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AN EXISTENCE THEOREM OF TRIPLED FIXED POINT FOR A
CLASS OF OPERATORS ON BANACH SPACE WITH
APPLICATIONS

Behnam Matani and Jamal Rezaei Roshan

Abstract. In this paper, using the technique of measure of noncompactness, we prove
some theorems on tripled fixed points for a class of operators in a Banach space. Also as an
application, we discuss the existence of solution for a class of systems of nonlinear functional
integral equations. Finally a concrete example illustrating the mentioned applicability is also
included.

1. Introduction

The study of nonlinear integral equations is a subject of interest for researchers in
the nonlinear functional analysis. Integral equations occur in many applications, in
applied mathematics, as well as in physics. In this context, several authors have
presented papers on the existence of solution for such equations. On the other hand,
measure of noncompactness and Darbo’s fixed point theorem are two main tools for
proving this result. So far different definitions of measure of noncompactness have
been suggested by many authors [7,8,16]. In this paper, we accept the definition
which is presented in [8] and is convenient in application. Up to now, several authors
have presented papers on the existence of solution for nonlinear integral equations
which involve the use of measure of noncompactness, as well as other techniques, see,
for example [1,2,6-8,11-17].

After introducing the concept of coupled fixed point by Bhaskar and Lakshmikan-
tham [10], many authors used it to generalize the Banach contraction principle, for
example see [3-5,9,10,18,19]. Recently Aghajani and Sabzali [2] presented some
generalizations of Darbo’s theorem by using the concept of coupled fixed points.

In this paper, by using the concept of tripled fixed point which was first introduced
by [9], we try to present some generalizations of Darbo’s fixed point theorem. The
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organization of this paper is as follows. In Section 2, we present notations, definitions,
and basic theorems along with some examples. Section 3 is devoted to state and prove
some existence theorems on tripled fixed points for a class of operators. In Section 4,
using the obtained results in the previous sections, we survey the problem of existence
of solution for the system of nonlinear integral equations (2) and at the end of this
section, there are two examples to illustrate the obtained results.

2. Preliminaries

Let us recall some definitions, notations and preliminary results from the theory of
measure of noncompactness in Banach spaces.

From now on, let (E, ||-||) be a real Banach space with zero element 0 and B,
denote the closed ball in E centered at 0 with radius r. Denote by Mg the family of
nonempty bounded subsets of E and by g its subfamily consisting of all relatively
compact subsets of E. If X is a subset, we assume that X, co(X) are the closure and
closed convex hull of X in FE, respectively.

DEFINITION 2.1 ([8]). A mapping p : My — [0,00) is said to be a measure of
noncompactness in F if it satisfies the following conditions:
(MNCI) The family ker p = {X € Mg : u(X) = 0} is nonempty and ker p C Ng.

(MNC2) X CY = pu(X) < uY).

(MNC3) w(X) = u(X).

(MNC4) p(coX) = u(X).

(MNC5) u(AX + (1 —=NY) < Ap(X) + (1 = Nu(Y) for A € [0,1].

(MNC 6) If (X,) is a sequence of closed sets from 9Mg such that X, 11 C X,,
n = 1,2,... and if lim,_, u(X,) = 0, then the intersection set Xo, = (N, X,
is n nempty

The family ker p described in (MNC1) is said to be the kernel of the measure of
noncompactness p. Observe that the intersection set X, from (MNC6) is a member
of the family ker p. In fact, since u(Xo) < pu(X,,) for any n, we infer that u(Xo) = 0.
This yields that X, € ker p.

DEFINITION 2.2 ([9]). An element (z,y,2) € X x X x X is called a tripled fixed

point of a mapping T': X x X x X — X if T(x,y,z) = z and T(y,z,y) = y and

T(z,y,2) = z.

THEOREM 2.3 ([8]). Suppose that py, pa, ..., iun are measures of noncompactness in

Ey, Es, ..., E,, respectively. Moreover, assume that a function F : [0,00)™ — [0, 00)

is convex and F(x1,xa,...,2,) =0 if and only if x; =0 fori=1,2,...,n. Then
(X)) = F(p1(X1), pa(X2), - - s pn(Xn))

defines a measure of noncompactness in E1 X Es X ... X E,, where X; denotes the
natural projection of X into E; fori=1,2,...,n
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Now, as illustrations of Theorem 2.3, we present the following examples.

EXAMPLE 2.4. Let p be a measure of noncompactness in E. We define F(z,y, z) = 2+
y+2 for any (z,y, z) € [0,00)3. Then F has the properties mentioned in Theorem 2.3.
Hence (X)) = pu(X1) + u(X2) + u(X3) is a measure of noncompactness in the space
E x E xE where X; (i =1,2,3) denotes the natural projections of X into E.

