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CURVATURES OF TANGENT BUNDLE OF FINSLER MANIFOLD
WITH CHEEGER-GROMOLL METRIC

Zohre Raei and Dariush Latifi

Abstract. Let (M,F ) be a Finsler manifold and G be the Cheeger-Gromoll metric

induced by F on the slit tangent bundle T̃M = TM\{0}. In this paper, we will prove that
the Finsler manifold (M,F ) is of scalar flag curvature K = α if and only if the unit horizontal

Liouville vector field ξ = yi

F
δ
δxi

is a Killing vector field on the indicatrix bundle IM where
α : TM → R is defined by α(x, y) = 1 + gx(y, y). Also, we will calculate the scalar curvature
of a tangent bundle equipped with Cheeger-Gromoll metric and obtain some conditions for
the scalar curvature to be a positively homogeneous function of degree zero with respect to
the fiber coordinates of T̃M .

1. Introduction

Tangent bundles of differentiable manifolds are of great importance in many areas of
mathematics and physics. In the last decade, a large number of publications have
been devoted to the study of their special differential geometric properties [6].

Some authors have extended the study from Riemannian manifolds to Finsler
manifolds. The geometry of Finsler manifolds of constant curvature is one of the
fundamental subjects in Finsler geometry. Akbar-Zadeh [1] proved that, under some
conditions on growth of the Cartan torsion, a Finsler manifold of constant curvature
K is locally Minkowskian if K = 0 and Riemannian if K = −1. Shen [12] has
also investigated the geometric structure of Finsler manifolds of positive constant
curvature via the Riemannian Y -metrics. Bejancu [3–5] has initiated a study of
interrelations between the geometries of both the tangent bundle and indicatrix bundle
of a Finsler manifold on one side, and the geometry of the manifold itself, on the
other side. Also he found some conditions for scalar curvature to be a positively
homogeneous function. Peyghan and Tayebi [9] introduced two vector fields of the
horizontal Liouville type on a slit tangent bundle endowed with a Riemannian metric

2010 Mathematics Subject Classification: 53C60, 53C07, 53C15

Keywords and phrases: Finsler manifold; Cheeger-Gromoll metric; scalar curvature; flag
curvature; tangent bundle.

134



Z. Raei, D. Latifi 135

of Sasaki-Finsler type, and proved that these vector fields are Killing if and only if
the base Finsler manifold is of positive constant curvature. In the special case of
one of them, they showed that if it is Killing vector field then the base manifold is
Einstein-Finsler manifold. Also in [8], the two perviously mentioned authors together
with Zhong introduced a class of g-natural metrics Ga,b on the tangent bundle of a
Finsler manifold (M,F ) which generalizes the associated Sasaki−Matsumoto metric
and Miron metric. They obtain the Weitzenböck formula of the horizontal Laplacian
associated to Ga,b, which is a second-order differential operator for general forms on
tangent bundle. Using the horizontal Laplacian associated to Ga,b, they give some
characterizations of certain objects which are geometric interest (e.g. scalar and vector
fields which are horizontal covariant constant) on the tangent bundle. Furthermore,
Killing vector fields associated to Ga,b are investigated. Tayebi and his collaborators
studied the interrelations between the geometries of (M, g) and (TM,G). For other
progress, see [10].

2. Finsler manifolds

Let (M,F ) be an n-dimensional Finsler manifold, where F is the fundamental function

of (M,F ) that is supposed to be of class C∞ on the slit tangent bundle T̃M =
TM\{0}. Denote by (xi, yi), the local coordinates on TM , where (xi) are the local
coordinates of a point x ∈M and (yi) are the coordinates of a vector y ∈ TxM. Then
the functions

gij =
1

2

∂2F 2

∂yi∂yj
,

define a Finsler tensor field of type (0, 2) on T̃M . The n× n matrix [gij ] is supposed
to be positive definite and its inverse is denoted by [gij ].

Next we consider the kernel VT̃M of the differential of the projection map π :
T̃M → M, which is known as the vertical bundle on T̃M . Denote by Γ(VT̃M) the

F(T̃M)-module of sections of VT̃M , where F(T̃M) is the algebra of smooth functions

on T̃M . Locally, Γ(VT̃M) is spanned by the natural vector fields { ∂
∂y1 , . . . ,

∂
∂yn }.

