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NONLOCAL THREE-POINT MULTI-TERM MULTIVALUED
FRACTIONAL-ORDER BOUNDARY VALUE PROBLEMS

Ahmed Alsaedi, Najla Alghamdi, Bashir Ahmad and Sotiris K. Ntouyas

Abstract. In this paper we study a new kind of boundary value problems of multi-term
fractional differential inclusions and three-point nonlocal boundary conditions. The existence
of solutions is established for convex and non-convex multivalued maps by using standard
theorems from the fixed point theory. We also construct some examples for demonstrating
the application of the main results.

1. Introduction

In recent years, the study of fractional-order boundary value problems received much
attention in view of their occurrence in several diverse disciplines. Now one can find a
variety of results involving different kinds of boundary conditions in the related liter-
ature. Such problems can be categorized as single-valued and multivalued problems.
For recent development on the topic, we refer the reader to a series of papers [2,3,9]
and the references cited therein. Fractional-order models are regarded more realis-
tic than their integer-order counterparts, for instance, see [14,20,22]. This fact has
added worth to the topic of boundary value problems of fractional-order. In par-
ticular, multivalued (inclusions) problems are found to be of special significance in
studying dynamical systems and stochastic processes, see e.g. [17,21] for the analysis
of control problems.

Equations containing more than one differential operator are termed as multi-
term differential equations, for example, see [17-19,23,24]. In a recent work [1], the
authors obtained some existence results for multi-term fractional differential equations
supplemented with nonlocal boundary conditions.

Let n € (0,1) be a fixed number. In this paper, motivated by [1], we investigate
a new boundary value problem of multi-term fractional differential inclusions and
nonlocal three-point boundary conditions given by

(ag €DI*2 4 ay DI fag CDx(t) € F(t,z(t), 0<qg<1, 0<t<1, (1)
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2(0)=0, x(n)=0, z(1)=0, (2)
where ¢D? denotes the Caputo fractional derivative of order ¢, a; (i = 0, 1,2) are real
constants and F : [0,1] x R — P(R) is a multivalued map, P(R) is the family of all
nonempty subsets of R.

The paper is organized as follows. In Section 2 we recall some preliminary con-
cepts from multi-valued analysis and fractional calculus related to our work. Section 3
contains the main results. The first result involving convex valued maps is based on
the nonlinear alternative of Leray-Schauder type. The second result dealing with
non-convex valued maps relies on a fixed point theorem for contractive multivalued
maps due to Covitz and Nadler, while in the third result, we combine the nonlin-
ear alternative of Leray-Schauder type for single-valued maps with a selection the-
orem due to Bressan and Colombo for lower semicontinuous multivalued maps with
nonempty closed and decomposable values. The methods used in our analysis are
standard, however their exposition in the framework of problem (1)-(2) is new and
worth-contributing to the literature on fractional-order multivalued problems.

2. Preliminaries

2.1 Basic material from fractional calculus
We begin this subsection with some definitions [12].

DEFINITION 2.1. The Riemann-Liouville fractional integral of order 7 > 0 of a func-
tion h : (0,00) — R is defined by

Y (u—wv)Tt

I'h(u) = / —————h(v)dv, u>0,
0 I'(r)

provided the right-hand side is point-wise defined on (0, 00), where I is the Gamma

function.

DEFINITION 2.2. The Caputo derivative of order 7 for a function & : [0, 00) — R with

h € C™[0,00) is defined by

1 v p) ()
°D7h(u) = dv=T1""T"h"™(u), t -1
(u) T —7) /0 oy v (u), t>0,n <T<n,

PROPERTY 2.3. With the given notation, the following equality holds:
I"(°D™h(u)) = h(u) —co — 1 — ... —cpu™ ' u>0, n—1<71<n,

h(i)(O)

where ¢; = —5—, i=1,...,n—1.

The following known result [1] facilitates the transformation of the problem (1)-(2)
into a fixed point problem.