ExXAMPLE 2.5. Let g be a measure of noncompactness in E. We define F(z,y,2) =
max {x,y, z} for any (z,y,2) € [0,00)%. Then F has the properties mentioned in The-
orem 2.3. Hence (X)) = max {(X1), u(X2), u(X3)} is a measure of noncompactness
in the space E x E xE where X; (i = 1,2,3) denotes the natural projections of X
into F.

THEOREM 2.6 (Darbo [6]). Let Q be a nonempty, bounded, closed, and convex subset
of a Banach space E and let T : Q0 — Q be a continuous mapping. Assume that there
exists a constant k € [0,1) such that p(T(X)) < ku(X) for any nonempty X C Q.
Then T has a fized point.

In the sequel, let us recall basic notations which were introduced and discussed
in [8]. Consider the space of bounded continuous functions BC(R, ) with the norm

l]| = sup {[=(8)[ : ¢ =0}
for any x € BC(R;). Moreover, choose a nonempty bounded subset X of BC(R,.)
and a positive number L > 0. For x € X, e > 0 and ¢t € R;. Let

L(z,e) = sup{|z(t) — z(s)| : t,s € [0,L],|t —s| < e},
wh(X,e) =sup {w"(z,e): z€ X},
Wg(X) = ;E}I})WL(X’E)7 wo(X) = Lh_)H;QLué‘(X),

w

X() = {e(t) ;e € X}, diamX(t) = sup {Ja(t) - y()| : @,y € X}
and consider the measure of noncompactness
w(X) = wo(X) + lim sup diam X (t), (1)
t—o0

where diam X (¢) = sup {|z(t) — y(¢)| : =,y € X}.
It can be shown (see [3,8]) that the function p(X) defines a measure of noncom-
pactness in the sense of the above accepted definition.

In this paper, we present and prove some existence theorems of tripled fixed point
for a class of operators. Moreover, as an application, we study the problem of existence
of solutions for the following system of nonlinear integral equations of the form

2()=A®)+F(t,2(E(1)), y(E(1)), 26N (Jy " g(t, s, 2(n(s)), y(n(s)), 2(n(s)))ds),

Y(O=AWB+F(t,y(E®), 2(E®)), yEDNe () a(t, 5,y (n(s)), 2(n(s)), y(n(s)ds),  (2)

2(6)=A®)+F(t 2(€()), y(ED), (€N (fy " g(t, 5, 2(n(s)), y(n(s)), (1(s)))ds),
where A, f,g,,&,n and @ satisfy certain conditions.
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3. Main results

In this section, we present and prove some theorems for the existence of tripled fixed
point for a special class of operators. This basic result will be used in Section 4.

THEOREM 3.1. Let p be an arbitrary measure of noncompactness in E and 2 be a
nonempty bounded subset of E. Moreover, assume that T : Q@ x Q x Q — Q is a
continuous function such that there exist nonnegative constants ki, ko, ks with ki +
2ko + k3 < 1 such that

,u(T(X1 X Xo X X3) < kyp(X1) + kz,u(XQ) + kg,u(X;;) (3)
for all X1, X5, X35 C Q. Then T has a tripled fixed point.

Proof. Define TonQxQxQ by the formula T(:my,z) = (T(z,y,2), T(y,z,y),
T(z,y,2)), for all (z,y,2z) € Q@ x Q x Q. It is easy to see that T is continuous

on  x Q x Q. Now we show that for any X C Q x Q x Q, we have p(T(X)) <
(k1 4 2ko + k3)f(X) where [i is defined by Example 2.4. To obtain our purpose, we
take an arbitrary nonempty subset X of Q x Q x Q. Then by (MNC2) and (3), we get

(T(X)) < T (X1 x Xy x X3), T(Xa x X1 % X2), T(X3 x X3 x X1))
— W(T(X1 x X x X3)) + u(T(Xa x X1 x X2)) + pu(T(X5 x X x X1))
< kap(Xn) + kap(Xo) + ksp(Xs) + kip(X2) + kop(X1) + ksp(Xo)
+ k1 p(X3) + kop(X2) + k3p(X1)
= (k1 4 ko + k3)p(X1) + (k1 + 2k + k3)pu(X2) + (k1 + k3)u(X3)
< (k1 4 2k + k3)u(X1) + (k1 + 2ka + k3)pu(X2) + (k1 + 2k2 + k) p(X3)
= (k1 + 2k + k3) (0(X1) + u(X2) + p(X3)) = (k1 + 2k2 + k3)p(X).
Hence, by Theorem 2.6, T has a tripled fixed point. O

By using the above result, we have the following corollary.

