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TIME-LIKE HAMILTONIAN DYNAMICAL SYSTEMS IN
MINKOWSKI SPACE R} AND THE NONLINEAR EVOLUTION
EQUATIONS

T. Bayrakdar and A. A. Ergin

Abstract. We show that all of the curve motions specified in the Frenet-Serret frame
are described by the time evolution of an integral curve of a time-like Hamiltonian dynamical
system in Minkowski space such that the integral curve under consideration is a geodesic
curve on a leaf of the foliation determined by the Poisson structure. Accordingly, any
nonlinear soliton equation related to curve dynamics is obtained as the time evolution of
an integral curve of a Hamiltonian system. As an expository example, we define Hashimoto
function in the Darboux frame which is reduced to the classical Hashimoto function provided
that the Poisson vector corresponds to principal normal of an integral curve and show that
the defocusing version of the nonlinear Schrodinger equation and the mKdV equation are
obtained by the time evolution of this function.

1. Introduction

The study of nonlinear soliton equations as a moving curve dates back to the pioneer-
ing work of Hashimoto, which is manifesting the nonlinear Schrodinger equation as a
time evolution of a vortex filament in an incompressible inviscid fluid [12], and has
gained more attraction in recent years. A considerable number of works in literature
are devoted to study of the nonlinear soliton equations emanating from the curve
dynamics in various geometries [4,5,8,10,14,15,19, 22].

Theory of moving curves and its relation to nonlinear evolution equations in three
dimensions is somehow interesting in the breadth of Hamiltonian dynamical systems.
In literature, all of the non-stretching curve motions describing the time evolution of
a curve with respect to an independent parameter, are specified (in general) in the
Frenet-Serret frame and many integrable models are obtained from the time evolu-
tion of the curvature quantities in Minkowski spaces [6,7,9,18]. On the other hand
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owing to the existence of an isomorphism between bi-vectors and vector fields, form
of the Hamilton’s equations tell us that Poisson vector corresponding to a Poisson
structure is an ingredient of normal bundle of a trajectory of the flow determined by
the Hamiltonian vector field in three dimensions. Due to the Jacobi identity, Poisson
structure itself defines a codimension one foliation and accordingly, the time evolution
of the normal curvature, geodesic curvature and geodesic torsion of an integral curve
in three space are determined by the compatibility condition for s and ¢ derivatives
of the Hamiltonian vector field and Poisson vector. In this sense, according to us
representation of the evolution equations in the frame composed of the Hamiltonian
vector field, Poisson vector and the gradient of Hamiltonian function serves richer
information for the time evolution of a curve under consideration.

By virtue of this point of view in this work we consider the time evolution of a
trajectory of the flow determined by the Hamiltonian vector field. In order to prove
the major result of this work we firstly define the notion of a time-like Hamiltonian
dynamical system in accordance with the pseudo-Riemannian metric in Minkowski
space R$. Afterwards we define an orthonormal frame field composed of the Hamil-
tonian vector field, Poisson vector and the gradient of Hamiltonian function and we
show that this frame defines Darboux frame along an integral curve on a leaf of the
foliation determined by the Poisson vector. We show as the main result of this pa-
per that all of the non-stretching curve motions specified in the Frenet-Serret frame
are described by the time evolution of an integral curve of a time-like Hamiltonian
dynamical system in Minkowski space R$ such that corresponding integral curve is a
geodesic curve on a leaf of the foliation determined by the Poisson structure. This
result manifests the form of the evolution equations is depend on the choice of the
Poisson vector and the all existing results related to the time evolution of a time-like
curve in literature are obtained from the time evolution of an integral curve of a
Hamiltonian dynamical system with Poisson vector n. In the final part of this paper
we define the Hasimoto function in Darboux frame and we show as an illustrative
example that the defocusing version of the nonlinear Schrédinger equation and the
mKdV equation are represented as the time evolution of this function.