LEMMA 24. For any y € C([0,1],R), the solution of linear multi-term fractional
differential equation

(ag D72 4 ay DI 4 ag DY) x(t) = y(t), 0<g<1, 0<t<l,
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supplemented with the boundary conditions (2) is given by

() 2O = {// Sfuq () du ds
+ oy (t / / F(Z))q 1 y(u) du ds
)

q—

1
+ oot / / F(Z) y(u) du ds}, if a3 —4agag > 0,

where  ®(k) =e =) k=t 1,andn,
—a1 — \/a1 — 4agas —a7 + \/a1 — 4dagas
my = 5 mo = )
20,2 2@2
t) — t t) — t
o1 (1) _72p2(t) - yapr(t) oa(t) = V3p1(t) - Y1p2( )7u iy — s £ 0,
ma(1 — e™t) —my (1 — ™2
pu(p) =) DML = ) gy gt g,
agmima(mz — my)
ma(l—e™)—my(1—e™2) ma(1—e™M)—my (1—e™27)
"= y V2= (3)
azmlmz(m2*m1) agmymsg(ma—my)
V3 =e™ Y4 = e — emzn’

(ii) GQ{A A et E= 0 ) du ds
+(t / / F(Z))q : y(u) du ds

q—1
e // FZJ)) (u)dUdS}’ if af —4agaz =0,

where  W(k) =(k —5)e™ ") k=t 1, and n,
t— m(t+n) _ t mt mn 1—t¢ m(t+1) t mt _ ,m
() =L LNy = LN
A A
A =(n—1)emHD) _pemn o™ oL () m = ;al,
2a2

(i) () al{/t/sQ(t)(s}?qu(u) du ds
+ et / / FZ;); : y(u) du ds

q—1
+ @t / / F(l;)) y(u) du ds}, if a? — 4agas < 0,

where  Q(k) =e —a(k=s) sinf(k —s), k=t,1,andmn,
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aq ﬂ o vV 4a0a2 — a12

_20,27 202 ’

w401(t) — w202(t) w102(t) — wso1(t)

©1 (t) = ) 902(t) = )
Q Q

B — Be~% cos Bt — ae”* sin Bt b
01(t) = 2+ 3 ,  02(t) = asfBe” " sin St

B — PBe “cos S —ae”*sin 3 B — Be~ " cos fn — ae”* sin Bn

w1 = wWo =
1 a2 + B2 ) 2 a2 + B2 )

w3 =agfe”“sinfB, wyg=azfe”sinfn, Q=wows— wiwy #O0.

2.2 Basic material for multivalued maps

Let C := C([0,1],R) denote the Banach space of all continuous functions from [0, 1]
into R with the norm ||z| = sup{|z(¢)], t € [0,1]}. Also by L'([0,1],R) we denote
the space of functions z : [0,1] — R such that ||z = fol |z(¢)| dt.

For each y € C, define the set of selections of F' by

Sp, = {ve LY[0,1],R) : v(t) € F(t,y(t)) ae. on [0,1]}.

We define the graph of G to be the set Gr(G) = {(z,y) € X x Y,y € G(z)} and
recall a result for closed graphs and upper-semicontinuity.

LEMMA 2.5 ( [7, Proposition 1.2]). If G : X — Pu(Y) (Pa(X) = {Y € P(X) :
Yis closed} is u.s.c., then Gr(Q) is a closed subset of X XY ; i.e., for every sequence
{Zn}neny C X and {yn}neny C Y, if whenn — 00, Ty, = Tu, Yn — Ys and y, € G(xy,),
then y. € G(x.). Conversely, if G is completely continuous and has a closed graph,
then it is upper semi-continuous.

The following lemma will be used in the sequel.

LEMMA 2.6 ([16]). Let X be a separable Banach space. Let F : J x R — Py (X)
(Pep.e(X) = {Y € P(X) : Y is compact and convex}) be an L'-Carathéodory mul-
tivalued map and let © be a linear continuous mapping from L' (J, X) to C(J, X).
Then the operator © o Sp : C(J, X) = Pep o (C(J, X)), . — (00 Sp)(z) = O(Spe) is
a closed graph operator in C(J,X) x C(J, X).

We recall the well-known nonlinear alternative of Leray-Schauder for multivalued
maps.

LEMMA 2.7 ( [10, Nonlinear alternative for Kakutani maps]). Let E be a Banach
space, C' a closed convex subset of E, U an open subset of C and 0 € U. Suppose that
F:U — Pepe(C) is an upper semicontinuous compact map. Then either

(i) F has a fized point in U, or

(i) there are u € OU and X\ € (0,1) with u € AF(u).

