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CURVATURES OF TANGENT BUNDLE OF FINSLER MANIFOLD
WITH CHEEGER-GROMOLL METRIC

Zohre Raei and Dariush Latifi

Abstract. Let (M, F) be a Finsler manifold and G be the Cheeger-Gromoll metric
induced by F' on the slit tangent bundle T™M = TM\{0}. In this paper, we will prove that
the Finsler manifold (M, F) is of scalar flag curvature K = « if and only if the unit horizontal
Liouville vector field £ = y—; 621' is a Killing vector field on the indicatrix bundle IM where
a:TM — Ris defined by a(x,y) = 1+ g2(y,y). Also, we will calculate the scalar curvature
of a tangent bundle equipped with Cheeger-Gromoll metric and obtain some conditions for
the scalar curvature to be a positively homogeneous function of degree zero with respect to
the fiber coordinates of T'M.

1. Introduction

Tangent bundles of differentiable manifolds are of great importance in many areas of
mathematics and physics. In the last decade, a large number of publications have
been devoted to the study of their special differential geometric properties [6].

Some authors have extended the study from Riemannian manifolds to Finsler
manifolds. The geometry of Finsler manifolds of constant curvature is one of the
fundamental subjects in Finsler geometry. Akbar-Zadeh [1] proved that, under some
conditions on growth of the Cartan torsion, a Finsler manifold of constant curvature
K is locally Minkowskian if KX = 0 and Riemannian if K = —1. Shen [12] has
also investigated the geometric structure of Finsler manifolds of positive constant
curvature via the Riemannian Y-metrics. Bejancu [3-5] has initiated a study of
interrelations between the geometries of both the tangent bundle and indicatrix bundle
of a Finsler manifold on one side, and the geometry of the manifold itself, on the
other side. Also he found some conditions for scalar curvature to be a positively
homogeneous function. Peyghan and Tayebi [9] introduced two vector fields of the
horizontal Liouville type on a slit tangent bundle endowed with a Riemannian metric
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of Sasaki-Finsler type, and proved that these vector fields are Killing if and only if
the base Finsler manifold is of positive constant curvature. In the special case of
one of them, they showed that if it is Killing vector field then the base manifold is
Einstein-Finsler manifold. Also in [8], the two perviously mentioned authors together
with Zhong introduced a class of g-natural metrics G, on the tangent bundle of a
Finsler manifold (M, F) which generalizes the associated Sasaki—Matsumoto metric
and Miron metric. They obtain the Weitzenbock formula of the horizontal Laplacian
associated to G, p, which is a second-order differential operator for general forms on
tangent bundle. Using the horizontal Laplacian associated to G, , they give some
characterizations of certain objects which are geometric interest (e.g. scalar and vector
fields which are horizontal covariant constant) on the tangent bundle. Furthermore,
Killing vector fields associated to G, are investigated. Tayebi and his collaborators
studied the interrelations between the geometries of (M, g) and (T'M,G). For other
progress, see [10].

2. Finsler manifolds

Let (M, F) be an n-dimensional Finsler manifold, where F' is the fundamental function
of (M, F) that is supposed to be of class C* on the slit tangent bundle ™ =
TM\{0}. Denote by (x?,4"), the local coordinates on T M, where (z°) are the local
coordinates of a point # € M and (y*) are the coordinates of a vector y € T, M. Then
the functions

1 0?F?
C 20yioyd’
define a Finsler tensor field of type (0,2) on TM. The n x n matrix [9i5] is supposed
to be positive definite and its inverse is denoted by [¢¥/].

9ij

__Next we consider the kernel VTM of the differential of the projection map = :
TM — M, which is known as the vertical bundle on TM. Denote by T'(VT'M) the

F (m)—module of sections of VT'M, where F (m) is the algebra of smooth functions
on TM. Locally, (VT M) is spanned by the natural vector fields {8%1’ .