2. Basic notions

2.1 Minkowski space R}

Minkowski space R? is a three dimensional manifold endowed with pseudo-Riemannian
metric

77( ) ) - nijdmidxja (1)
where 7;; is given in coordinate basis 0,: as

(mij) =

OO =
o = O
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14 Time-like Hamiltonian dynamical systems in Minkowski space

The norm of a vector field X is defined by || X|| = \/|n(X, X)|. A vector field X on R}
is called space-like if n(X,X) > 0 or X = 0, time-like if n(X, X) < 0 and light-like if
n(X,X) =0 and X # 0. Accordingly, a parametrized curve v = y(t) on R} is called
space-like (respectively time-like, light-like) if its velocity field has the corresponding
causality. Also for a regular space-like or time-like curve 7 : I — R} there exist an
arc length parametrization which is given by

5= / ViG] du.

The Lorentzian cross product xi, of two vector fields X,Y € TR} is defined by
(X x1,Y,Z) :=vol,(X,Y,Z), VZec TR}, (2)

here vol,, denotes the volume form. As a direct consequence of this definition cross
product can be also represented by

i j -k
Xx,Y=| X' X2 X3 | (3)
vt oy ys

The Frenet-Serret frame for a space-like or time-like curve with non-lightlike normals
with respect to arc length parametrization and its structure equations along curve
are given respectively by

1
t=9, n=— 7", b=txyn
! In(v“,w”)\7 ’
and
d t 0 €K 0 t
— | n | = —€1k 0 —€1€69T n |, (4)
ds b 0 —€9T 0 b

where the curvature s and the torsion 7 are defined by x = n(t’,n), 7 = n(n’,b)
(see [13]). Here over prime denotes the derivative with respect to arc length parameter
s. Since n(t,t) = €; and n(n,n) = ey for €;,e2 € {—1,1} by definition we have

7(b,b) = —€1€2. Due to the pseudo-Riemannian metric (1) there are three cases for
such a Frenet-Serret frame in Minkowski space R3:

€ = —1, € =1, n(b,b) =1

e =1, e = +1, n(b,b) = F1 (5)

From (2) or (3) the multiplication rule for Frenet-Serret frame follows as

t><Ll’1:b7 nbe:fegt, bet:feln

3. Hamiltonian systems in Minkowski space R}

A Hamiltonian dynamical system is described by a system of ordinary differential
equations and completely determined by Hamiltonian function and the Poisson struc-
ture and it is formulated geometrically within a Poisson manifold [16,20]. Poisson
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structure on a manifold can be interpreted as a skew-symmetric contravariant rank
two tensor subject to the Jacobi identity which is identified with a holonomic vec-
tor field, so called Poisson vector, in Minkowski space R} and therefore it defines a
codimension one foliation.

In this section we define the notion of a Hamiltonian dynamical system in Minkow-
ski space and we consider time-like Hamiltonian systems locally with non-vanishing
velocity vector field and we also restrict ourselves to non-lightlike Poisson vector
and non-lightlike gradient of Hamiltonian function. All constructions/objects will be
considered on the whole R} or on some domain of R?.

Let (2!, 22, 2%) be a local coordinates on the Minkowski space R}, an autonomous
dynamical system associated to a vector field v = v'0,: is given by the system of
autonomous ordinary differential equations:

it =vi(z), x=(a' 2% 2°).

Here overdot denotes the derivative with respect to time t.

We define a Hamiltonian system with respect to a Poisson structure on R} by

& =wv(zr) = —Qz)(dH (z),.), (6)
where H(z) is the Hamiltonian function and Q(z) is the Poisson bi-vector. Poisson
bi-vector is a skew-symmetric contravariant two-tensor satisfying the Jacobi iden-
tity [Q(z), Q(z)] = 0, which is given by the Schouten-Nijenhuis bracket. System of
equations (6) are called Hamilton’s equations. In terms of the local coordinate basis
0; = O,:, the Poisson bi-vector is interpreted as = Q99; A 0;. Bi-vector € in fact
determines a Poisson structure on manifold by {f, g} = Q(df, dg).

A manifold endowed with a Poisson structure is called a Poisson manifold. For
a Hamiltonian system on a Poisson manifold constants of motion or the conserved
quantities are determined by the equation f = {f, H}.