Then by using the functions N i
j we define the local vector fields

δ

δxi
=

∂

∂xi
−N j

i

∂

∂yj
, i ∈ {1, . . . , n},

which enable us to construct a complementary vector subbundle HT̃M to VT̃M
in T T̃M , that is locally spanned by { δ

δx1 , . . . ,
δ
δxn }. We call HT̃M the horizontal

distribution on T̃M . Thus the tangent bundle of T̃M admits the decomposition

T T̃M = HT̃M ⊕ VT̃M.

For a vector field u ∈ TM , we shall denote by U its canonical vertical vector
field on TM which in local coordinates is given by U = (uioπ)( ∂

∂yi )(p, u), where

u = (u1, . . . , un). We define the function r : TM → R by r(p, u) = |u| =
√
gp(u, u)
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where gp(u, u) = F 2(u, u) and put α = 1 + r2.

Then we can define the Cheeger-Gromoll metric G on T̃M induced by F as follows
G( δ

δxi ,
δ
δxj ) = gij ,

G( δ
δxi ,

∂
∂yj ) = 0,

G( ∂
∂yi ,

∂
∂yj ) = 1

α (gij(p,u) + gis(p,u)gjt(p,u)u
sut).

(1)

We define some geometric objects of Finsler type on T̃M . First, the Lie brackets of
the above vector fields are expressed as follows:

[
δ

δxi
,
δ

δxj
] = Rkij

∂

∂yk
,

[
δ

δxi
,
∂

∂yj
] = (Γkij + Lkij)

∂

∂yk
, (2)

[
∂

∂yi
,
∂

∂yj
] = 0.

We note that Rkij define a skew-symmetric Finsler tensor field of type (1, 2), while

(Γkij +Lkij) are the local coefficients of Berwald connection. Some other Finsler tensor

fields defined by Rkij will be useful in study of Finsler manifolds of constant flag
curvature:

Rhij = ghkR
k
ij , Rhj = Rhijy

i, Rkj = gkhRhj .

From this we have

yhRhij = 0, yhRhj = 0, Rij = Rji, (3)

Rkij =
1

3

(
∂Rkj
∂yi
− ∂Rki
∂yj

)
. (4)

We define a symmetric Finsler tensor field of type (1, 2) whose local components
are given by

Bkij = −Lkij . (5)

As a consequence we have Bkijy
j = 0.

Also the Cartan tensor field is given by its local components:

Ckij =
1

2
gkh

∂gij
∂yh

, (6)

and by the homogeneity condition for F we obtain Ckijy
j = 0.

The function Γkij is given by

Γkij =
1

2
gkh
{
δgki
δxj

+
δghj
δxi
− δgij
δxh

}
and by Euler theorem we infer Γkijy

j = Nk
i .

The angular metric of (M,F ) has the local components

hij = gij − lilj , li = gij l
j =

∂F

∂yi
.
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3. Killing vector fields on (T̃M,G)

We define the following adapted tensor fields by using the above Finsler tensor fields
Rkij , C

k
ij and Bkij :

R : Γ(HT̃M)× Γ(HT̃M)→ Γ(VT̃M), R(Xh, Y h) = RkijY
iXj ∂

∂yk
, (7)

C : Γ(HT̃M)× Γ(HT̃M)→ Γ(VT̃M), C(Xh, Y h) = CkijX
jY i

∂

∂yk
, (8)

B : Γ(VT̃M)× Γ(VT̃M)→ Γ(HT̃M), B(Uv,W v) = BkijU
jW i δ

δxk
, (9)

where we set

Xh = Xj δ

δxj
, Y h = Y i

δ

δxi
, Uv = U j

∂

∂yj
, W v = W i ∂

∂yi
,

and R( δ
δxj ,

δ
δxi ) = Rkij

∂
∂yk

and R( δ
δxj ,

δ
δxi ) = −[ δ

δxj ,
δ
δxi ]

v.

Hence HT̃M is an integrable distribution if and only if R = 0. On the other hand,
(M,F ) becomes a Landsberg (resp. Riemannian) manifold if and only if B = 0 (resp.
C = 0).

