-metric with coefficient s > 1 on X. Then the function
b: X x X — R defined by b(z,y) = p(z,y) + d(z,y) for all z,y € X is a partial
b-metric on X, that is, (X,b) is a partial b-metric space.

PROPOSITION 1.12 ( [17], Proposition 2). Let (X,p) be a partial metric space, ¢ > 1,
then (X,b) is a partial b-metric space with coefficient s = 2971, where b is defined by
b(z,y) = [p(x,y)]" for all x,y € X.

DEFINITION 1.13 ( [17], Definition 4). Let (X,b) be a partial b-metric space with
coefficient s.

1. A sequence {z,} is called convergent to x in X, written lim x, =z, if

n—oo
nh_)n;o b(xn,x) = b(x,x).

2. A sequence {z,} is called a Cauchy sequence in X if lim b(x,,z,,) exists
n,m—00

and is finite.

3. (X,0b) is called complete if for each Cauchy sequence {x,} in X, there exists
x € X such that
n}rlLILloo b( Xy, T) = nh_)rr;o b(xp, z) = b(z, ).
Note that in a partial b-metric space, the limit of a convergent sequence may not
be unique.

ExXAMPLE 1.14 ( [17], Example 2). Let X = R™, a > 0 be a constant and define
b: X xX — R by b(z,y) = max{z,y} + aforall z,y € X. Then (X,b) is a
partial b-metric space with arbitrary coefficient s > 1. If x,, = 1 for all n € N, then
lim z, =y for all y > 1.

n—oo
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2. Main results

First, we introduce the following notions on a partial b-metric space.
DEFINITION 2.1. Let (X,b) be a partial b-metric space.

1. A sequence {z,} is called a 0-Cauchy sequence if lim b(zp,Zy) = 0.
7,1Mm— 00
2. (X, ) is called 0-complete if for each 0-Cauchy sequence {x,} in X, there exists
x € X such that

n}rILIl)loo (@, Tm) = nh_}rr;o b(xn,x) = b(z,z) = 0.

The relation between completeness and 0-completeness of a partial b-metric space
is as follows.

LEMMA 2.2. Let (X,b) be a partial b-metric space. If (X,b) is complete, then it is

0-complete.

Proof. Let {x,} be a 0-Cauchy sequence in (X,b). Then lim b(z,,x,) = 0. This
n,m—o0

)

proves that {z,} is a Cauchy sequence in (X, b). Since (X, b) is complete, there exists
z € X such that

n}}LIEOO b(Tny Ti) = nh_)ngo b(xn,x) = b(z, ).

Since lim  b(xy, ) = 0, we have

n,m—00
nggoo b(Xp, Tpm) = nl;r& b(xp,z) = b(z,z) =0.
This proves that (X,b) is 0-complete. 0

The converse of Lemma 2.2 does not hold as shown in the following example.

EXAMPLE 2.3. Let X = (0,1) and b(z,y) = |x —y| + 1 for all z,y € X. Then (X,d)
is a O-complete, partial b-metric space with coefficient s = 1. Since

11 1 1
1mleﬂ—)= lim Q7_44+1>:1
n,Mm—00 n m n,m—o0 \| 1 m
we have {%} is a Cauchy sequence in (X, b). Suppose on the contrary that lim % =x
n—oo
in (X,b). Therefore,

1
lim b(zp,z) = im (’E—:d—l—l):b(x,m):‘m—x‘—i—l:l
n—oo

n—oo

which implies that = 0. It is a contradiction since 0 ¢ X.

Now we state the relation between a partial b-metric b and certain b-metric on
(X,b) as follows.

THEOREM 2.4. Let (X,b) be a partial b-metric space with coefficient s > 1. For all
z,y € X, put

_J0 ifex=y
wen={ 5, fia)
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Then we have
1. dy is a b-metric with coefficient s on X.