A Hamiltonian dynamical system (6) is said to be space-like if n(v,v) > 0 and
time-like if n(v,v) < 0. Since 1gvol, defines a 1-form, by means of the Minkowski
metric (1) we can define pairing between bi-vectors and vector fields on R as

J7 = n" (1gvoly), (7)
where the vector field J = (222, Q3! —Q12) is called the Poisson vector associated to
the Poisson structure [1,11]. Here 1qvol, stands for the contraction of the volume
form with Poisson bi-vector. By favour of n the gradient of a differentiable function
H is defined by
. OH 0

Oxd Oz’ (®)
and therefore Hamilton’s equations (6) and the Jacobi identity are interpreted respec-
tively by

VH =n

v=J xy, VH, (9)
and n(J,curl J) =0, (10)
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where the curl J is defined as

i j -k
curl J = 8$1 (912 —813
Jtog2 8

The holonomicity condition (10) implies the existence of a family of surfaces orthog-
onal to the vector field J or a codimension one foliation [3,21] in Minkowski space
R$. The leaves of this foliation determined by a level surfaces of a function, say
(at, 22, 23), and Poisson vector is of the form ¢Ve. In this sense, any Hamiltonian
dynamical system is described by the Hamiltonian function and a holonomic vector
field. An integral curve of (9) lies on a symplectic leaf ¥ (zt, 2%, 23) = c. Since J is
determined by the principal and binormal vector fields n and b according to (5) at a
given point, tangent planes to these leaves can have space-like and time-like casuality.

Let 6/8st, 6/8s% and 6/8s® denote the local directional derivative operators in the
direction of tangent, normal and binormal of a curve and commutation relations of
these vector fields are determined by structure functions of the Frenet-Serret triad.
For the explicit values of these structure functions see for example [17,22]. In terms
of these we can write the gradient operator (8) as

0H o
H = klY 7
v s 5k o5l
. 0sk 9s!
where = ]@ pye (11)

The functions s* = s®(x!, 22, 2%) can be seen as (non-commutative) coordinates asso-

ciated to the Frenet-Serret frame and they represent the arc-lengths along the flows
of the vector fields (t,n,b). In [17], authors uses the term anholonomic coordinates
for the functions s®. The columns (rows) of the Jacobian matrix

Jst Js' Js'

k Ozl ox2  Ox3

s — 9s®  9s*  9s?
i 1 2 3 ’

bzt Be Gw 5%

ozt Oz2 O3

represented by the Frenet-Serret frame (t,n,b). Accordingly we see from (11) that

net =e1, 1P =6, 12 =—eae,
and hence the gradinet operator in the Frenet-Serret basis takes the form

)

— 4+ ean— —e16b—.
PP PO
This implies that the gradient operator is depend on the casual characters of the
frame elements.

V:elt

Since n(VH,v) = 0, i.e. daH = 0, the Hamiltonian function is of the form
H = H(s?,s%) and its gradient is therefore determined by
oH oH
@n — €1€2 @
On the other hand, from (9) J is orthogonal to v and hence it can be written as
J = an+ gb. It is also important to note that transformation is the Poisson structure

VH = €9 b.
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is invariant under the transformation J — fJ due to the dimensional reason, and that
in general, the multiplication of the Poisson bi-vector by a function is not a Poisson
structure. Accordingly, without loss of generality we can take the Poisson vector as
J =n+ pb. The Jacobi identity for J = n + ub in Frenet-Serret frame reads

n(J,curl J) = Q, + puQnp + 12 +n(n, Vi xp, b) =0 (12)
where the scalar quantities 2,,,,; and £, are defined by
Q, =n(n,V Xy, n)
Qnp =10,V x1, b) +1(b, V X1, n)
Q, =n(b,V x1, b).
These scalar quantities completely determine the value of non-holonomicity of the
complexified vector field &€ = n + ib (see [3]).

Since n(n, Vi xp, b) = —n(Vu,n x1, b) = ean(Vp,t) from the definition of the
gradient operator in the Frenet-Serret basis we have

)
n(n,Vu Xp, b) = Qe%ﬁ. (13)

As a consequence the following is immediate.