We define for each of the adapted tensor fields R,C and B a twin denoted by the
same symbol as follows:

R : Γ(HT̃M)× Γ(VT̃M)→ Γ(HT̃M), (10)

G(R(Xh, Y v), Zh) = αG(R(Xh, Zh), Y v)

C : Γ(HT̃M)× Γ(VT̃M)→ Γ(HT̃M), (11)

G(C(Xh, Y v), Zh) = αG(C(Xh, Zh), Y v)

B : Γ(HT̃M)× Γ(VT̃M)→ Γ(VT̃M), (12)

G(B(Xh, Y v), Zv) =
1

α
G(B(Y v, Zv), Xh),

for each X,Y, Z ∈ Γ(T T̃M).

We put locally the twins of R,C and B

R(
δ

δxj
,
∂

∂yi
) = R̄kij

δ

δxk
, (13)

C(
δ

δxj
,
∂

∂yi
) = C̄kij

δ

δxk
, (14)

B(
δ

δxj
,
∂

∂yi
) = B̄kij

∂

∂yk
. (15)

Taking into account that Cijk and Bijk are symmetric with respect to all indices and
by using (19)–(21) and (3)–(6), we have

C̄ijk = C̄pijgpk = αCsikG(
∂

∂ys
,
∂

∂yj
) = Csikgsi = Cikj = Cijk, (16)
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B̄pij =
1

α
gpkBtjkgti =

1

α
Bpji =

1

α
Bpij , (17)

R̄kji = R̄tjigkt = αRpkiG(
∂

∂yp
,
∂

∂yj
) = Rjki. (18)

Since yjRjki = 0 we obtain

yjR̄kji = 0. (19)

The Vrãnceanu connection ∇ on T̃M is defined by

∇XY = (∇̃xvY v)v + (∇̃XhY h)h + [Xh, Y v]v + [Xv, Y h]h, (20)

for any X,Y ∈ Γ(T̃M). By using (8) and (2) we obtain

∇ δ

δxj

δ

δxi
= Γkij

δ

δxk
, (21)

∇ ∂

∂yj

δ

δxi
= 0, (22)

∇ δ

δxj

∂

∂yi
= (Γkij + Lkij)

∂

∂yk
, (23)

∇ ∂

∂yj

∂

∂yi
= Ctji

∂

∂yt
+

1

α

(
−G(

∂

∂yi
, U)

∂

∂yj
−G(

∂

∂yj
, U)

∂

∂yi

+ (α+ 1)G(
∂

∂yi
,
∂

∂yj
)U −G(

∂

∂yj
, U)G(

∂

∂yi
, U)U

)
. (24)

Theorem 3.1. [11] Let (M,F ) be a Finsler manifold. Then the Levi-civita connection

∇̃ in terms of Vrãnceanu connection ∇ on (T̃M,G) are as follows:

i) ∇̃ δ

δxi

δ

δxj
= ∇ δ

δxi

δ

δxj
− αC(

δ

δxi
,
δ

δxj
)− 1

2
R(

δ

δxi
,
δ

δxj
)

ii) ∇̃ δ

δxi

∂

∂yj
= C(

δ

δxi
,
∂

∂yj
) +

1

2α
R(

δ

δxi
,
∂

∂yj
) +B(

δ

δxi
,
∂

∂yj
) +∇ δ

δxi

∂

∂yj

iii) ∇̃ ∂

∂yi

δ

δxj
= ∇ ∂

∂yi

δ

δxj
+ C(

δ

δxj
,
∂

∂yi
) +

1

2α
R(

δ

δxj
,
∂

∂yi
) +B(

δ

δxj
,
∂

∂yi
)

iv) ∇̃ ∂

∂yi

∂

∂yj
= − 1

α
B(

∂

∂yi
,
∂

∂yj
) +∇ ∂

∂yi

∂

∂yj

for each i, j ∈ {1, . . . , n}.

Theorem 3.2. [11] Let (M,F ) be a Finsler manifold, then the curvature tensor field

R̃ of Levi-Civita connection on (T̃M,G) are as follows:

i) R̃(
δ

δxi
,
δ

δxj
)
δ

δxk
= R(

δ

δxi
,
δ

δxj
)
δ

δxk
+B

( δ

δxk
, R(

δ

δxi
,
δ

δxj
)
)

+
1

2α
R
( δ

δxk
, R(

δ

δxi
,
δ

δxj
)
)

+ C
( δ

δxk
, R(

δ

δxi
,
δ

δxj
)
)

−A( δ

δxi
, δ

δxj
)