COROLLARY 3.2. Assume that T : Q2 x Q2 x Q — Q is a continuous function such that
w(T(X1 x Xo x X3)) < E(u(X1) + u(X2) + u(X3)) for each X1, X2, X3 C Q where

0<k<1isaconstant. Then T has a tripled fixed point.

Proof. Taking ky = kg = % and ko = % in Theorem 3.1, we obtain the result. O

THEOREM 3.3. Let T : Q x Q x Q0 — Q be a continuous function such that
(T (X1 x Xp x X3) < kmax {u(X1), p(X2), p(Xs} (4)

for any X1, X5, X3 C Q, where u is an arbitrary measure of noncompactness and k is
a constant with 0 < k < 1. Then T has at least a tripled fized point.

Proof. First note that Example 2.5 implies that (X) = max {u(X1), u(X2), u(Xs3)}
is a measure of noncompactness in the space E x E x E where X; (i = 1,2,3) denotes
the natural projections of X into £. Also the map T:QxOxQ—QxQx Q, where
T(x,y,2) = (T(x,y,2),T(y,z,y), T(z,y,x)) is clearly continuous on Q x Q x Q by its



B. Matani, J. R. Roshan 21

definition. Now we claim that T satisfies all the conditions of Theorem 2.6. To prove
this, let X C OxQx be a nonempty subset. Then by (MNC2) and (4), we get

/j(f(X)) < ﬁ(T(Xl X X2 X X3)7T(X2 X X1 X XQ),T(X3 X X2 X Xl))
= max {‘U,(T(Xl X X2 X X3)),,LL(T(X2 X X1 X XQ)),[L(T(Xg X X2 X Xl))}
< max{ k max {/J/(Xl)a ,U/(XQ)aM(Xi’))} ) k max {M(Xz)’/’[/(Xl)7/’L(X2)}’ }
kmax {4(X3), p(X2), p(X1)}
= kmax {M(X1)7M(X2)7/’L(X3)} .

Hence i(T(X)) < kf(X). Thus, our conclusion follows from Theorem 2.6. O
COROLLARY 3.4. Let T : Q x Q x Q — Q be a continuous function such that

1T (z,y,2) = T(u,v,w)|| < kmax {[lx —ul, ly — v[|, |z — wl}
for any (z,y,2), (u,v,w) € QX QA x Q where 0 < k <1 is a constant. Then T has a
tripled fized point.

Proof. Tt is easy to see that the map u : My — [0, 00) defined by u(X) = diam(X) is a
measure of noncompactness. Therefore, it is sufficient to prove that the inequality (4)
is satisfied. To do this, let X1, X5, X5 C Q and (z,v, 2), (u,v,w) € X1 x Xo x X3.
Then, we get
1T (2, 2) = T(u,0,w)|| <kmax {[lz —ull, [ly = ol , |z = w[[}
<k max {diam(X}), diam(X5), diam(Xs)} .

Thus diam(T(X; x X x X3)) < kmax {diam(X}), diam(X5),diam(X3)}. So, by
Theorem 3.3, T has a tripled fixed point. 0

4. Applications and examples

In this section, we present two applications of Theorem 3.1 which can be used to
prove the existence of solution for systems of nonlinear integral equations (2).

THEOREM 4.1. Let the following hold.
(i) The function A : Ry — R is continuous and bounded.

(i) The function f:RL x R xR xR — R is continuous and there exist ki, ko, ks €

[0,1) such that |f(t,x,y,2) — f(t,u,v,w)| < ki |x —u|+ke |y — v|+ks |z —w| for any

t >0 and for all x,y,z,u,v,w € R.

(iii) The function defined by t — |f(t,0,0,0)| is bounded on R.

(iv) The functions &, n, B : Ry — Ry are continuous and &(t) — 0o as t — co.

(v) The function ¢ : Ry — R is continuous and there exist positive constants o, d

such that |(t1) — o(ta)| < 8|ty — ta|® for any t1,ts € R,

(vi) The function g : Ry x Ry X Rx R xR — R is a continuous function such that
B(t)

tim [ lg(t, s, 2(1(5)), y(0(5)), 2(1(5)) =gt 5, u(n(5)), v(n(s)), w(n(s)] ds =0 (5)

t—o0 0
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uniformly with respect to x,y, z,u,v,w € BC(Ry). In addition, Ma(k1 +ka+k3) <1
where

B(t)
Ma=sup{lo( [ o(t.5.0(5) 005D, 2(0(60) )]t € Revmy,z € BORL)). ()

Then the equation (2) has at least one solution in BC(R;)xBC(R4)xBC(R,).