PROPOSITION 3.1. The Jacobi identity for non-lightlike Poisson structure J = n+ ub
associated to Hamiltonian dynamical system in R} is described by the Riccati type pde
op

Qn + /fonb + MQQb = _GZE'

(14)

Proof. Substituting (13) into (12) results in (14). U

This expression manifests that the Jacobi identity for a Poisson structure can
be expressible as a partial differential equation involving arc length coordinate only
and this equation does not depend on the casual character of the velocity vector
field. That is (14) describes the Jacobi identity for the Poisson structure for both of
the space-like and time-like Hamiltonian dynamical systems, and can be seen as the
Minkowski space analogue of the Riccati equation obtained in [1].

4. Darboux Frame associated to a Hamiltonian system

Since a Hamiltonian dynamical system is completely determined by the Hamiltonian
function H and Poisson structure J = n + pb, (v,J, VH) forms a natural frame
field associated to the Hamiltonian dynamical system in R$. VH and .J need not be
orthogonal with respect to the metric (1) in general. Any vector field X in TR} can
be (locally) uniquely decomposed into three components for an orthonormal frame
(e1,e2,€3) with e3 = e1 X1, €2 as X = (X, e1)er + ean(X, ea)ea — e16an(X, e3)es,
and thereby we can define an orthonormal frame on an integral curve of a given
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Hamiltonian system by applying Gram-Schmidt process as follows:
v 1 J
€1 = 7, €y = ——d,
[[] 171
_ 1
[VH — ean(VH, ez)es|
Since ||J|| = /|1 — €1u2|, for convenience we assume 1 — e;u? > 0. This is readily
satisfied for a time-like dynamical system. By a direct calculation we find
€9 6H 5H
——— = — b).
1= e 2 <H582 +e 6s3> (e1pn +b)

es (VH — ean(VH, ez)es).

VH — en(VH,ez)es =

In this work we only focus on the time-like case ¢ = —1. This case implies ¢ = 1
and n(b,b) = 1. Accordingly for 2% — 25 > 0 we obtain

1 1 N

v
e1 =5, e=—F7——=J, ez3=exXpe;=——=J",
l[vll V14 p? I+ 2

where J- = un — b. In terms of the Frenet-Serret basis, this frame is given in the

matrix form as
a=t < o ) - 1 ( ! ) ( b )
! "\ es MT+p2 \ p —1 b/’

As we mentioned above, due to the conformal invariance in three dimensions the
vector field es is the Poisson vector associated to the given Poisson structure and
readily satisfies the Jacobi identity n(es,curles) = 0. Since es defines a family of
surfaces, let us restrict ourselves to a member of this family and denote it by S.
Clearly an integral curve of the time-like Hamiltonian system is contained in .S and
we assume that integral curve under consideration is re-parametrized by its arc-length.

(15)

PROPOSITION 4.1. Let v = eg X1, VH be a time-like Hamiltonian dynamical system
with Poisson structure es = \/117(71,—&— ub). Then the frame (15) defines Darboux

frame along an integral curve on the surface S with unit normal es. Moreover, deriva-
tive of (e1, ez, e3) along the trajectory of the flow determined by the Hamiltonian vector
field v described by the following system of equations

d el 0 Kn  Kg el
T e = Kk, 0 7 es |, (16)
€3 kg —7r O es

where ky, kg and T, are defined by

= . y Rg = e 7TT:_(T+ ﬂ2)7ﬂ:§su~
V14 p? V1+p2 L+ p

Proof. By definition (ej, es, e3) defines Darboux frame on §. Equations in (16) are
obtained by a straightforward calculation. O

(17)

Kn

The quantities £,, K, and 7, in (16) describes the normal curvature, geodesic
curvature and geodesic torsion of an integral curve of the Hamiltonian dynamical
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system (9). The appearance of p and i in these equations determines the values
of non-holonomicity €2, and €2, and hence the vanishing of the curvature quantities
have a direct geometrical meaning for the determination of Poisson structures with
the normal legs of Frenet-Serret frame for underlying Hamiltonian system. It follows
directly from (17) that an integral curve of the Hamiltonian dynamical system is an
asymptotic curve iff it is a straight line, it is a geodesic for x > 0 iff 4 = 0, and it is

a line of curvature iff 7 = —#.
It is also suitable to note here that setting u = 0 in (21) gives
e1=t, e2=n, e3s=—b (18)