_ v oy I
Then by using the functions N; we define the local vector fields
] 0 ;0
- = - — N/ — ; 1,...
dzt Ozt P Oyd’ pedlonly

which enable us to construct a complementary vector subbundlﬂe\j{m to VT M
in TTM, that is locally spanned by {%, e 5%}. We call HT'M the horizontal

distribution on TM. Thus the tangent bundle of T'M admits the decomposition
TTM = HTM & VT M.
For a vector field w € T M, we shall denote by U its canonical vertical vector
field on T'M which in local coordinates is given by U = (uiow)(a%i)(p, u), where
u=(ul,...,u™). We define the function 7 : TM — R by r(p,u) = |u| = \/g,(u,u)
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where g, (u,u) = F?(u,u) and put o = 1 + 2.
Then we can define the Cheeger-Gromoll metric G on TM induced by F as follows
G (%%i, %) = Gij»
Slagrag) =% 1)
_ 1 s

Clay 27) = @i () T Iis o 9t 0°1)-

We define some geometric objects of Finsler type on TM. First, the Lie brackets of

the above vector fields are expressed as follows:

[i i] — Rk i
dxt’ dxd’ T gyk’
6 0 0
[ﬁa @] = (Pfj + L?j)@» (2)
0 0
oyt oyit

We note that Rfj define a skew-symmetric Finsler tensor field of type (1,2), while
(Ffj + ij) are the local coefficients of Berwald connection. Some other Finsler tensor
fields defined by Ri—“j will be useful in study of Finsler manifolds of constant flag
curvature:

Rpij = gnr Ry, Ryj = Ruijy', RY = g™ Ry;.

From this we have

y"Rpi; =0, y"Rp; =0, Ri; = Rj;, (3)
ARk k

Rf:1 s ORC (4)
7 3\ 0yt oy’

We define a symmetric Finsler tensor field of type (1,2) whose local components
are given by

Bi =L, (5)
As a consequence we have Bfy7 = 0.
Also the Cartan tensor field is given by its local components:
cl = 59" 24, (©)
and by the homogeneity condition for F' we obtain C’ijj =0.
The function Ffj is given by

re 1 kh{@ki L 09 591’?’}
ij )

dzi ozt dzh
and by Euler theorem we infer T'};y7 = NF.

The angular metric of (M, F') has the local components
oF

hij = gij — Ll li = gil! = B
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3. Killing vector fields on (TM,G)

We define the following adapted tensor fields by using the above Finsler tensor fields
RE C’k and Bk

l]’

R:T(HTM) x T(HTM) — T(VTM), R(X",Y")=RLYixI aak, (7)
C:T(HTM) x T(HTM) — T(VTM), C(X"Y")=Ckxiy’ aak, (8)
5

B:T(VTM) x T(VTM) — T(HTM), B(U",W")= BEUW! . (9)

where we set

Xh=x7— 0 yh=vi— J ., U =U— 9 I a',
xd’ oxt y oyt
Y

and R< 0wl 6:1:1) Rf] 381‘ and R(émf ’ 69:’ ) = [511 ’

Hence HTM is an integrable distribution if and only if R = 0. On the other hand,
(M, F') becomes a Landsberg (resp. Riemannian) manifold if and only if B = 0 (resp.
C=0).

We define for each of the adapted tensor fields R, C and B a twin denoted by the
same symbol as follows:

T(HTM) x D(VTM) — T(HTM), (10)
G(R(Xh YY), Z") = aG(R(X", Z"),Y")

C :T(HTM) x T(VT M) — T(HTM), (11)
G(C(X" YY), Z") = aG(C(X", Z™), V")

B :T(HTM) x T(VT'M) — D (VT M), (12)

G(B(X",Y"),2%) = ~G(B(Y", 2"), X"),
[0

for each X,Y, Z ¢ F(Tm).
We put locally the twins of R,C and B

5 0. 6
Gar ay) = R 13)
5 0. .6

(a7 ay?) = Ciigar 1)
50 .0 5)

ar oy = Py

Taking into account that Cjj, and Bjj;, are symmetric with respect to all indices and
by using (19)—(21) and (3)—(6), we have

