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Abstract. In this paper we complement and improve fixed point results established on
TAC-contractive mappings in the framework of b-metric spaces. Our analysis starts by a
recent paper of Babu and Dula [G. V. R. Babu and T. M. Dula, Fixed points of generalized
TAC-contractive mappings in b-metric spaces, Matematicki Vesnik 69 (2017), no. 2, 75-88].

1. Introduction and preliminaries

In 2016 Chandok et al. introduced in [4] the notion of TAC-contractive mapping as
follows.

DEFINITION 1.1. Let (X, d) be a metric space and let o, 8 : X — [0,+00) be two
given mappings. A mapping T : X — X is called a TAC-contractive mapping if for
each x,y € X such that a (x) 8 (y) > 1 one has

P (d(Tz, Ty)) < f (¢ (d(z,y)), ¢ (d(2,9)))

where 1, ¢ and f are functions that verify the following conditions:

(i) ¥ :[0,400) — [0, +00) is a nondecreasing continuous function such that ¢ (t) = 0
if and only if t = 0;

(ii) ¢ : [0,4+00) — [0,400) is a continuous function such that lim, . ¢ (¢,) = 0
implies lim,, oo t,, = 0;

(iii) f:[0,4+00)? — R is a continuous function such that f (s,t) < s. Further, from
f(s,t) = s it follows that for all s, € [0, +00) either s =0 or t = 0.
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168 Some remarks on TAC-contractive mappings in b-metric spaces

In the sequel, we will denote by ¥ the set of functions that satisfy condition (i)
of Definition 1.1. Following [12], we will call ¥ the set of altering distance functions.
Moreover, we will denote by ® the set of functions ¢ : [0, +00) — [0, +00) satisfying
(ii) of Definition 1.1 and we will write F for the set of functions f : [0,00)? — R
satisfying Definition 1.1 (iii).

DEFINITION 1.2. ([13]) Let A and B be two nonempty subsets of a set X. A mapping
T:AUB — AUB is called cyclic if T (A) ¢ B and T (B) C A.

DEFINITION 1.3. ([1]) Let X be a nonempty set and let o, 5 : X — [0,+00) be two
given mappings. A mapping 7' : X — X is called a cyclic («, §)-admissible mapping
if the following conditions are satisfied:

(i) for any x € X such that o (x) > 1 one has 8 (Tx) > 1;

(ii) for any y € X such that 5 (y) > 1 one has a (Ty) > 1.

In [4], Chandok et al. proved some fixed point results in the framework of complete
metric spaces. One among of this results is the following theorem.

THEOREM 1.4. Let (X,d) be a complete metric space, let o, B : X — [0,+00) be two
given mappings and let T : X — X be a cyclic («, 8)-admissible mapping. Assume
that T is a TAC-contractive mapping and assume that following condition is satisfied:

(a1) there exists xg € X such that a(x9) > 1 and B (x9) > 1.

If in addition also one of the following conditions is satisfied
(az) T is continuous,

(as) if {xn} is a sequence in X such that x, — x and B (x,) > 1 for all n one has
also B (x) > 1,

then T has a fized point. Furthermore, if a(u) > 1 and B(v) > 1 for all u,v €
Fix (T), where Fix (T) is the set of fixed points of T, then T has a unique fixed point.

The notion of TAC-contractive mapping was extended to b-metric spaces by Babu
and Dula in [2]. Let X a nonempty set. We recall that a mapping d : X x X — [0, +00)
is called a b-metric if it satisfies the following conditions:

(b1) d(z,y) =0 if and only if x = y;
(be) d(z,y) =d(y,z) for all z,y € X;
(b3) there exists s > 1 such that d(x,2) < s[d(z,y) + d(y,2)] for all z,y, 2 € X.