Using these and setting ¢ = 0 in (16) and (17) we obtain the Frenet-Serret equations
for a time-like unit speed curve as it is stated in (4):

dt 0 x O t
d—n:KLOT n
S\ b 0 —7 0 b

We should also emphasis that the existence of a Poisson structure J with g =0
is determined by the existence of trivial solution of the Riccati equation and this
holds if and only if ©,, = 0 and can be seen more transparently for the dynamical
systems admitting two functionally independent conserved quantities in three dimen-
sions. Consider the dynamical system on the domain D : 2% + y? < 2 of R} given by
the set of equations

which integrates (up to position) to & = rcost, y = rsint, z = V2.
Clearly the vector field v = (&, 7, £) is time-like. The domain D is foliated by the
constant values of function Hi(x,y,z) = (2 +y?) and an integral curve of v lies on

a leaf of this foliation. Frenet-Serret frame associated to an arbitrary speed time-like
curve t — ~(t) is constructed in some domain of R} as follows:

:L’n: UXL(VXLU)7b: ’UXLII. (20)
o] [[oxL (V xp o)l [CRSTR

For v =4 = (—y,x,v/2) and ¥ = (—z, —y,0), (20) can be equivalently given by

v ¥ XLy

t

tzi,b:f,n:bet. (21)
ol = T Al
It follows from (20) or (21) that
1
t=or(nn V2, ol = V2= (@4 97)
1
b= 2 (V2 Ve~ 1), 6= V@ TP~ @+ )
(2— (2% + %) 1
n=———""(ry,0) = —————VH;.
ollv|l ( ) v x2 + y? '

Another conserved quantity or the Hamiltonian function can be found by inspec-
tion as Hy = z — y/2arctan (%) , * # 0, whose gradient is found as (22 + y?)VHy =
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(V2y, —v2z,—(2? + y*)). Thus we have

x2+y2
= _— H
b \/2—(962+z/2)V >

Clearly Hy and Hs are functionally independent since VH; and V Hs are orthogonal
vector fields with respect to the metric 1. As a consequence, the dynamical system
(19) is written for the Poisson vector J = n and the Hamiltonian function Hs by
v =1J x1, VHy, and this implies p = 0.

5. Main Result

Now we state and prove the theorem exhibiting the main result of this paper.

THEOREM b5.1. All of the non-stretching time evolution of a time-like curve specified
in the form v = Un + Vb + Wt are described by the time evolution of an integral
curve of a time-like Hamiltonian dynamical system in Minkowski space R} such that
the integral curve under consideration is a geodesic curve on a leaf of the foliation
determined by the Poisson structure.

Proof. Consider one-parameter family of smooth curves r(s, t) such that for each fixed
time ¢, a point particle moves along a trajectory r(s,t) of the flow determined by the
Hamiltonian vector field (9) and re-parameterized by a natural parameter s. Time
evolution of a point particle is specified in the Darboux frame as
Or
ot
We assume here that motion is non-stretching, that is, the arc-length s = f:||88/r|| ds’
is independent from the parameter ¢ i.e. 9;s = 0. In this case we have the compatibil-
ity condition (950; — 0;0s)r = 0. Motion is said to be local if the functions U,V and
W are depend only on the local values of x,, k4 and 7, and their invariant derivatives
with respect to arc-length s. Taking the s derivative of (22) and using the compati-
bility condition rg = rs, we find é1 = (Us — V7 + Whp)ea + (Vs + Uty + Why)es
and Wy + Uky, + Vg = 0. This condition is equivalent to say that the motion is
non-stretching. By a direct calculation we find é; s = (ak,, + brg)er + (as — b )ea +
(bs +ar-)es, where a and b are defined by a = Us — V7. + Wky,, b=V, +Ur +Wky.
A real matrix A is called pseudo-orthogonal with respect to the metric n if ATnA =
7, and the Lie algebra so(2,1) of the pseudo-orthogonal group SO(2,1) consists of

r= U€2 +V€3+W€1, r (22)

matrices of the form X7 = —nXn~!. Therefore, the time-derivative of the frame
(e1,e2,e3) is determined by
6.1 0 a b e1
e |=|a 0 ¢ es |, (23)
es b —c 0 es

where a and b are as above.
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Using €15+ = (akn + brg)er + (kn — chg)ea + (kg + ckp)es, from the compatibility
condition e; o = e, we find