(1

2
B
( δ

δxi
, R(

δ

δxj
,
δ

δxk
)
)

+
1

4α
R
( δ

δxi
, R(

δ

δxj
,
δ

δxk
)
)

+
1

2
C
( δ

δxi
, R(

δ

δxj
,
δ

δxk
)
)
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+ αB
( δ

δxi
, C(

δ

δxj
,
δ

δxk
)
)

+
1

2
R
( δ

δxi
, C(

δ

δxj
,
δ

δxk
)
)

+ αC
( δ

δxi
, C(

δ

δxj
,
δ

δxk
)
)

+
1

2
(∇ δ

δxi
R)(

δ

δxj
,
δ

δxk
) + α(∇ δ

δxi
C)(

δ

δxj
,
δ

δxk
)
)

ii) R̃(
δ

δxi
,
δ

δxj
)
∂

∂yk
= R(

δ

δxi
,
δ

δxj
)
∂

∂yk
− 1

α
B
(
R(

δ

δxi
,
δ

δxj
),

∂

∂yk
)

+A( δ

δxi
, δ

δxj
)

(
B
( δ

δxi
, B(

δ

δxj
,
∂

∂yk
)
)

+ (∇ δ

δxi
B)(

δ

δxj
,
∂

∂yk
) + (∇ δ

δxi
C)(

δ

δxj
,
∂

∂yk
)

+ C
( δ

δxi
, B(

δ

δxj
,
∂

∂yk
)
)
− αC

( δ

δxi
, C(

δ

δxj
,
∂

∂yk
)
)

− 1

2
C
( δ

δxi
, R(

δ

δxj
,
∂

∂yk
)
)

+
1

2α
(∇ δ

δxi
R)(

δ

δxj
,
∂

∂yk
)

+
1

2α
R
( δ

δxi
, B(

δ

δxj
,
∂

∂yk
)
)
− 1

2
R
( δ

δxi
, C(

δ

δxj
,
∂

∂yk
)
)

− 1

4α
R
( δ

δxi
, R(

δ

δxj
,
∂

∂yk
)
))

iii) R̃(
∂

∂yi
,
∂

∂yj
)
δ

δxk
= R(

∂

∂yi
,
∂

∂yi
)
δ

δxk
+A( ∂

∂yi
, ∂

∂yj
)

(
− 1

α
B
( ∂
∂yi

, B(
δ

δxk
,
∂

∂yj
)
)

+B
(
C(

δ

δxk
,
∂

∂yj
),

∂

∂yi
)

+
1

2α
B
(
R(

δ

δxk
,
∂

∂yj
),

∂

∂yi
)

+ C
(
C(

δ

δxk
,
∂

∂yj
),

∂

∂yi
)

+
1

2α
C
(
R(

δ

δxk
,
∂

∂yj
),

∂

∂yi
)

+
1

2α
R
(
C(

δ

δxk
,
∂

∂yj
),

∂

∂yi
)

+
1

4α2
R
(
R(

δ

δxk
,
∂

∂yj
),

∂

∂yi
)

+ (∇ ∂

∂yi
B)(

δ

δxk
,
∂

∂yj
) + (∇ ∂

∂yi
C)(

δ

δxk
,
∂

∂yj
)

+
1

2α
(∇ ∂

∂yi
R)(

δ

δxk
,
∂

∂yj
)− 1

α2
G(U,

∂

∂yi
)R(

δ

δxk
,
∂

∂yj
)
)

iv) R̃(
∂

∂yi
,
∂

∂yj
)
∂

∂yk
= R(

∂

∂yi
,
∂

∂yj
)
∂

∂yk

−A( ∂

∂yi
, ∂

∂yj
)

(
− 1

α2
G(U,

∂

∂yi
)B(

∂

∂yj
,
∂

∂yk
)

+
1

α
(∇ ∂

∂yi
B)(

∂

∂yj
,
∂

∂yk
) +

1

α
C
(
B(

∂

∂yj
,
∂

∂yk
),

∂

∂yi
)

+
1

α
B
(
B(

∂

∂yj
,
∂

∂yk
),

∂

∂yi
)

+
1

2α2
R
(
B(

∂

∂yj
,
∂

∂yk
),

∂

∂yi
))
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v) R̃(
δ

δxi
,
∂

∂yj
)
δ

δxk
= R(

δ

δxi
,
∂

∂yj
)
δ

δxk
+B

( δ

δxi
, B(

δ

δxk
,
∂

∂yj
)
)