Proof. First we define an operator T : BC(R;)xBC(R;)xBC(Ry) — BC(Ry) by
T(z,y,2)(t) = A(t)

B(t) (7)
+f(t7fﬂ(f(t)),y(f(t)),Z(é“(t)))so(/o g(t, s, 2(n(s),y(n(s)), 2(n(s)))ds).
Moreover, the space BC(R;)xBC(R;)xBC(R;) is equipped with the norm

1@, y, )| = [zl + llyll + l|z[| for any (z,y,2) € BC(R4)xBC(R4)xBC(R4.).
Notice that the continuity of T'(x, y, z) for any (z,y, 2) € BC(R4)xBC(R4)xBC(R4)
is obvious. Moreover by (6), (7), (i), (ii) and the triangle inequality, we know that

T, 2)(8)] < JAW)] + [t 2(€(0)). y(ED)). 2(E(1)) — F(£.0,0,0)] + |£(£.0,0,0)]
B(t)
x o / 9t 5,2(n(s), y(n(s)), =(n(s)))] ds)

< Mo + [k [(§())] + k2 [y(€(8))] + k3 |2(£(2)| + Ma]Ma < r (8)
where My = supyeg, |A(t)], M1 = sup,eg, |f(£,0,0,0)| and r = %

Thus T is well defined and the estimate (8) implies that 7" maps B, into itself. Now,
we prove that T is continuous on B,.. For @187 @kei&m Y,2) € B,xB.xB,and ¢ >0
arbitrarily. Moreover, consider (u,v,w) € B, x B, x B, with

I(z,y,2) — (uavaw)||BC(R+)><BC(R+)><BC(R+) <e
Then we have

T, y, 2)(H)~T(u, v,
Ft, (@), y(e

<[ 76 uce) wie

£t ulE), v(E

+1£(¢,0,0,0)|]

@)

z(&(t

w)
t)
t

);
), w

VS

( (t
g(t,

(
< [k fa(€(t)—u(S (t))|+k2 Iy( )) v(&(t)

+ (1 [u(€(t)| +k2 [v(§(#))] +ks [w(E(t)| +Mi] - 6

< (k1+ko+ks)e M,

~—
N
—~
3
—~
~—
~—

fo g(t,s,2(n(s)),y(n(s)), z(n(s
-9 t757U(Tl(5)),v(77(5)),W(H(S)))ds

+ [(k1+kot+ks)r+M] -
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In addition, from (5), there exists L > 0 such that, if ¢ > L, then

6(t) £ (03
/0 [9(t. 5, 2(n(s)) y(n(3)) 2(n())) =g (¢, 5, u(n(s)), v(n(s), win()) ds < () (10)

for any x,y, z,u,v,w € BC(Ry). There are now two cases:
Case (a) If t > L, then from (9) and (10), we get

|T(x,y,2)(t) = T(u,v,w)(t)] < [(k1 + ko + k3)(Ma + 1) + Mi]e. (11)

Case (b) If t € [0, L], then using the continuity of g on [0, L] x [0, 5z] x [—r, 7] X
[—7,7] x [-7,7] we have wk(g,e) — 0, as e — 0.
Thus by the argument similar to those given in (9), we have
|T(.’E, Y, Z)(t) - T(u7 v, w)(t)|
< (k1 + ko + kg) eMo + [(k1 + ko + ks) v + M;]

e

B(t)
><5/0 (g (ts,2(n(s)),y(n(s)),21(s) =gt s,u(n(s)),v(n(s)),wn(s))) ds

< (k1 + ka + ka) eMa + [(ky + ko + ka) v + Mu] -6 (Bw; (9,))"
<[(k1 + ko + k3) (M2 + 1) + M) €, (12)
where wl (g,e) = sup{|g(t1,s,2,y,2) — g(ta,s,7,y,2)| : t1,t2 € [0, L], [t1 — t2| <,

e ﬁL] z,y,2z € [-r,7]} and B = sup{B(t) : t € [0, L]}. Hence, the inequali-
ties (11), (12) imply that 7T is a continuous function from B, x B, x B, into B,.

Now, we only need to show that T satisfies the conditions of Theorem 2.6. To
prove that, let L, e € Ry and X, X, , X3 are arbitrary nonempty subsets of B, and
take t1, t2 € [0, L], such that [t; — t2] <e.