The pair (X, d) is called a b-metric space with coefficient s. We refer to [2,3,5—
11,14,15] and the references therein for notions as b-convergence, b-completeness and
b-Cauchy sequence in b-metric spaces.
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We stress that any metric space is a b-metric space with coefficient s = 1. Gen-
erally, a b-metric space is not a metric space. We observe for example that if R
denotes the real line and X = R then the mapping d : X x X — [0, +00) defined by
d(z,y) = (x —y)? is a b-metric on the set X = R but (X, d) is not a metric space.

In [2], Babu and Dula introduced the notions of generalized TAC-contractive map-
ping and generalized TAC-cyclic contractive mapping as follows.

DEFINITION 1.5. Let (X, d) be a b-metric space with coefficient s > 1 and let «, 3 :
X — [0,4+00) be two given mappings. A mapping T : X — X is called a generalized
TAC-contractive mapping if there exist ¢ € ¥, ¢ € ® and f € F such that for all
2,y € X withar(z) B (y) > Lonehas ¢ (s°d (Tz, Ty)) < f (¢ (M (2,y)) , ¢ (M, (2,9))),
where M, (v, y) = max {d (2,y) ,d (2, Tz) ,d (y, Ty) , LTI,

DEFINITION 1.6. Let (X, d) be a b-metric space with coefficient s > 1 and let A and B
be two closed subsets of X such that ANB # . A cyclic mapping T : AUB — AUB
is called a generalized TAC-cyclic contractive mapping if there exist ¥ € U, ¢ € ¢
and f € F such that for all x € A and y € B the following condition is satisfied

¥ (s%d (T, Ty)) < f (¥ (d(z,9)), ¢ (d(x,y)))-

Furthermore, Babu and Dula extended the results of Theorem 1.4 in the framework
of b-metric spaces. Precisely, they proved the following fixed point results.

THEOREM 1.7. ([2, Theorem 3.2]) Let (X,d) be a b-complete b-metric space with
coefficient s > 1 and let T : X — X. Assume there exist mappings o, : X —
[0,400), ¥ € U, ¢ € ® and f € F such that T is a generalized TAC-contractive
mapping. Furthermore, suppose that T is a cyclic («, 8)-admissible mapping and
suppose that condition (ay) holds. If in addition also one of conditions (az) and (as3)
is satisfied then T has a fixed point.

THEOREM 1.8. ([2, Theorem 3.3]) If in addition to the hypothesis of Theorem 1.7 we
assume that o (u) > 1 and B (u) > 1 whenever Tu = w then T has a unique fized
point.

THEOREM 1.9. ([2, Theorem 3.6]) Let A and B be two nonempty closed subsets of a
b-complete b-metric space (X,d) such that ANB #0(. Let T: AUB — AUB be a
cyclic mapping. If T is a generalized TAC-cyclic contractive mapping then T has a
unique fized point in AN B.

We recall for convenience of reader some immediate consequences of these results.

COROLLARY 1.10. (/2, Corollary 4.1]) Let (X,d) be a b-complete b-metric space with
coefficient s > 1 and T : X — X. If there exist » € U, ¢ € ® and f € F such that
for all x,y € X the following condition is verified

U (s°d (T, Ty)) < f (v (M (2,9)), 6 (M (2,9)))
then T has a unique fized point.
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COROLLARY 1.11. ([2, Corollary 4.2]) Let (X, d) be a complete metric space and let
T:X — X. Assume there exist o, f: X — [0,400), Y € ¥, ¢ € ® and f € F such
that for each x,y in X for which one has a(x) 8 (y) > 1 the following condition is
satisfied

Y (d(Tz,Ty)) < f (¥ (M (z,y)),¢ (M (z,y))),
where M (z,y) = {d (x,y),d(z,Tx),d(y, Ty), W}. Furthermore, we
suppose that T is a cyclic («, 8)-admissible mapping and suppose that condition (a1)

holds. If in addition also one of conditions (az) and (a3) is satisfied then T has a
fixed point.