−B
( ∂

∂yj
, C(

δ

δxi
,
δ

δxk
)
)
− 1

2α
B
( ∂

∂yj
, R(

δ

δxi
,
δ

δxk
)
)

+ (∇ δ

δxi
B)(

δ

δxk
,
∂

∂yj
) + C

( δ

δxi
, B(

δ

δxk
,
∂

∂yj
)
)

− αC
( δ

δxi
, C(

δ

δxk
,
∂

∂yj
)
)
− 1

2
C
( δ

δxi
, R(

δ

δxk
,
∂

∂yj
)
)

− 2G(U,
∂

∂yj
)C(

δ

δxi
,
δ

δxk
) + (∇ δ

δxi
C)(

δ

δxk
,
∂

∂yj
)

+ α(∇ ∂

∂yj
C)(

δ

δxi
,
δ

δxk
) +

1

2α
R
( δ

δxi
, B(

δ

δxk
,
∂

∂yj
)
)

− 1

2
R
( δ

δxi
, C(

δ

δxk
,
∂

∂yj
)
)
− 1

4α
R
( δ

δxi
, R(

δ

δxk
,
∂

∂yj
)
)

+
1

2α
(∇ δ

δxi
R)(

δ

δxk
,
∂

∂yj
) +

1

2
(∇ ∂

∂yj
R)(

δ

δxi
,
δ

δxk
)

vi) R̃(
δ

δxi
,
∂

∂yj
)
∂

∂yk
= R(

δ

δxi
,
∂

∂yj
)
∂

∂yk
− 1

α
(∇( δ

δxi
B)(

∂

∂yj
,
∂

∂yk
)

− (∇ ∂

∂yj
B)(

δ

δxi
,
∂

∂yk
)− (∇ ∂

∂yj
C)(

δ

δxi
,
∂

∂yk
)

− 1

2α
(∇ ∂

∂yj
R)(

δ

δxi
,
∂

∂yk
) + C(

δ

δxi
, B(

∂

∂yj
,
∂

∂yk
))

− C
(
C(

δ

δxi
,
∂

∂yk
),

∂

∂yj
)
− 1

2α
C
(
R(

δ

δxi
,
∂

∂yk
),

∂

∂yj
)

+
1

2α
R
( δ

δxi
, B(

∂

∂yj
,
∂

∂yk
)
)
− 1

2α
R
(
C(

δ

δxi
,
∂

∂yk
),

∂

∂yj
)

− 1

4α2
R
(
R(

δ

δxi
,
∂

∂yk
),

∂

∂yj
)

+
1

α
B
( ∂

∂yj
, B(

δ

δxi
,
∂

∂yk
)
)

−B
(
C(

δ

δxi
,
∂

∂yk
),

∂

∂yj
)
− 1

2α
B
(
R(

δ

δxi
,
∂

∂yk
),

∂

∂yj
)

+
1

α2
G(U,

∂

∂yj
)R(

δ

δxi
,
∂

∂yk
)

Definition 3.3. [7] A vector field X on M is called an infinitesimal isometry (or, a
Killing vector field) if the local 1-parameter group of local transformations generated
by X in a neighborhood of each point of M consists of local isometries.

Proposition 3.4. [7] For a vector field X on a Riemannian manifold M , the follow-
ing conditions are mutually equivalent:

• X is a Killing vector field;
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• The natural lift g of X to L(M) is tangent to O(M) at every point of O(M);

• LXg = 0, where g is the metric tensor field of M ;

• The tensor field AX = LX − ∇X of type (1, 1) is skew-symmetric with respect
to g everywhere on M , that is, g(AXY, Z) = −g(AXZ, Y ) for arbitrary vector
fields Y and Z.