For some basic concepts about multivalued analysis, we refer the reader to the
books [7,11].
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3. Existence results for the case a3 — 4agaz > 0

3.1 The Carathéodory case

In this subsection we consider the case when F' has convex values and prove an
existence result based on nonlinear alternative of Leray-Schauder type, assuming that
F' is Carathéodory.

DEFINITION 3.1. Let a?—4agpas > 0. A function z € C, possessing a Caputo derivative
of order at most g+2, is a solution of the problem (1)-(2) if (0) =0, z(n) =0, z(1) =
0, and there exists a function v € L'([0, 1], R) such that v(¢) € F(¢,z(t)) a.e. on [0, 1]
and

O C— {// 5*1; T ) du ds (4)
tou(t // 0 () du ds + oot // ql (u)duds}.

THEOREM 3.2. Assume that:
(Hy) F:[0,1] x R = Pep (R) is L*-Carathéodory;

(H3) there exists a continuous nondecreasing function @ : [0,00) — (0,00) and a
function g € C([0,1],R") such that

1E(E, 2)[p = sup{ly| - y € F(t,2)} <g(®)Q(x]]) for each (t,x) €[0,1] x R;

Hs) th st tant M > 0 such that M > 1, wh
( 3) ere exists a consitan Suc a H?”ﬁ(fd) s+o-171+n’10272} wnere
R 1— mit) _ 1— mat
o1 = ax lo1(t)|, T2 = max |o2(t)|, €= max ‘mQ( ) —ma(l = ™) )
t€[0,1] t€[0,1] t€[0,1] azmima(my —my)

and v1,7y2 are defined in (3).
Then the boundary value problem (1)-(2), with a? — 4agaz > 0, has at least one
solution on [0, 1].

Proof. To transform the problem (1)-(2) into a fixed point problem, we define an
operator F : C — P(C) by

heC(0,1,R) :
Py r—ry {fo S @ (t) ST () du ds

e IR TCES SO fo Wﬂ(u) du ds
oat) [ S ) T o) du ds},

for v € Sp. It is obvious that the fixed points of F are solutions of the boundary
value problem (1)-(2).

We will show that F satisfies the assumptions of Leray-Schauder nonlinear alter-
native (Lemma 2.7). The proof consists of several steps.
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Step 1. F(z) is convex for each x € C.

This step is obvious since Sg, is convex (F has convex values), and therefore we
omit the proof.

Step 2. F maps bounded sets (balls) into bounded sets in C.

For a positive number r, let B, = {z € C([0,1],R) : |lz|| < r} be a bounded ball
in C. Then, for each h € F(z), x € B,, there exists v € S, such that

h(t):a2m2_ml{// 8‘“q1 v(w) du ds
Yo (t // S_Uq () du ds + oot / / s_“q " (u)duds}‘

Then, for ¢ € [0, 1], we have

q—1
S 'LL
h(t)| < S fI) t du d
)] € s te%p”{// o) du ds
—1
4ot |// oW ) du ds + st |// |<u)|duds}
lg]lQ(r) /t (t—s) (t—s) 51
< — Ssu €m2 s —eml s 7d8
~ az(ma—my) te[Opl] 0 ( )F((Z+1)

+ |o (¢ |/ m2(1 ) _emi(1= q))7d8+|0'2 |/ mQ(n $) _emi(n= s))iq ds
I(g+1) I(g+1)

< lgll@r)
=T+

which ylelds Ih] < WD {e + G111 + 0oy}

{5—|—0 Y1 +n 0272}

Step 3. F maps bounded sets into equicontinuous sets of C.

Let t1,to € J with ¢; < ty and & € B,.. Then, for each h € B(z), we obtain

- T T e o] B2 ) du ds
|h(t2) h(t1)|<a2(m2—m1){/0 /0 [q)(tg) @(tl)} e (u)du d
+/tl /0 ®(ts) Tq) (u) du ds| + |oy(t2) 1(t1)|/0 /O (1) ) lv(u)|du d

-1
+ |O’2 t2 —02 tl |/ / | (u)|du ds}

< 1g|Q(r) {(tq—tq) (ml(l_emz(tg—tl))_mZ(l_eml(tg—tl)))

asmyima(me—mq)I'(g+1)

-+ t({ (m1(€m2t2 7em2t1)7m2<6m1t2 7€m1t1 )>
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+ |o1(t2)—01(t1)]|(ma(1—e™)—mq (1—e™?))
+ |01(t2)—01(t1)\nq(mz(l—em”’)—ml(1—em2"))}.