2. If ILm xn = in (X,dy), then ILm Tn = in (X,b).

3. (X,b) is O-complete if and only if (X,dp) is complete.
Proof. 1. We have dj, is a function from X x X to RT. Moreover, d(z,y) = 0 if and
only if x =y and dy(x,y) = dp(y, z) for all x,y € X.

For all z,y,z € X,if x =y or y = z or z = x, then dp(z,y) < dp(z, 2) + dp(2, ).
If x # y # 2, then

dy(z,y) = b(z,y) < s[b(z, 2) + b(z,y)] — b(z, 2)
< s[b(z,2) + b(z,9)] = sldy(z,2) + du(2,)]

By the above, d; is a b-metric with coefficient s on X.

2. If there exists ng such that x, = x for all n > ng, then 1i_>m b(xn, z) = b(z, ).

n (oo}
This proves that lim z, = x in (X,b). So we may assume that z, # z for all
n—oo
n € N. Then dy(z,,2) = b(x,,z) for all n € N. Since le Tn =z in (X,dp), we
have lim dp(z,,z) = 0. Therefore, lim b(x,,z) = lim dp(z,,x) = 0. Note that
n—oo n—,oo n—oo
0 <b(z,z) <b(zp,x) forall n € N, then 0 < b(z,z) < lim b(x,,z) = 0. This proves
n—oo

ILm b(xp,x) =0 = b(x,x), that is, ILm x, =z in (X,b).

3. Necessity. Let {x,} be a Cauchy sequence in (X, dp). Then lim dp(2p,zm) =

n,m—-oo
0. If there exists ng such that xz,, = = for all n > ng, then le zn, = in (X, dy). So,
n oo

we may assume that x, # x,, for all n # m. It implies that

n,rlrlzri)loo b(SEn, xm) - n,'rlrlLIEoo db(mn’ .’Em) =0

Then {z,} is a 0-Cauchy sequence in (X,b). Since (X,b) is 0-complete, there exists
x € X such that
7”lrlllrgoo (@, Tm) = nll)néo b(xpn,x) =b(z,z) =0.
Note that 0 < dp(xy, z) < b(zp,x) for all n € N, then
0 < lim dp(zp,z) < lim b(zy,,z) = 0.
n—oo n—oo

Then lim dy(z,,z) = 0. This proves that lim z, = x in (X,d;). By the above,

n—oo n—oo
(X, dp) is complete.
Sufficiency. Let {z,} be a 0-Cauchy sequence in (X, b). Then lim b(zy,2m) = 0.

n,Mm—00
Since 0 < dp(zp, Tm) < b(xp, ) for all n,m € N, we have lim  dy(xp, 2m) = 0.
n,m—00

This proves that {x,} is a Cauchy sequence in (X, d;). Since (X, dp) is complete, there
exists x € X such that lim dp(z,,2) = 0. If there exists ng such that =, = z for all
n— oo

n > ng, then lim b(z,,z,) = lim b(x,,z) = b(z,z). Since lim b(z,,x,) =0,
n,m—00 n—oo n,Mm—00

we get lim b(zy,,z,) = lim b(z,,z) = b(z,z) = 0. So, we may assume that
n,m— oo n—00
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Tp # T, for all n,m € N. Then li_>m b(an,z) = li_>m dp(xn,z) = 0. Note that
n o) n o0
0 < b(z,x) < b(zp,z) for all n € N. Then 0 < b(z,z) < lim b(x,,z) = 0, that is,

n— oo
b(x,x) = 0. Therefore, we also have

nrlgriloo b(Tny T) = nh_{r;o b(xp,x) = b(z,z) = 0.

By the above, (X, b) is O-complete. O

The following example shows that the converse of statement 2 from Theorem 2.4
does not hold.

EXAMPLE 2.5. Let X = [0,1] and b(z,y) = |x —y| + 1 for all x,y € X. Then (X,b)
is a partial b-metric space with coefficient s = 1. We see that
1 1
lim b(—,0) = lim H* ,0’ +1] = 1=1(0,0).