Theorem 3.5. The unit horizontal Liouville vector field ξ = yi

F
δ
δxi is a Killing vector

field on the indicatrix bundle IM if and only if

hij(x.y) =
1

α
Rij(x, y) ∀(x, y) ∈ IM

Proof. The Lie derivative of G with respect to ξ is given by

(LξG)(X,Y ) = G(∇Xξ, Y ) +G(X,∇Y ξ). (25)

First, by using Theorem 3.1 and (25) we obtain

(LξG)(
δ

δxi
,
δ

δxj
) = G(∇ δ

δxi
ξ,

δ

δxj
) +G(

δ

δxi
,∇ δ

δxj
ξ)

= G(
δ(y

s

F )

δxi
δ

δxs
+
ys

F
Γtis

δ

δxt
,
δ

δxj
) +G(

δ(y
s

F )

δxj
δ

δxs
+
ys

F
Γtjs

δ

δxt
,
δ

δxi
)

= G(−N
s
i

F

δ

δxs
+
N t
i

F

δ

δxt
,
δ

δxj
) +G(−

Ns
j

F

δ

δxs
+
N t
j

F

δ

δxt
,
δ

δxi
) = 0.

Next, by using Theorem 3.1 and (25) we get

(LξG)(
∂

∂yi
,
∂

∂yj
) = G(∇ ∂

∂yi
ξ,

∂

∂yj
) +G(

∂

∂yi
,∇ ∂

∂yj
ξ)

= G(
ys

F
B̄tis

∂

∂yt
,
∂

∂yj
) +G(

ys

F
B̄tjs

∂

∂yt
,
∂

∂yi
) = 0.

Finally we have

(LξG)(
δ

δxi
,
∂

∂yj
) = G(∇ δ

δxi
ξ,

∂

∂yj
) +G(

δ

δxi
,∇ ∂

∂yj
ξ)

= G(−y
s

F
(αCtsi +

1

2
Rtis)

∂

∂yt
,
∂

∂yj
)

+G(
δ

δxi
,
∂(y

s

F )

∂yj
δ

δxs
+
ys

F
(Ctsj +

1

2α
Rtsj)

δ

δxt
)

= − 1

αF
Rij +

1

F
(gij − lilj)

=
1

F
(hij −

1

α
Rij).

Now by using Proposition 3.4 we deduce that the unit horizontal Liouville vector
field ξ is a Killing vector field on the indicatrix bundle IM if and only if

hij(x.y) =
1

α
Rij(x, y) ∀(x, y) ∈ IM,

This completes the proof. �
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Theorem 3.6. The Finsler manifold (M,F ) is of scalar curvature K = α if and only
if the unit horizontal Liouville vector field is a Killing vector field on the indicatrix
bundle IM .

Proof. The flag curvature of (M,F ) at the point x with respect to the flag Π(X) =
span {yi δ

δxi , X} is the function (see Bao-Chern-Shen [2])

K(x, y,X) =
RijX

iXj

F 2hijXiXj
, (26)

If K = α we have hij(x, y) = 1
αRij(x, y) on IM . So from Theorem 3.5 we deduce

that the unit horizontal Liouville vector field is a Killing vector field on the indicatrix
bundle IM .

Let ξ be a Killing vector field on IM . If (x, y) ∈ IM from Theorem 3.5 we get
K(x, y) = α(x, y). Now suppose (x, y) /∈ IM . Then F (x, y) = c ∈ (0,∞) − 1, hence
(x, 1cy) ∈ IM and we have hij(x,

1
cy) = 1

αRij(x,
1
cy). Taking into account that hij

and Rij are positively homogeneous of degrees 0 and 2 respectively, we deduce that
c2hij(x, y) = 1

αRij(x, y), so we have K(x, y) = α(x, y). �

4. Scalar curvature (TM,G)

Let (M,F ) be a Finsler manifold and (T̃M,G) be its slit tangent bundle equipped
with Cheeger-Gromoll metric induced by F . Let R be the curvature tensor field of
Vrãnceanu connection on (T̃M,G). We have

R(
δ

δxk
,
δ

δxj
)
δ

δxi
=
(δΓpij
δxk

−
δΓpik
δxj

+ ΓtijΓ
p
tk − ΓtikΓptj

) δ

δxp
= Kp

ijk

δ

δxp
(27)

R(
∂

∂yk
,
∂

∂yj
)
∂

∂yi
=
(∂Cpij
∂yk

−
∂Cpki
∂yj

+ CtijC
p
kt − C

t
kiC

p
tj

) ∂

∂yp

+
1 + α

α
CtijG(

∂

∂yt
,
∂

∂yk
)U − 1 + α

α
CtikG(

∂

∂yt
,
∂

∂yj
)U

+
(α2 + α+ 1

α3
gij −

α− 1

α3
yiyj

) ∂

∂yk

−
(α2 + α+ 1

α3
gik −

α− 1

α3
yiyk

) ∂

∂yj

+
α+ 2

α3
gikyjU −

α+ 2

α3
gijykU (28)