Without loss of generality, we may assume that 8(t1) < B(t2). We also assume
that (z,y,2) € X1 X X5 x X3. Then we get

|T(£L‘,y, )(tl) T(LU Y,z )( )
a(

|
f tla (t

<|A(t1)-A t2|—|- Flta, (€

ftz, (€(t1)), y(&(tr)), z(£(¢
f(t2, 2(E(t2)), y(€(t2)), 2(&(
)

I (t2, 2(€(22)), y(E(E)), 2(E( 22
B(t1) B(tz)
Ao otty 2D VO, o [T g1, 5. 2(0(5)160(5). (05
< |A(t) = A(ta)] +lwE(f,€)+hr [2(€(t))—2(E(12)]
Tl [y(E(1)) ~y(&(t2)) | s [2(€(02))—2(&(t2)) | Mo
+k1 |2 (&(t2)| +Fa |y(E(ta)| +Es |2(£(t2))| + M)
J2U gty 5,2(n(s)), y(n(s)), 2 (n(s)))ds
— [P g(ta, 5, 2(n(s)), y(n(s)). 2(n(s)))ds

) y(€(t1))
t1)), y(&(ts

) ’H@ /ﬁ(t t8,x(n(S),y(n(S)),z(n(s)))ds)’

t2))
))—f(t2,0,0,0)|+|f(t2,0,0,0)]]
(

)(()))‘

( D, =(E0)))

X

[e3%

X 0
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wh (A, €))+wE (f,e)+h1 (wh (2, w (€, €))) +ha(wh (y, wh (€, €))+hs (W (2, w (€, €)) Mo
PO gty s, 2(n(s)), y(1(s)), 2(n(s)))

+“’“*’“ﬁk@rwﬂ'5</0 g(ta, 5, 2(n(s)), y(u(s), 2(n(5))) | %

B(tz)
+ / l9(t2, s, 2(n(s)), y(n(s)), 2(n(s)))| ds)®

B(t1)
W (A, )+ W (f,e)+hy (wh (2, wE (€, €))+ha(wh (y, wh (€, ) Hhs (W (2, W (€, €))] Mo
+[(k1+kot-ks)r+My] - 5(BrwE (g, €)+GEwE (B8, )™ (13)

where
wh(&,€) = sup{[&(t1) — E(t2)| : b, ta € [0, L], [t — tof < e},
wh(B,€) = sup{|B(t1) — B(t2)| : t1,t2 € [0, L], [tr —ta] < e},
wh(z,wh (€, €)) = sup{la(tr) — z(t2)] : tr,t2 € [0, L], [t — 2] S wh(€,0)},
— : — <
OJTL(f,E):SUp{ |f(t1, 2, y) — f(ta, m,y)| s ta,t2 € 0, L], [t1 — t2| <e¢, }’
T,Y,z € [—7‘, 7’]
AL _ ‘g(t17s7$7y72>_g(t2>s7x7yaz)|:tlthE[07‘[/]7
" (g,g) - Sup{ |t1 - t2‘ S £,8 S [076[/} , LyY, 2 S [_rﬂﬁ}
and GE = sup{lg(t, 5,2,y )|+ £ € [0,L],5 € [0, 82] and a,y,= € [-r,7]}.
Since (z,y, z) is an arbitrary element of X; x Xs X X3 in (13), we obtain
wr (f,€)
kiwh (X1, wh (€, €)) +haw! (X, wk (€,€)) | M:
ksw™ (X3,w" (€ €))
+[(k1+ka+ks)r+Mi] - 0(Brwt (g, e)+GEw™ (B, €)™ (14)
Otherwise, by the uniform continuity of f, g on [0,L] x [0,8L] x [-, r] X [—r, 7],
[0, L] x [0, BL] X [—=7, 7] x [=7, 7] X [T, 7], respectively, we have wZ(f, &) — 0, wPr(g,e) —
0. Also because of the uniform continuity of £, 8 and A on [0, L], we derlve that

wh(&,e) = 0, wlr(B,e) and wl(A,e) — 0 as e — 0. But G~ is finite, so taking the
limit from (14) as e — 0, we get

UJé/(T(Xl X X2 X Xg)) < (kleL(Xl) + kQ(Ug(XQ) + kgwoL(Xg))Mg. (15)
By letting L — oo in (15), we obtain
OJO(T(Xl X X2 X Xg)) < klMgwo(Xl) + kgMQWO(XQ) + k’3M2W0(X3). (16)
In addition, for arbitrary (z,y, 2), (u, v,w) € X7 x X2 x X3 and t € R} we have
T2,y 2)(t) — T(w, v,w)(2)

flt,z(€(t)),y(&(t)), 2(n(s))) B(t)
S(’ f(tu€(t)),v(E(t)), w(n(s))) ‘)“p(/ g(t,s,2(n(s),y(n(s)), 2(n(s)))ds)
+ £ (¢ u(€(t)), v(&()