This proves that li_>m % = 0 in the partial b-metric space (X, b). On the other hand,

we have
_J o ife=y
d(,y) _{ e —yl+1 ifz#y.
Then
. 1 . 1
lim db(f,O) — Tim Hf—Ol—kl} —140.
n—00 n n—oo Lin
This proves that lim % # 0 in the b-metric space (X, dp).

n— oo

The relation between contraction conditions on partial b-metric spaces in [17] and
certain contraction conditions on b-metric spaces is as follows.

THEOREM 2.6. Let (X, b) be a partial b-metric space with coefficient s, dy, be defined
as in Theorem 2.4 and T : X — X be a map. Then we have

1. If there exists A € [0,1) such that b(Tx,Ty) < Ab(x,y) for all z,y € X, then
dp(Tz, Ty) < Adp(z,y) for all z,y € X.

2. If there exists A € [0,1) such that b(Tz,Ty) < A[b(z,Tz) + b(y, Ty)] for all
x,y € X, then dp(Tx, Ty) < X|dp(z,Tx) + dp(y, Ty)] for all x,y € X.

3. If there exists \ such that b(Tx,Ty) < Amax{b(z,y),b(z,Tx),b(y,Ty)} for
al x £y € X, then dp(Tx, Ty) < Amax {dy(z,y),dp(x, Tx),dp(y, Ty)} for all
z,y € X.

Proof. 1. If © =y, then dp(Tx,Ty) = 0 < Adp(z,y). If © # y, then dp(x,y) = b(x,y)
and we have dy(Tz, Ty) < b(Txz,Ty) < Ab(z,y) = Adp(x,y). Therefore, dp(Tx, Ty) <
Ady(z,y) for all x,y € X.

2. If # = T, then b(z, Tz) = b(Tx, Tx) < A[b(x,Tx) + b(z, Tx)] = 2X\b(x, Tx).
Since 2X € [0,1), we have b(z,Tz) = 0 = dy(z,Tx). It implies that b(z,Tx) =
dy(z,Tx) for all x € X. Therefore, for all z,y € X,

db(Tx’ Ty) < b(TﬂJ, Ty) <A [b(l‘, TJC) + b(y7 Ty)} =A [db(x7 TJE) + db(ya Ty)] :
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3. For all z,y € X, we have
max {dp(z,y), dp(x, T2),dp(y, Ty)} < max {b(x,y),b(x, Tx),b(y,Ty)}. (3)
In order to prove that
max {b(z,y), b(z, Tx),b(y, Ty)} < max{dy(z,y),dp(2,Tx),dp(y, Ty)} ~ (4)
for all x # y € X, we distinguish between two cases.
Case 1. There exist ,y € X such that max {b(x,y),b(x,Tx),b(y,Ty)} = b(x,y).
Since b(z,y) = dp(x,y), we see that (4) holds.
Case 2. There existx,y € X such that max {b(x,y),b(z, Tx),b(y, Ty)} = b(z, Tx).
If ¢ = Tz, then b(x,Tz) = b(z,z) < b(z,y) = dp(z,y). Therefore, (4) holds. If
x # Tx, then b(z, Tx) = dp(x, Txz). Tt also implies that (4) holds.
By the above two cases, we see that (4) holds for all z # y. It follows from (3)
and (4) that, for all x # y,
max {db(xa y>7 db(ma TI>7 db(ya Ty)} = max {b(l‘7 y)a b(l’, TLIZ‘), b(y7 Ty)} .
Therefore,
dy(Tx,Ty) < b(Tx,Ty) < Amax {b(z,y), b(z, Tx),b(y, Ty)}
= Amax {dy(,y), ds(2, Tx), ds(y, Ty) }
for all z # y. If x = y, we have dy(Tz,Ty) = 0. Then
db(T‘ra Ty) < A max {db(xa y)7 db(xa TfE), db(ya Ty)}
for all z,y € X. O
In what follows, by using Theorem 2.6, we show that fixed point theorems on

partial b-metric spaces in [17] can be implied from certain fixed point theorems on
b-metric spaces.