Now consider the local orthonormal fields of frames {Ha} and {Va}, such that

Ha ∈ Γ(HT̃M) and Va ∈ Γ(VT̃M) for any a ∈ {1, 2, . . . , n}. We set

Ha = Hi
a

δ

δxi
, V = V ia

∂

∂yi
. (29)
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We get

gij =

n∑
a=1

Hi
aH

j
a =

n∑
a=1

V iaV
j
a . (30)

Let S be the scalar curvature of Riemannian manifold (T̃M,G). We have

S =

n∑
a,b=1

{G(R̃(Ha, Hb)Hb, Ha) + 2G(R̃(Ha, Vb)Vb, Ha) +G(R̃(Va, Vb)Vb, Va)} (31)

Now by using (7), (8), (10) and (11) we have

G(C(Ha, C(Hb, Hb)), Ha) = αG(C(Ha, Ha), C(Hb, Hb)) (32)

G(C(Hb, C(Ha, Hb)), Ha) = α||C(Ha, Hb)||2 (33)

G(C(Hb, R(Ha, Hb)), Ha) = −G(R(Hb, C(Ha, Hb)), Ha)

= αG(C(Ha, Hb), R(Ha, Hb)) (34)

G(R(Ha, C(Hb, Hb)), Ha) = 0 (35)

G(R(Hb, R(Ha, Hb)), Ha) = −α||R(Ha, Hb)||2 (36)

n∑
a,b=1

G(C(Ha, Hb), R(Ha, Hb)) = 0. (37)

By using Theorem 3.1, (1), (30), (32)–(37) we get
n∑

a,b=1

{G(R̃(Ha, Hb)Hb, Ha)} =

n∑
a,b=1

{G(R(Ha, Hb)Hb, Ha)

− αG(C(Ha, Ha), C(Hb, Hb))

− 3

4α
‖R(Ha, Hb)‖2 + α‖C(Ha, Hb)‖2} (38)

Then by using (7)–(9) we obtain

G(B(Vb, B(Ha, Vb)), Ha) = α‖B(Ha, Vb)‖2 (39)

G(C(C(Ha, Vb), Vb), Ha) = ‖C(Ha, Vb)‖2 (40)

G(C(R(Ha, Vb), Vb), Ha) +G(R(C(Ha, Vb), Vb), Ha) = 0 (41)

G(R(R(Ha, Vb), Vb), Ha) = −‖R(Ha, Vb)‖2. (42)

By using Theorem 3.1, (39)–(42) we obtain
n∑

a,b=1

{G(R̃(Ha, Vb)Vb, Ha)} =

n∑
a,b=1

{‖B(Ha, Vb)‖2 − ‖C(Ha, Vb)‖2

+
1

4α2
‖R(Ha, Vb)‖2 −G(

1

α
(∇HaB)(Vb, Vb), Ha)−G((∇VbC)(Ha, Vb), Ha)

−G(
1

2α
(∇VbR)(Ha, Vb), Ha) +

1

α2
G(U, Vb)G(R(Ha, Vb), Ha)}. (43)
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By using (12) we have

G(B(B(Vb, Vb), Va), Va) =
1

α
G(B(Va, Va), B(Vb, Vb)) (44)

G(B(B(Va, Vb), Vb), Va) =
1

α
‖B(Va, Vb)‖2. (45)

Finally, by using Theorem 3.1, (44) and (45) we get
n∑

a,b=1

{G(R̃(Va, Vb)Vb, Va)} =

n∑
a,b=1

{G(R(Va, Vb)Vb, Va) +
1

α2
‖B(Va, Vb)‖2

− 1

α2
G(B(Va, Va), B(Vb, Vb))}. (46)

Now we use (16)–(18), (29) and (30) and obtain
n∑

a,b=1

‖R(Ha, Vb)‖2 = α

n∑
a,b=1

‖R(Ha, Hb)‖2 = gspg
itghjRpjtR

s
hi (47)

n∑
a,b=1

‖C(Ha, Vb)‖2 = α

n∑
a,b=1

‖C(Ha, Hb)‖2 = gksg
jlgipCkijC

s
pl (48)

n∑
a,b=1

‖B(Va, Vb)‖2 = α2
n∑

a,b=1

‖B(Ha, Vb)‖2 = gtsg
ikgjlBtijB

s
kl (49)