W (T (X1 x X% X3), ) < wh(A, )+

(
), w(&(t))) — f(2,0,0,0)[ +[f(#,0,0,0)[]

)
fo t’g(t s,2(n(s), y(n(s)), 2(1(s)))ds)
—o(J7Y g(t, 5, uln(s), v(n(s)), win(s)))ds)
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< (k1 [2(€(1)) = u(€(1))] + ko [y (1)) — (€] + ks [2(£(t) — w(€(E)]) My
+ [k [€(E)] + ko [oE(E)] + ks l€(e)] + M
sl ST gt sz () y(n(s), 2(n(s)))
—g(t.s,u(n(s)), v(n(s)), w(n(s)))ds

<(ky diam X (£(t) + ko diam Xo(£(t)) + k3 diam X3(&(¢))) Mo

—g(t, s,u(n(s)), v(n(s)), wn(s)))
Since (z,vy, ), (u, v,w) and t are arbitrary in (17), we conclude that
diam T'(X; x Xox X3)(t) < (k1 diam X (£(¢))+ke diam Xo(§(t)+ks diam X3(£(¢))) M2

/ﬁ“)( g(t,5,2(1(5),y((s)),2 (1 (5))) ) 4l
0 -9 (t787u(77 (8)),7)(?’] (S))7w(77 (S)))

Suppose that ¢ — co in the inequality (18), then using (5) we deduce that
lim sup diam T'(X; x X5 x X3)(¢) < (k1 lim sup diam X (£(¢))
t—o00

t—o0

B(t)
Hl((kr + ks + ka)r + My)] - 5( /0

(¢, 5.2(n(s)). y(n(s)). 2(n(s)) ‘ (17

+[((k14ko+ks)r+My)] - 0 (18)

+ ko lim sup diam X5 (€(t)) + k3 lim sup diam X5(£(t))) Mo. (19)
t—oo

t—o0

Now, combining (16) and (19) we obtain
wo(T(X1 x Xa x X3)) + limsupdiam T(X; x X3 x X3)(t)
t—o0

<(k1Maowo(X1) + kaMawo(X2) + ks Mowo(X3)) + ki1 Ms lim sup diam X (£(¢))

t—o0

+ ko M> lim sup diam X (€(t)) + ks Mo lim sup diam X3(&(¢))
t—o0 t—o0
=k Mo (wo(X1)) + liin sup diam X1 (£(¢))) + ko Mz (wo(X2))
—0

t—o0
Therefore, from (1) and (20), we derive that p(T(X1 x X x X3)) < kyMou(X1) +
ko Mopi(X2) + ks Mop(X3). Consequently pu(T(X1x Xo x X3)) < kypu(X1) +kop(Xa) +
ksp(Xs), where ky = ki My, ky = koMs, kg = ksMy and ky + ky + kg < 1. Thus
by Theorem 3.1, T has a tripled fixed point in BC(R;)xBC(R)xBC(Ry). This
completes the proof. a

The following corollary is a special case of Theorem 4.1.

COROLLARY 4.2. Let the conditions (i)—(iv) of Theorem 4.1 be satisfied. Furthermore,
suppose that there exists continuous functions a,b : Ry — Ry such that

lg(t, s, 2y, 2)| < a(t)b(s) (21)
fort,s € Ry. Also, assume that

B(2)
lim a(t) /o b(s)ds =0 (22)

t—o00
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and My(ky + ko + k3) < 1 where

M, = sup{a(t) /Oﬁ(t) b(s)ds:t e R+}. (23)

Then the system of integral equations

z(t) = A(t) + f(tax(f(t))yy(ﬁ(t)),Z(é( )))( o g(t, s, 2(n(5)), y(n(s)), 2(n(s))) ds)
y(t) = A(t) + (& y(E(0)), 2(60) y €N, gt 5,y((s)), 2(n(s)), y(n(s)) ds)  (24)
z(t) = A(t) +f(tvz(f(t)),y(é(t))vaf(f( )))( o g(t,s,2(n(s)), y(n(s)), 2(n(s))) ds)

has at least one solution in the space BC(R4)xBC(Ry)xBC(Ry).