Obviously the right-hand side of the above inequality tends to zero independently
of € B, as to —t; — 0. Therefore it follows by the Ascoli-Arzeld theorem that
F :C — P(C) is completely continuous.

Since F is completely continuous, in order to prove that it is u.s.c. it is enough to
prove that it has a closed graph.

Step 4. F has a closed graph.

Let z, = x4, hy € ]-'(xn) and h,, — h.. Then we need to show that h, € F(x,).
Associated with h,, € F(xy), there exists v, € Sp,, such that for each ¢ € [0, 1],

halt) = s {// S’“q 1vn(u)duds
F ot // Sy () du ds ot // 5_1; o (u)duds}.

Thus it suffices to show that there exists v, € S, such that for each ¢ € [0, 1],

hell) = s {// ““q : v, (w) du ds
+o1(t // T vi(u) du ds + oot // 8_12 o (u)duds}.

Let us consider the linear operator © : L'([0,1],R) — C given by

Vo O = s {/A S’“q () du ds

+ o1t // s—uq ' v(u)du ds+ oa(t / / ! (u)duds}.

Observe that ||h,(t) — *( )|| — 0, as n — oo, and thus, it follows by Lemma 2.6 that
©0 S is a closed graph operator. Further, we have h,,(t) € ©(Spy, ). Since z,, — T,
therefore, we have

h*(t)—a2m2_m1{// 8_7“; e (u) du ds
v [ [ T s s ontr [ [ a0 C w)duds},

for some v, € Sp g, .

Step 5. We show that there exists an open set U C C with = ¢ 6F(x) for any
0 € (0,1) and x € OU.
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Let 6 € (0,1) and x € 6F(z). Then there exists v € L'([0,1],R) with v € S
such that, for ¢t € [0, 1], we have

(1) —9a2(m21_ml){/0t /Oscp(t)(‘s_rg‘q))qlu(u) du ds
v [ [ o0 T s ieds + o [ [ oty H;zw)duds}.

Then, by using the computations from Step 2., we get

t q
ot JQUED [ [ s gmiei) 21,
az(ma —m1) ej0.1) | Jo I'(g+1)
1 q
ma(l—s) _ _ mi(l—s) s I
—|—|01(t)|/ (e e )I‘(q—i—l)ds

e (n—s) _ ml(n s)
+ lealt |/ >F(Q+1)d}

< lallQd=[)
= T(g+1) {e + 0 + 01522},
which implies that =] <1
p EETE! {E+El"fl+77q32“/2} =

In view of (Hs), there exists M such that ||z|| # M. Let us set U = {z € C :
|z|| < M}. Note that the operator F : U — P(C) is a compact multi-valued map,
u.s.c. with convex closed values. From the choice of U, there is no x € 9U such
that © € 0F(x) for some 6 € (0,1). Consequently, by the nonlinear alternative of
Leray-Schauder type (Lemma 2.7), we deduce that F has a fixed point # € U which
is a solution of the problem (1)-(2). This completes the proof. O

3.2 The Lipschitz case

In this subsection we prove the existence of solutions for the problem (1)-(2) with a
not necessary nonconvex valued right-hand side, by applying a fixed point theorem
for multivalued maps due to Covitz and Nadler [6].

Let (X, d) be a metric space induced from the normed space (X;|| -||). Let Hy :
P(X)xP(X) = RU{oo} be defined by Hy(A, B) = max{sup,¢ 4 d(a, B),sup,cg d(A,b)},
where d(A,b) = inf,ec 4 d(a;b) and d(a, B) = infyep d(a;b). Then (P p(X), Hy) is a
metric space (see [13]).

DEFINITION 3.3. Let Py (X) = {Y € P(X) : Y is closed}. A multivalued operator
N : X — Py(X) is called (i) y-Lipschitz if and only if there exists v > 0 such that
Hy(N(z),N(y)) < vd(z,y) for each z,y € X; and (i7) a contraction if and only if it
is y-Lipschitz with v < 1.