Fn = as — b7 + ckyg, kg =bs +at; — ckp. (24)

Here c is determined by these equations.

Using the identity £? = &2 + 7 from (24), we get

3% = kn(as — b)) + kg(bs + aty). (25)

From the compatibility condition e s+ = e ;s we also find
Tr = Cs + akg — bk, (26)
We see from (17) that k, = 0 with x > 0 if and only if g = 0. In this case we have
kn = Kk and 7, = —7. Also in the case of p = 0 Poisson vector ey transforms to n and

the Jacobi identity implies €2,, = 0. This is equivalent to say that integral curve of a
time-like Hamiltonian system is geodesic curve on the surface S with unit normal n.
If we set © = 0 in (25) and (26) using the expressions a,b and ¢ in terms of U, V, W
we find £ and 7 as follows:

Ork = Uss — (K2 +72)U — ks / kU ds' + 27V, + 1,V (27)
1 S
3t7':—2 Q(VS—TU)—Z(US—FTV)—FT/ kU ds"| + kVs — kU
0s |k 0s K

If we set ;1 = 0 in (23) and use (18) we obtain
t=Us+ VT +Wkn+ (Ut —V,)b,
10

n=Us+Vr+Wg)t— L;(‘?s(vs -Ur) — %(Us +7V + HW):| b, (28)

: 10 T
b— —(V;—UT)t-F |:I*€(9.S(VS —UT) — K(US+TV+HW>:| n.

Corresponding point evolution of these equations is obtained by setting p = 0 in (22)
and using again (18) as follows:

r=Un—Vb+ Wt. (29)
If we replace V for equations in (27), (28) and (29) by —V/, then the proof follows. [J

These equations are the Minkowski space analogues of the corresponding equations
for Euclidean space derived in [19] and any nonlinear soliton equation obtained from
the time evolution of the curvature and the torsion of a time-like curve in literature is
covered by the case of u = 0, see for instance, the nonlinear Schrédinger equation as
the binormal motion of a time-like curve or as the Heisenberg spin chain in Minkowski
space [7,9,18]. We are going to obtain nonlinear Schrédinger equation and the mKdV
equation as the time evolution of the Hashimoto function, which is composed of the
geodesic curvature, normal curvature and geodesic torsion in the following section.
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6. Hashimoto function in Darboux frame

As an illustrative example for the main result of this paper, we shall construct
Hashimoto function in Darboux frame and we obtain the nonlinear Schréodinger equa-
tion and the mKdV equation by the time evolution of this function.

Equations in (16) are written in complexified form as
(eg +ie3)s + it (e2 +ie3) = (K + irg)eq.
If we define & = (eg + iez)e, & = ¢! Jo7rds" then we can write (16) as % = ey,
91 = L(y¢* + ¢*€), where ¢ is defined by
Y = (kn + iKkg)e, (30)
and asterisk denotes the complex conjugation. We call this function as Hashimoto
function in Darboux frame. In terms of ¢ and ¢, k,, and k, are written as

= (W HB%E), Ry = (e —ye). (31)
As one can easily see, if g = 0 then k; = 0 and from (21) it follows that
E=m—ib)e /774 and ¢ = ke ST
In this case the Poisson vector is determined by the principal normal n. Since the
Hashimoto function (30) have complete description for an integral curve of a given

time-like Hamiltonian system, its time evolution determines the time evolution of an
integral curve. Accordingly we have the following:

ProprOSITION 6.1. The defocusing version of the nonlinear Schrédinger equation
. 1
’La{lﬂ + 8525¢ - §|1/)|2¢ =0,
and the complexr mKdV equation
3
at'l/) + Q;Z]sss - 51/)5‘1/)‘2 = Oa

are obtained as the time evolution of an integral curve of a given time-like Hamiltonian
system.