Proof. Let us consider ¢(x) = x in Theorem 4.1. It follows that ¢ is a Lipschitz
function with constant 1. Now from (23) and inequality (21), we get

B(t)
My = supd / 9(t,5,2(n(s)), y(1(s)), 2(n(s))) ds)| : ¢ € Ry, 2y, 2 € BOR)}

B(t)
= Sup{‘/o g(t87w(n(S)),y(n(S))»Z(n(S)))dS‘ 't €Ry,w,y,2 € BORY)}

B(t) ,
< Sup{a(t)/ b(s)ds:t e Ry} = M,.
0

Hence, the above inequality implies that Ma(k1 + ko + k3) < 1. On the other hand
by (21), (22) and the triangle inequality we have
B(t)
Jim ; 9(t, s,2(n(s)),y(n(s)), z(n(s))) — g(t, s, u(n(s)), v(n(s)), w(n(s)))| ds

B(t)
<21 =
< 2thjga(t)/0 b(s)ds =0

uniformly respect to x,y, z,u,v,w € BC(R;). Thus all of the conditions of Theo-
rem 3.1 are satisfied. Therefore, applying Theorem 3.1, we conclude that the equa-
tion (24) has at least one solution in the space BC(R;)xBC(R4)xBC(Ry). U

We finish this section with two examples.

EXAMPLE 4.3. Let m > 2 and n > 1. We set
z(t) = t+1 + [ sin(z (3t)) + 2 cos(y(3t)) + $e2(Y)]
f (1457 [sin” (2(v3) )|y (v5)||2(v5)] ds
0 (Isin® (2(v/5))) (1+27) (14+y2(V/5)) (1422 (V/5))
y(t) = t+1 + [Lsin(y(3t)) + 2 cos(z(3t)) + %ey(‘”)]
[ (T DO O
0 (1+<1n2"(y(f)))(1+t2’")(1+-T2(\/5)(1+y2(\/5)))
z(t) = t+1 + [+sin(z (3t)) —|— 2 cos(y(3t)) + iex(‘%)]
£ (s i WA svE]
0 (1+sin"(2(v/5))) (1+t2™) (1+y2(Vs)) (1+22(Vs))

(25)

X

Then, we have

t 1,
" cos(y) + 77l

1. 2
+ [- sin(z) + 1 1

flt,z,y,2) = 1
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m—2

In(1+s"7 |sin"(z)]) [yl 2]

M5B8 = G @)1+ em) 1+ )1+ )]
A(t) = 560 = 3t.1(5) = V5, 5(t) = £

comparing (25) with (24). Now we survey the conditions of Corollary 4.2:
(i) is clear.

(ii) Assume that ¢ > 0 and z,y, z,u,v,w € R. Then we get

1 2 1
|f(t,l',y, Z)if(ta u,v,w)| < Z |Sln(l’)* Sln(u)‘ +Z |COS(’y)* COS(U)| +Z |627ew

< le—ul 43 lyol +5 o=l

< 7 lemul 7 ly=vl 47 le-w

for all ¢ > 0. Then the condition (ii) is satisfied with k1 = %, ko = 2, k3 =
eee . o 3 .

(iii) Clearly, the function |f(¢,0,0,0)| = t-%l + % is bounded.

(iv) Obviously, &,n,q are continuous and £(t) — oo as t — oo.

PN

Now suppose that ¢t,s € Ry and z,y, z € R; then

m—2

In(1 4+ s 72 |sin"(z)]) [yl |2|
l9(t,s,2,y,2)| = —on
(1 +sin™ (2)) (L + ™) (1 + y?)(1 + 2?)
m=2 . m—2
< s 7 _lsin"(@)]) o] i a(t)-b(s)
= W rsin? @)1+ 2m) (1 +92)(1+22) ~ 4(1+em)
for any t,s € Ry, and z,y, z € R. Furthermore
t2 2 m
lim a(t) b(s)ds = lim 1 s"7" ds = lim " 0
t—o00 0 B taoo4(1 + t2m) 0 B t~>oo2m(1 + t2m) o

’ 2 ’
and M, = sup a(t) fg b(s)ds < ;. Hence (ky + ko + k3)My < (3 + 24+ 1) 5 < 1.
teR L
These imply that the assumptions of Corollary 4.2 are satisfied. Therefore, as a
result of Corollary 4.2, we conclude that the system of integral equations (25) has at

least one solution in BC(R;)xBC(R4)xBC(Ry).