COROLLARY 1.12. ([2, Corollary 4.3]) Let (X, d) be a complete metric space and let
T:X — X. If there exist v € U, ¢ € ® and f € F such that

Y (d(Tz, Ty)) < f (¢ (M (2,9)), ¢ (M (2,9)))

for all z,y € X, where M (z,y) is defined as in Corollary 1.11, then T has a unique
fixed point.

COROLLARY 1.13. (/2, Corollary 4.4]) Let (X,d) be a b-complete b-metric space with
coefficient s > 1 and let T : X — X. Suppose there ezist o, : X — [0,+00), ¢ € ¥
and ¢ € @ such that for each x,y in X for which one has a (x) B8 (y) > 1 the following
condition is satisfied

b (s%d (T2, Ty)) <o (M, (2,y)) — ¢ (M, (z,)) -
Furthermore, suppose that T is a cyclic (a, 8)-admissible mapping and suppose that
condition (ay) holds. If in addition also one of conditions (az) and (a3) is satisfied
then T has a fixed point.

COROLLARY 1.14. ([2, Corollary 4.6]) Let A and B be two nonempty closed subsets
of a b-complete b-metric space (X, d) with coefficient s > 1 such that ANB # () and let
T:AUB — AU B be a cyclic mapping. If there exist ¢ € U and ¢ € ® such that

w (Sgd (T.’E,Ty)) é 1/J (Ms (xvy)) - ¢ (Ms (.’E, y)) )
forallz € A and y € B then T has a unique fixed point in AN B.

In this paper we complement and improve some among of the previous results
established by Babu and Dula in the framework of b-metric spaces.

2. Main results

In this section we formulate and prove our main results. The first theorem is given
for b-metric spaces with coefficient s > 1 and it is a generalization of Theorem 1.7
(see [2], Theorem 3.2). Here, in order to prove our results we use Lemma 2.2 of [14].
In this way, we get slender and nicer proofs than ones in existing literature.
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THEOREM 2.1. Let (X, d) be a b-complete b-metric space with coefficient s > 1 and
let T: X — X. Assume there exist two mappings a, 5 : X — [0,+00) such that for
each x,y € X for which one has a (z) B (y) > 1 the following condition is satisfied

A(T2,Ty) < 5 M, (2,9) 1)

where Mg (z,y) = max {d (z,y),d(z,Tx),d(y, Ty), %}, Furthermore,

we suppose that T is a cyclic («, §)-admissible mapping and we suppose that following
condition is verified:

(c1) there exists xg € X such that a(zg) > 1 and B (x9) > 1.

If in addition also one of the following conditions is satisfied:
(c2) T is b-continuous,

(cs) if {xn} is a sequence in X such that x,, — = and B (x,) > 1 for all n one has

also B (z) >1
then T has a fized point.

Proof. Let xg be an element of X that verifies condition (c¢;) and let {z,} be the
iterative sequence defined by x,+1 =Tz, forn =0,1,2,...

We stress that if x5 = 241 for some k& € {0} UN then z is a fixed point of T
and so we have the claim. Hence, we assume that x,41 # x, for all n € {0} UN.
Following the proof of [2, Theorem 3.2.], we easily get that a (z,,) > 1 and 8 (z,,) > 1
for all n € {0} UN. Now by using this, we prove that

d(Tpi1, Tnt2) < Ad(xp,Tpt1) forallm e {0} UN (2)
where A € [0, %] C [0,1). Taking into account that o (zy,) 3 (zn41) > 1 for all n €
{0} UN, by using (1), we get
1
$3

d(TmnyTanrl) S Ms (xn7xn+1) (3)
S

where
Ms (xna anrl)

1
=max{d<xmxn+1>7d<zn,Txn>,d(xn+1,Txn+1> o (@ @n, Twnen) + d (w041, T)) }
= max{d (xnv xn—i—l) ,d (zn—&-la xn+2) ( (xvu xn+2) (In—&-la -Tn—s-l))}
= max{d (T, Tnt1) , d (Tpt1, :cn+2) d(xn, Tpio }