Proof. The proof of this proposition is based on straightforward calculation. Using
the equations in (24) and (26) we can compute the time derivative of (30) as
O = [(a +1ib)s + iT,(a + ib)]e + iw/ (akg — bky,)ds', (32)

where arkg — bk, = Uskg — Vskp — T (Uky, + VKg). Substituting a and b into equation
(32) results in

Op = (Ue)ss +1(Ve)ss + [Wol(kn + irg) + W(kn,s +ikgs)

+ i W (kp + iKg)]e + u/)/ Us kg — Vsrbin — 7o (Ukp + Vikg)| ds'.
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Due to the identities [¢|* = £} + k2, Wy = —(Uky 4+ Vky), we have
O = (Ue)ss +i(Ve)ss — ithp(Ukg — Vin) — (U +iV)|yp|’e

- 7,/13/ (Uky, + VEg)ds' + iw/ Ug kg — Vobkin — 7 (Ukp + Vig)] ds'.

Using the identities
/ Vybinds' =V, — / Vikin,s ds',

/8 Ugkgds =Ukg — /S Ukg,s ds',
we obtain by a direct calculation that
i) /S(Usfmg — Vykin)ds' —ip(Uky — Vky) =it /S(V/@n,sf —Ukg,s)ds’.
Therefore we have

Oh = (Ue)ss +i(Ve)ss — (U +iV)|1p|2e — 1hs /S(Unn + ViEg)ds'

+ iq/)/ (VEn,s —Ukgs)ds' — ii/)/ 7 (Ukn + Vig) ds'. (33)
From (31) it follows that

Uk + Vi, = %[w*e(U +iV) + (0% e(U + iV))*] = Re(*e(U + i)
Rn,s = %(%8* + ¢:5) + KgTr

Ko = g Whae” —036) — Rt
Using the fact Re(¢,e*(V +iU)) = Im (¢ e(U + iV)) we obtain
iv / (Vi — Ug.o)ds' — ith / Uk + Viy) ds' — it / " Im[(5e) (U + i) ds'.
If we put these into (33) we finally get
b = (Ue)ss +i(Ve)ss — (U +iV)||%e
4, / “Re(we(U +iV)) ds' + ith / " m[(05e)(U + V)] ds'.

Therefore the time evolution of the function v is written by the integro-differential
operator as

o = 02, — o2 v, [ asmer +iv [ st @ e @

Choosing U = 0 and V = k,, +ik, in (34) results in the defocusing version of the non-
linear Schrédinger equation: 041 + 82,0 — 3|2 = 0. If we set U = — (ks + ikig,s)
and V' = —(k,+ikg) 7, we obtain (U+iV)e = —0s1. Substituting this into (34) results
in the defocusing version of the modified KdV equation: ;) +1sss — %ws lpl?=0. O

As it is indicated in [19], no choice of the pair {U,V} could give the defocusing
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version of the non-linear Schrodinger equation for non-strecthing curve motions in
R3. However, as we have shown and as it is stated in [7], the defocusing version can
be obtained by the moving curve in Minkowski space R}. We should also emphasis
that since U and V' are depends on the curvature quantities x,, k4 and 7, they have
also pu dependence and hence the choice of U and V is determined by the choice of
Poisson structure associated to Hamiltonian system. Besides, since the equations in
(16) for a time-like curve in R$ reduce to Frenet-Serret equations for u = 0, they
can be seen as the (AKNS) scattering problem [2] at zero eigenvalue for r = +¢* [19]
provided that the integral curve of a given time-like Hamiltonian dynamical system
is a geodesic line on the surface with unit normal n. This is the circumstance that
we have kg = 0, k, = K, 7> = —7 and all the existing results related to the motion
of a time-like curve in an ambient space in literature are covered within this special
case by setting y = 0 in (30) and (34).
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