- - g 0

Cijk = Cligpr = OékaG(aTJS, 8yj) Cirgsi = Cirj = Cij, (16)
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_ 1 1
B, = ¢ Blug = Bl = Bl

35
0 8

Ryji = Rjigm = OészG(a 5 ayr) = Tk

Since ¥/ Rjk; = 0 we obtain
yj Rkji =0.
The Vranceanu connection V on TM is defined by

VxY = (VoY) + (Vn YR 4 [ X7 Y] +

for any X,Y € F(f]\v/[) By using (8) and (2) we obtain

(X, Y,

Vﬁ 6(3531 - Ffﬁ 65k’

Vg =0

Vs g = (T + L) g

Voo g = Chiger + (= Glgn U = Gl U
+(a+1)G(£ji,%) (88] U)G(asz)U).

(24)

THEOREM 3.1. [11] Let (M, F) be a Finsler manifold. Then the Levi-civita connection
V in terms of Vranceanu connection V on (I'M,G) are as follows:

9V 6; :V$% _O‘C(%v%) —% (%,%)
AL ﬂ%”%%”i“ﬁ%w

for eachi,j e {1,...,n}.

=)+ Vs

B(

0
51‘7 ayj

500 9y

6 0

THEOREM 3.2. [11] Let (M, F) be a Finsler manifold, then the curvature tensor field

R of Levi-Civita connection on (TM G) are as follows:

6 6.6 6 6.6 0

) R((W 5xj)6:7k o

1 ) 6 4

0

0

0

(ot 527 5% T B (o B 507)

]

4]

50 B (5m Bl 50 T (Gr B 57)
1 1) 1) 1)
~ Ao (385 Bl 5n)
1 1) 1) 1) 1 1) 1) 1)
+ 10 B B 58 T30 G B 508)



Z. Raei, D. Latifi

1) 1) 1) 1) 5 5
1) 1) 1)
500G 58
1 1) 1) 1) 1)
R ))

Sxi’

+ aC(

+5(Ve R)(5 5 5 5) +a(Vs O) (55 55

5(; 5;)33 (%’%)aiyk_& (R(aiz 5:;‘)’8%'@)
+ Ak Mn(B(%’B(%’a%)

Y1 B) s o) + (V£ O )

S B o) — aCl Cls )

— 30 G R o)) + 5 (V s R )

L8 g0 1(%7(%7%))

ii) R(

~—

+C(

20 B gy 2
1 1) 1) 0
1 B g)
0. 0 o 0.0 1 0 1) 0
Yy 87343)(5:17“ R(By 6y)(5x’f+A(aL )(_7
RAR
dxk’ Oyi”’
) 0 8
+C(O(5:T’“’8yﬂ) By) C(R( xk’@)’@)
1 6 0,0 Ll 0,0
4oy

2O 3yﬂ) oyt o) (R(ﬁ’@)’@)

6 0 5 0
+(V$B)(W7@)+(V%C)(W,@)

1 6 0 1 0 g 0 )

+ %(Vaii R)(ﬁ, aiyj) - EG(U, @) (ﬁ, @)

oy 57 3 = oy a1 g

*A<%v$>(*$G(U’ aaz)B(a?ﬂ aj )
(V.a B)(% é( 8§j,aiy,€),azi)
<B<a% o) 5+ e BB ) )

iit) R(

_0

dy

1 6 0 o0
)+ 30 B( (&Uik’aiyj)’ 3yi)

1

200

+ B(C(

6 0 0

i) R(

+

2,
oy

+

Qlm QI+

139

)
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-5 0.6 6 0 ) ) ) 0
v) R(@’Biyj)w = (ﬁv @)W + (@, (W’@))
0 1) ) 1 0 ) )
) 0 1) 1) 0
+(V5%B)(W,a—yj)+ (57 (anfyj))