¥ (A (s ns1) +d (nr, 7))}

S max{d(xn,an) ,d($n+1,xn+2) ) 9

< max{d (2, Tn+1) , d (Tnt1, Tny2)}
and then M (2, Tnt1) = max {d (Tn, Tnt1),d (Tpi1, Tnia) -
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We notice that if d (2, nt+1) < d(Zpt1,Znt2) for some n € {0} UN then, by

using (3), we have

A 11,0042) = d(To0, Tonsn) < —5 My (@ 001) = 5 d(ns1,7042).
Clearly, this is a contradiction since s > 1. Hence, we conclude that d (Tnt1, Tnyo) <
d(xp,Tpe) for all n € {0} UN.

Furthermore, by (3) we easily deduce that (2) is also true. Taking into account
that % € [0,1), by [14, Lemma 2.2.], we can affirm that {z,} is a b-Cauchy sequence
in (X, d). We notice that (X,d) is b-complete and thus there exists u € X such that
lim,, o0 Ty, = U.

Now, we observe that if T is b-continuous (i.e. if (¢2) holds) this assures that
lim,, y00 T, = Tw and, hence, we get that Tu = limy,, oo T2, = limy, 00 Tp41 = U
So, u is a fixed point of T in X. Therefore, we assume that (c3) is verified. We
notice that, since 8 (z,) > 1 for all n, condition (c3) assures that J(u) > 1. We
suppose that Tu # u. By using the triangle inequality, we have that %d (u,Tu) <
d(uypy1) +d(Tay, Tu) < d(u,Tpi1) + S% My (zp,u), where

Mg (x,u) = max{d(a:n, ), d (xp, Txy),d(u, Tu), 2175 (d(xpn, Tu) + d(Txn,u))}

< max{d (T, u),d (Xp, Tay),d(u, Tu) 1 (d(xp,u) +d(u,Tu)) + %d (Txn,u)}

2

= mac{d (2 0) d (s 7 0) (0 T0) 5 (A () + (1, T)) (s, ) )

1
2
1 1
— max{0,0,d(u,Tu) '35 (04 d(u, Tu)) + 25 O} =d(u,Tu).
S
Hence, we deduce that % d(u,Tu) < s% d (u,Tu). Clearly, this is a contradiction since
s > 1. So, one necessarily has Tu = u and this prove the claim. O

REMARK 2.2. We stress that the proof of Theorem 2.1 shows that mappings v, ¢ and
f in Theorem 1.7 (see [2, Theorem 3.2]) are not necessary.

The next result improves Theorem 1.8 (see [2, Theorem 3.3]) for s > 1.

THEOREM 2.3. Let (X, d) be a b-complete b-metric space with coefficient s > 1 and
letT: X = X, a,: X — [0,400) be mappings as in Theorem 2.1. Assume that
T is a cyclic (o, 8)-admissible mapping and condition (c1) is verified. Further, we
assume that o (u) > 1 and 5 (u) > 1 whenever Tu = u. If in addition one among of
conditions (co) and (c3) is verified then T has a unique fized point.

Proof. Since Theorem 2.1 assures that 7" has a fixed point, we must only prove that
such a point is unique. We suppose by way of contradiction that u; and us are two
distinct fixed points of T. Taking into account that by hypothesis « (u;) > 1 and
B (uz) > 1, we get by (1) that

d(u1,uz) = d(Tuy, Tuz) < — M (ug, uz) (4)

1
$3
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where

1
M (u1,u9) = max{d(ul, ug), d(ur, Tur),d (uz, Tug), % (d(u1,Tug) + d(u2,TU1))}

1
= max{d(ul,uQ),O,O, 5 d(uhuQ)}.