COROLLARY 2.7 ( [17], Theorem 1). Let (X,b) be a complete partial b-metric space
with coefficient s and T : X — X be a map. If b(Tx,Ty) < Ab(x,y) for all z,y € X
and some A € [0,1), then T has a unique fized point u and b(u,u) = 0.

Proof. From Lemma 2.2, since (X, b) is complete, (X,b) is O-complete. Then (X, dp)
is complete by Theorem 2.4. From Theorem 2.6.(1), we have dy(Tx, Ty) < Adp(x,y)
for all x,y € X. It follows from Theorem 1.6 that 7" has a unique fixed point u. Since

b(u,u) = b(Tu, Tu) < \b(u, u)

and A € [0,1), we have b(u,u) = 0. U
In the proof of [17, Theorem 2|, on page 6, at lines 19-20, we see that the inequality
S S
b(u, T’LL) S 1_ S}\b(u, Z‘n+1) + mb(xn, $n+1>

only holds if A\ < % Therefore, the assumption \ # % in [17, Theorem 2] may not be
suitable. In what follows, we restate [17, Theorem 2], where the assumption A # % is
replaced by A < %

COROLLARY 2.8. Let (X,b) be a complete partial b-metric space with coefficient s and
T:X — X beamap. If (Tx,Ty) < A[b(x,Tz) + by, Ty)] for all x,y € X and
some A € [O, %) and A < %, then T has a unique fized point u and b(u,u) = 0.
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Proof. From Lemma 2.2, since (X, b) is complete, (X,b) is 0-complete. Then (X, dp)
is complete by statement 3 of Theorem 2.4. From statement 3 of Theorem 2.6, we
have dp(Tz, Ty) < A|dp(z,Tx) + dp(y, Ty)] for all z,y € X.

Note that the condition (2) in Theorem 1.7 was used to prove the inequality (3.16)
and the inequality

K(ag +as+aq+as) <2
at line -3, on page 7 in the proof of [9, Theorem 3.7], where K plays the role of s.
These claims hold if a; = 0 and as + a3 + s(aq + a5) < min {1, %} Therefore, using
this modification of Theorem 1.7 with g being the identity and as = az = A, we see
that T" has a unique fixed point w. Since
b(u,u) = b(Tu, Tu) < A[b(u, Tu) + b(u, Tw)| = 2Ab(u, )

and 2\ € [0,1), we have b(u,u) = 0. U

COROLLARY 2.9 ( [17], Theorem 3). Let (X,b) be a complete partial b-metric space
with coefficient s and T : X — X be a map. If

b(Tz,Ty) < Amax {b(z,y), b(z, Tx),b(y, Ty)}
forallz,y € X and X € [O, %), then T has a unique fized point u and b(u,u) = 0.

Proof. From statement 3 of Theorem 2.6, we have
dy(Tx, Ty) < Amax {dp(z,y), dp(x, Tx),dp(y, Ty) }

for all z,y € X. By using Theorem 1.8 with ¢g being the identity, we see that T" has
a unique fixed point u. Since

b(u,u) = b(Tu, Tu) < Amax {b(u,u),b(u, Tu),b(u, Tu)} = \b(u, u)
and \ € [0, 1), we have b(u,u) = 0. O

The following example shows that for a partial b-metric space (X, b), the function
dp in Theorem 2.4 may not be a metric. Then the results of [7] may not be applicable

to the above proofs.

ExaMPLE 2.10. Let (X,b) be a partial b-metric space in Example 1.10 with p = 2.
Then we have
0 ife=y
dy(z,y) = .
20 ={ Gt s he g it 2y
We have dy(2,0) = 22 + 22 = 8, dy(2,1) = 22 + 12 = 5, dy(1,0) = 12 + 12 = 2. Then
dp(2,0) =8> T7=dp(2,1) + dp(1,0).

This proves that dj is not a metric on X.
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