] 6 0 1 4] 6 0
- aC(ch(wv 87yﬂ)) - §C(Wa (&Tkv 57?43))

0 ) 1) ) 0
—2G(U, aiyj)c(@’ (53:7’“) + (Vﬁc)(axﬁa 37113)
1) 1) 1 1) 1) 0

+Q(V$O)(§a@)+% (@7 (@767:11]‘))

- 3R s o)) = 1 B Bl )
o) Rt g ok = R ) — (Vs B s o)

(V2 B )~ (V 2, O )

~ 20V G )+ Ui By )

= OOl gy ys) ~ 200 Pl gy 3y5)
Lrnl ) - Laet 2. )
e B G 5) 3) * oBl Blie 5y
+$G(U,aiyj) (%’B%k)

DEFINITION 3.3. [7] A vector field X on M is called an infinitesimal isometry (or, a
Killing vector field) if the local 1-parameter group of local transformations generated
by X in a neighborhood of each point of M consists of local isometries.

PROPOSITION 3.4. [7] For a vector field X on a Riemannian manifold M, the follow-
ing conditions are mutually equivalent:

o X is a Killing vector field;
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e The natural lift g of X to L(M) is tangent to O(M) at every point of O(M);

e Lxg=0, where g is the metric tensor field of M;
e The tensor field Ax = Lx — Vx of type (1,1) is skew-symmetric with respect
to g everywhere on M, that is, g(AxY,Z) = —g(AxZ,Y) for arbitrary vector

fields Y and Z.

THEOREM 3.5. The unit horizontal Liouville vector field & = % 6‘;1. is a Killing vector

field on the indicatriz bundle IM if and only if
1
hig(ey) = ~Rig(ey) Vo) € IM

Proof. The Lie derivative of G with respect to & is given by

First, by using Theorem 3.1 and (25) we obtain
6 0 é §
(LEG)(@, @) =GV 2§ g) + G(5 Voo §)
() 8y 8 6 05 5 v 5
=0 5t F e ) T O b T F e 5
Ny 6 N & 6 f N; 6§ B
= F e T Fa s T T T e e =0
Next, by using Theorem 3.1 and (25) we get
o 0 d
( fG)(ay“ayJ) Vo, &ayj) G(al, 28
Vg 9 9 Vg 9 9,
=GBl 5) + OB 5,7 =0
Finally we have
5 0 15} 5
(LéG)(ﬁv 87247) =G(V_s, 7) + G(@avﬁﬁ)
Y . 1 o 0
*G( F< Csz+ )a t’ayi)
5 %) g t 6
TG By o ot F (ch +TR )50t
1
gl t f(gz‘j —lil;)
1 1
= 5 (hij = ~Rij).

Now by using Proposition 3.4 we deduce that the unit horizontal Liouville vector
field ¢ is a Killing vector field on the indicatrix bundle M if and only if

1
hij(x.y) = aRij(xay) V(z,y) € IM,

This completes the proof.
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THEOREM 3.6. The Finsler manifold (M, F) is of scalar curvature K = « if and only
if the unit horizontal Liouville vector field is a Killing vector field on the indicatriz
bundle I M.

Proof. The flag curvature of (M, F) at the point x with respect to the flag II(X) =
span {2, X} is the function (see Bao-Chern-Shen [2])
Ri; X' X7
F2hy XX
If K = a we have h;(z,y) = LR;j(z,y) on IM. So from Theorem 3.5 we deduce

that the unit horizontal Llouvﬂle vector field is a Killing vector field on the indicatrix
bundle I M.