EXAMPLE 4.4. Let n > 1. Consider the equation

— 2 .
z(t) =e " 4 [m cos z(2t) + ﬁﬁ In(1 + |y(2¢t)]) + m sin z(2t)]
arctg( /! 4nIn(14s™ 2(v3)])|cos y(v/3) ||sin 2(VE) [+ ns? L (14|22 (VE) ) (1+cos? y(VE)) (1+sin? 2(V/3)) ds)
8o A 122(Vs) (1127 (T cos? y (/) (L Fsin? 2(+/5))
yt)=e " + [m cosy(2t) + % In(1 + |z(2t)]) + ‘hr(;Tl) sin y(2t)]
tol [t 4nin(1+s™ ! y(v/5)])|cos 2(v/5)|[sin y (v/3) |[+ns2" 7 (14]y2 (V)| ) (1+cos? 2(1/5)) (1+sin® y(v/5)) d
raretg(fg 2 (A+y2 (/) (1+627) (1t cos? 2(v/3)) (1 +sin? y(+/5)) 5)
z(t)=e" + [3maeg cos 2(2t) + = In(1+ |y(2t)]) + T Sinz(2¢)]
¢ anin(te" (D [cos y (/o) |fsin (/B | et (4D Oteon? y (VD) (tsin s (VB
0 (122 (v/9) (A 1£27) (10052 y(v/5)) (1sin? 2(+/5))
Since the previous equation is a special case of the equation (2), we obtain

(@) 2t
cos(x) + —
drt+1

-arctg(

1 ¢
fta,y,z) =™ + | (1 +[y]) + o= g oin(2)

t
2m(t2 + 1)
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4nln(1 + s |z|) |cosy| [sinz| + ns®* (1 + 22)(1 + cos? y)(1 + sin? 2)
(14 22)(1 +27)(1 4 cos? y)(1 + sin? 2)
Ay =", &(t) =2, n(s) = V5, B(t) = t, p(x) = arctg(z).
We will prove that the conditions of Theorem 4.1 are satisfied for this equation. First,

in the same way as stated in Example 4.4, (i), (iii) and (iv) are evident. Now, suppose
that t € Ry and z,y,2z € R with |y| > |v|. Then we get

g(t,s,x,y,2) =

t
|f(t, @, y, 2)—f(t,u,0,w)| < 2 +1) |cos(z)— cos(u)]
t
2L W0 )= 1 o)+ i) —sin)
1 1+ |y 2 ly| — v 1
< = |z—u| += |In( - —u+-= (1 e
47 @ u|+47r’ 1+ v |) | w| < 7T|x u‘+47r n(1+ 1+ |v| ) +47T |zl

<L o] 2 (Lt Jy—ol) - || < = Jo—u] +— | |+1| |
— |z— —In — — |z— — |z— — |y— — |z—w|.
_471_137.11 47‘( y'U 477210_4_71'1:“ 47Ty’U Z—W

Therefore f satisfies the condition (ii) of Theorem 4.1 with k; = , ko = i 2 and
ks = 4 . On the other hand, according to the Mean Value Theorem <p is Lipschitz
with Constant 1. This means that the condition (v) of Theorem 4.1 is satisfied. Also,

it is obvious that g is continuous on Ry x Ry x R x R x R. Since
ns" ! |xz||cosy| |sinz| < 1 ns"!
(14 22)(1 4+ 27)(1 + cos? y) (1 +sin® 2) ~ 4 (14 t27)

for any t,s € Ry and z,y, 2z € R, we have

. b ops2n—t 1
75ll)m/ lg(t, s, 2,y,2 )|ds-hr£10 ; mdg:g.

Notice that this shows that the property (22) of Corollary 4.2 is not satisfied and this
corollary cannot be used to conclude that the considered equation has a solution. But

4ns™1 : t 2n—1
/ (5, 2.5, 2)] ds / ns™ ! |z||cosy| |sin z| ds + / ns —ds
(1 + 22)(1 + 27)(1 + cos? y) (1 + sin® 2) (14-t2n)

n—1 t 2n—1 n t2n 1 1
< —d ————ds < < 4+=-=1
—/0 [ENED) 3+/O Gren @S aren Taire) S22
for any t € Ry and x,y, 2z € R. Thus
t
My = sup arctg(/ g(t,s.x,y, 2) ds)’ < sup Jarctg(z)| = T
teR 0 we(-1,1] 4

It follows that (ki + ko + k3)Ms = (ﬁ + ﬁ + ﬁ)% < 1. Moreover
t t n—1 n
. . ns 2t
lim /0 lg(t, s, x,y,2) — g(t, s, u,v,w)| ds < }1}202/0 At ds }i}&m =0

Hence the condition (vi) of Theorem 4.1 is satisfied too. Now, according to Theo-
rem 4.1, we have a solution in BC(R;)xBC(R;)xBC(R).
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