Since s > 1 we have that max{d (u1,u2),0,0, 1 d (u1,u2)} = d (w1, us).
Hence, by using (4) we deduce that d (u1,us) < %3 d (u1,u2). Clearly, this is a
contradiction and so the claim is proved. 0

Now, we notice that Definition 1.6 can be generalized as follows:

DEFINITION 2.4. Let (X,d) be a b-metric space with coefficient s > 1 and let A, B
be two closed subsets of X such that X = AU B and AN B # (. We call a cyclic
mapping T : X — X a generalized TAC-cyclic contractive mapping if for each z € A
and y € B the following condition is satisfied

1
where M, (z,y) = max{d (,y) .d (z,T) ,d (y, Ty) , “COLAT},

By using this generalization of the notion of TAC-contractive mapping, we have
the following result which improves Theorem 1.9 (see [2, Theorem 3.6]).

THEOREM 2.5. Let A and B be two nonempty closed subsets of a b-complete b-metric
space (X, d) such that X = AUB and ANB #£0. LetT : X — X be a cyclic mapping.
If T is a generalized TAC-cyclic contractive mapping (in the sense of Definition 2.4)
then T' has a unique fized point in AN B.

Proof. Let us denote by ao: AUB — [0,+00) and 3: AUB — [0, 400) the mappings
defined by:
az)=1lifze Aand a(z) =0ifx ¢ A,
B(z)=1ifx € Band f(z) =0if x ¢ B.
We notice that a(z) 8 (y) > 1 only if x € A and y € B. Taking into account that T is
a generalized TAC-contractive mapping in the sense of Definition 2.4, we can affirm

that (1) is verified. Furthermore, all hypotheses of Theorems 2.1 and 2.3 are satisfied.
Hence, we can apply Theorems 2.1 and 2.3 and so we obtain the claim. 0

3. Example and conclusion

In this section we give one example in order to support our results.

EXAMPLE 3.1. Let X = [0,1] and let d : X x X — [0, +00) be the mapping defined
by d(z,y) = (z—y)°. We notice that (X,d) is a b-complete b-metric space for
s = 2. Moreover, X = [0,3] U [§,1]. We put A = [0,3] and B = [},1]. Let
T : X — X be the mapping defined by T (z) = 15%. Since T (4) = [}, 1] € B and
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T(B) = [0, %} C A the mapping T is cyclic. Furthermore, for each x € A and y € B
we have

1—$_1—?/> :l(gg_y)Zg(x—y)2=d(x,y)§Ms(x,y)~

4 4 2

Hence, we can apply Theorem 2.5 and so we deduce that T has a unique fixed point

in AN B. More precisely, the unique fixed point of T'in AN B is z = %

23d (Tx, Ty) = 2° (

REMARK 3.2. Let (X, d) be the b-complete b-metric space of Example 3.1. Moreover,
let A=1[0,%], B=[g,1] andlet T : X — X be as in Example 3.1. Let us denote by
¥, ¢ : [0,400) — [0,4+00) and f : [0,+00)? — R the mappings defined by v (t) = t,
o (t) = %t, f(s,t) =s—t for each t, s € [0,+00). Clearly, ¥, ¢ and f belong to the
sets U, @, C, respectively.

We stress that Theorem 1.9 (see [2, Theorem 3.6]) cannot be applied in order to
prove that T has a unique fixed point in ANB with respect to such a choice of functions
¥, ¢ and f. Indeed, we have 23d (Tz, Ty) < M, (z,y) — %Ms (z,y) = %Ms (z,y), or

equivalently

2 > bz —1)" (5y—1)° (4x+y—1>2+(4y+x—1)2}
_ < _
6lr—y|” < max{(w y)~, T T o

for each x € A, and y € B. Here, choosing x =0€ A and y =1 € B, we get

5.0-1)° 5-1-1)% 4-04+41-1)°+(4-1+0-1)
—1P < PN
610 — 1 < max{ (0 1)°, “H e, e = 3

ie 6 < max{l L1 i} = 1. Clearly, this is not true.
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