Let £ be a Killing vector field on IM. If (x,y) € IM from Theorem 3.5 we get
K(z,y) = a(z,y). Now suppose (z,y) ¢ IM. Then F(z,y) = c € (0,00) — 1, hence
(z,1y) € IM and we have h;j(z,2y) = L R;;(x, 2y). Taking into account that hy;
and R;; are positively homogeneous of degrees 0 and 2 respectively, we deduce that
c®hij(z,y) = L Rij(x,y), so we have K (z,y) = a(z,y). U

K(z,y,X) = (26)

4. Scalar curvature (TM,QG)

Let (M, F) be a Finsler manifold and (m ,G) be its slit tangent bundle equipped
with Cheeger-Gromoll metric induced by F'. Let R be the curvature tensor field of
Vranceanu connection on (T'M,G). We have

5§ 5.6 ] ) 5 , 0
(o 527501 = (Gar — s + Tl ~ Tl ) 5 = Kin gy (20)
9 9.0 86% oCy, t AP py 0
(TM’@)&yi = (8yk " oy + C,CF, — CLiCE )8 ”
1+« g 0 1+a 8 0
2+a+1 a—l 3
+ ( Oé?’ g’L] ag yly])ay
2+a+1 _ a—1" 0
- (T!Jzk - 792?&)@
o+ 2 o+ 2
U — o 9ijyU (28)

Now consider the local orthonormal fields of frames {H,} and {V,}, such that
H, e T(HTM) and V, e T(VT'M) for any a € {1,2,...,n}. We set

H, HZ(S. V= Vza

a§yt’ aal (29)
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We get
g = H H =) V.V (30)
a=1 a=1
Let S be the scalar curvature of Riemannian manifold (ﬁ/l, G). We have

S = Z{G (Ha, Hy)Hy, Ha) + 2G(R(Ha, Vy)Vi, Ha) + G(R(Va, Vi) Vi, Va)} (31)

a,b=1
Now by using (7), (8), (10) and (11) we have

G(C(Hav C(Hba Hb))’ Ha) = aG(C(Ha; Ha)v C(Hba Hb)) (32)
G(C(HbaC(HaaHb))vHa) = CMHC(H(I,H5)||2 (33)

G(C(Hy, R(Hq, Hy)), Hy) = —G(R(Hy, C(Ha, Hy)), Ha)
= O‘G(C(HayHb)aR(Ha;Hb)) (34)
G(R(H,, C(Hy, Hy)), Ha) =0 (35)
G(R(Hva(Hme))ﬂHa) = _a||R(HaaHb)||2 (36)
z": C(H,, Hy),R(H,, Hy)) = 0. (37)

By ubmg Theorem 3.1 (_) (30), (32)—(37) we get

S {GR(Hay H) Hoy Ho)y = " {GUR(H, Hy) o, 1)
a,b=1 a,b=1

—aG(C(H,, H,),C(Hy, Hy))
3
~ 1o | R(Ha, Hy)|* + ol|C(Ha, Hy) [} (38)
Then by using (7)—(9) we obtain

G(B(Vy, B(Ha,V)), Ha) = o B(Ha, Vb)|? (39)
G(C(C(Ha, V), Vo), Ha) = |C(Ha, Vi) |1? (40)
G(C(R(Ha, Vb), Vo), Ha) + G(R(C(Ha, V3), Vo), Ha) = 0 (41)
G(R(R(Ha, Vb), Vo), Ha) = —|| R(Ha, V)| (42)

By using Theorem 3.1, (39)—(42) we obtain

n

Z{G (Ha, V)V, Ha)} = D~ {1 B(Ha, Vi) I? = |C(Ha, Vi)|?

a,b=1 a,b=1

- 4%nR(Ha, VIl = G (Vi B)(Vin Vi), Ha) — G{(Vv,C) (Ho Vi), H)

~ Gl (Vi R)(Ha Vi), Ha) + 5 G(U, ) G(R(H,, Vi), o)) (13)
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By using (12) we have
BBV, Vi), V), Va) = ~G(B(Va, Va), BVi, i) (34)