Now by using (31), (38), (43), (46) and (47)–(49) we deduce that

S =

n∑
a,b=1

{G(R(Ha, Hb)Hb, Ha) +G(R(Va, Vb)Vb, Va)

− 2G(
1

α
(∇HaB)(Vb, Vb), Ha)− 2G((∇VbC)(Ha, Vb), Ha)

− 2G(
1

2α
(∇VbR)(Ha, Vb), Ha) +

2

α2
G(U, Vb)G(R(Ha, Vb), Ha)

− αG(C(Ha, Ha), C(Hb, Hb))−
1

α2
G(B(Va, Va), B(Vb, Vb))

− 1

4α
‖R(Ha, Hb)‖2 − α‖C(Ha, Hb)‖2 +

3

α2
‖B(Va, Vb)‖2}. (50)

Then from (13)–(15), (27) and (28) we deduce that
n∑

a,b=1

{G(R(Ha, Hb)Hb, Ha)} = gisgjkKijks (51)

n∑
a,b=1

{G(R(Va, Vb)Vb, Va)} = gisgjkSijks, (52)
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where Spijk =
(∂Cpij
∂yk
− ∂Cpki

∂yj + CtijC
p
kt − CtkiC

p
tj

)
∂
∂yp .

n∑
a,b=1

{G(C(Ha, Ha), C(Hb, Hb))} =
1

α
gpsg

ijgklCpijC
s
kl (53)

n∑
a,b=1

{G(B(Va, Va), B(Vb, Vb))} = gpsg
ijgklBpijB

s
kl. (54)

By using (21)–(24), (29) and (30) we have
n∑

a,b=1

{G((∇HaB)(Vb, Vb), Ha)} = gij
(
BtijΓ

l
lt +

δBlij
δxl
−Blip(Γ

p
jl + Lpjl)

−Bljp(Γ
p
il + Lpil)

)
(55)

n∑
a,b=1

{G((∇VbC)(Ha, Vb), Ha)} = gij(
∂C̄kkj
∂yi

− CsijC̄kks) (56)

n∑
a,b=1

{G((∇VbR)(Ha, Vb), Ha)} = gij(
∂R̄kkj
∂yi

− CsijR̄ksk) (57)

Finally, from (50)–(57) we deduce that

S = −2gij
(∂C̄kkj
∂yi

− CsijC̄kks +
∂R̄kkj
∂yi

− CsijR̄ksk

+BtijΓ
l
lt +

δBlij
δxl
−Blip(Γ

p
jl + Lpjl)−B

l
jp(Γ

p
il + Lpil)

)
+ gikgjs

(
Kijks + Sijks − CpikC

h
jsgph − C

p
isC

h
jkgph

− 1

4α2
RpsiR

h
jkgph +

3

α2
BpksB

h
ijgph

)
;

we get

gikgjs
(
Sijks − CpikC

h
jsgph − C

p
isC

h
jkgph

)
− 2gij

(∂C̄kkj
∂yi

− CsijC̄kks
)

= −2gij
∂Ckkj
∂yi

,

where Cj = Ckkj = gskCjsk and Ci = gijCj .
Also we can get

gij
∂Cj
∂yi

=
∂Ci

∂yi
+ 2gjkC

jCk. (58)

Theorem 4.1. Let (M,F ) be a Finsler manifold. The scalar curvature S of the
tangent bundle with Cheeger-Gromoll induced by F is given by

S = −2gij
(∂C̄j
∂yi

+
∂R̄kkj
∂yi

− CsijR̄ksk +BtijΓ
l
lt +

δBlij
δxl

−Blip(Γ
p
jl + Lpjl)−B

l
jp(Γ

p
il + Lpil)

)
+ gikgjs

(
Kijks −

1

4α2
RpsiR

h
jkgph +

3

α2
BpksB

h
ijgph

)
.
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Corollary 4.2. Let (M,F ) be a flat Landsberg manifold and the torsion vector field
of (M,F ) satisfies

∂Ci

∂yi
+ 2gjkC

jCk = 0.

Then the scalar curvature is zero.

Proof. This is a direct consequence of Theorem 4.1 and (58). �
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