1
G(B(B(Va>%>7%)7va) = aHB(VaﬂVb)HQ‘ (45)
Finally, by using Theorem 3.1, (44) and (45) we get

S {GRVa VoVl = 3 {G(RVa Vi)V V. D)+ 5 1B, V)2

a,b=1 a,b=1
1
— —5G(B(Va, Va), B(Ve, Vb)) }- (46)
Now we use (16)7(18) (29) and (30) and obtain
n
Z |R(Ha, Vi)|I> = Y ||R(Ha, Hy)|* = gspg™ g™ RE,R;, (47)
a,b=1 a,b=1
> IC(Ha, V)? = Z |C(Ha, Hy)|1* = grsg”' g Cl5Cyy (48)
a,b=1 a,b=1
o IBVL WP =a® Y |B(Ha, Vo)IIP = gisg™ 9" B Biy (49)
a,b=1 a,b=1

Now by using (31), (38), (43), (46) and (47)—(49) we deduce that
S = Z {G(R(Ho, Hy)Hy, Ha) + G(R(Va, Vi)Vi, Va)
a,b=1

—2G(=(Vu,B)(Vo, Vo), Ha) = 2G((Vv,C)(Ha, V3), Ha)

S

2G5 (Vo R)(Hl, Vi), Ho) + %G(U, Vi) G(R(H,, Vi), H,)

I.\D"i

— QG(C(Ha, o), C(Hy, 1) = ~5G(B(Va, Vo), BVi, i)

1
= 1o 1R(Ha, Hy)|[* = o|C(Ha, Hy)|* + @HB(Va, V)% (50)
Then from (13)—(15), (27) and (28) we deduce that
Z {G(R(H,, Hy)Hy, Ha)} = g ¢"" K15 (51)
a,b=1
> {G(R(Va, Vi) Vi, Va)} = 9" 97" Sijs, (52)

a,b=1
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acr,
P _ ij )“ t P t P
where 53 = (6yk 61}] +C;Chy — CriCyj )

Z {G(C(HaaHa),C(Hb7Hb))} = fg g”g le Ck;l
a,b=1

n

> {G(B(Va, Vo), B(Vi, Vi) } = gpsg™ g BY, By
a,b=1

By using (21)-(24), (29) and (30) we have

n L
> AG(Vi, B) (Vi Vi), Ha)} = g7 (BT, + 7
a,b=1
- B}, (% + LY))
= 17 ack s
Z {G((vac)(Haa ‘/b)vHa)} =9 ]( Ay’ - Cks)
a,b=1
: ij 61_%],3] s pk
Z {G((vaR)(Haa %),Ha)} =g j( 8yz - Cinsk)
a,b=1
Finally, from (50)—(57) we deduce that
2] ack s _ZJ s pk
S =—2¢"( oy - C5CF + oy Cii Ry,
L
+ BT + b = Biy (T + L) = By, (T, + L))

+ 9% 7% (Kyjis + Sijis — CP ngph c? Cjkgph

1 3
- @R Rglkgph + Bk‘éB/L]gph)

l
o Bip(r?l + L;‘)l)

145

(58)

we get
o . 86_"“ _ OO,
g9 (Sisns = CLCisgpn — CLCGugmm) =297 (55 = C5CK,) = 297 32;37
where Cj = C,’jj = gSijsk and C* = ¢ C;.
Also we can get
,;,0C; oC"
= 29;1C7C*.
Dy oy 9k

THEOREM 4.1. Let (M, F) be a Finsler manifold. The scalar curvature S of the

tangent bundle with Cheeger-Gromoll induced by F' is given by
oc;  ORY, . 5B,

: - Cy R B! F Y
ayz + ayz sk + + 5zl
= By, (% + L) — By, (T} + L))

S = —2gij(

0 1 3
+ 9" g7 (Kijrs — @R R Iph + BksBngh)
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COROLLARY 4.2. Let (M, F) be a flat Landsberg manifold and the torsion vector field
of (M, F) satisfies

oC? -
Ik —
Then the scalar curvature is zero.
Proof. This is a direct consequence of Theorem 4.1 and (58). U
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