LEMMA 3.4 ([6]). Let (X,d) be a complete metric space. If N : X — Py (X) is a
contraction, then FizN # ().
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THEOREM 3.5. Assume that:

(A1) F : [0,1] x R = Pep(R) (Pep(R) = {Y € P(R) : Y is compact}) is such that
F(-,z):[0,1] = Pep(R) is measurable for each x € R;

(As) Hy(F(t, ) F(t,z)) < m(t)|z — Z| for almost all t € [0,1] and z,T € R with
m € C([0,1],RT) and d(0, F(t,0)) < m(t) for almost all t € [0,1].

Then the boundary value problem (1)-(2), with a3—4agas > 0, has at least one solution

on [0,1] if s {e +Gim + 0o} < 1.

Proof. Consider the operator F defined at the beginning of the proof of Theorem 3.2.
Observe that the set Sp, is nonempty for each x € C by the assumption (4;), so F
has a measurable selection (see [5, Theorem III.6]). Now we show that the operator
F satisfies the assumptions of Lemma 3.4. We show that F(z) € P (C) for each
x € C([0,1],R). Let {un}n>0 € F(z) be such that w,, = u (n — o0) in C. Then
u € C and there exists v, € S, such that, for each ¢ € [0,1],

un(t):agmg—ml {// S_uql vp(u) du ds
ot // 8‘““ vn(u) du ds + oot // (v (u)duds}.

As F has compact values, we pass onto a subsequence (if necessary) to obtain that

vy, converges to v in Ll([O 1], R). Thus, v € Sp, and for each t € [0, 1], we have
() = ) = - QOl{//qm 5‘“)) o) du ds
+ Ul(t)/o /0 a(1)" _F(Z))q v(w) du ds + oot / / (‘;))q_ v(u) du ds}.

Hence, u € F(x).
Next we show that there exists § < 1 (5 F(q+1 {5 +o17 + nqgﬂg}) such that

Hy(F(z), F(z)) < |z —x|| for each z,z € C. Let z,z € C and hy € F(x). Then
there exists vy (t) € F(t,z(t)) such that, for each ¢t € [0, 1],

hl(t):azmz_ml{// S_Uql v () du ds
+ou(t // S_FZ“;))“ L(w) du ds + oot // s_uql (u)duds}.

By 2, we have Hy(F(t,z),F(t,z)) < m(t)|x(t) — Z(t)].
F(t, 7(1)) such that [0y(t) — w| < m(B)a(t) - 2(1)], ¢ € [0, 1]

Define U : [0,1] = P(R) by U(t) = {w € R : |v1(t) —w| < m(¢)|z(t) —Z(¢)|}. Since
the multivalued operator U (¢) N F' (¢, Z(t)) is measurable ( [5, Proposition II1.4]), there
exists a function vo(t) which is a measurable selection for U. So vs(t) € F(t,Z(t))
and for each ¢ € [0, 1], we have |v1(t) — v2(t)| < m(t)|z(t) — Z(t)|.

So, there exists w €
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For each t € [0, 1], let us define

hg(t)a2m2_m1{// S’“q T () du ds
Yot // Sy du ds 1 ox(t // ql (u)duds}.

Thus,

|h1(t) — ha(t)] S N pr—— {/ / ) _ ———|v1(u) — vo(u)| du ds

+ o (t) /Sé(l)%\m(u) — vo(w)| du ds

)
+oxw(fAiMm“Iffwmm—wxmwum}

[[m]] /t (t—s) (t—s)
< su e\t T8) gt TS) ) g
= az(my —m)T(g + 1) o ( )

1 n
+ |oy (t)l/ (em2(1—8) _ em1(1—s))ds + 77(1|0-2(t)|/ (emz(n—s) _ em1(ﬂ—s))ds}||x — 7|
0

Al
“T(g+1)

Hence, [[h1 — ha|| < r(qH) {e + o1 + 1G22 |z — Z|.
Analogously, interchanging the roles of z and Z, we obtain Hg(F(z), F(Z)) <

HMH

Metm 1€ 0171 + 1% |z — Z.
So F is a contraction. Therefore, it follows by Lemma 3.4 that F has a fixed point
x which is a solution of (1)-(2). U

{e +T1m1 + %022}z — Z|.

3.3 The lower semicontinuous case

In the next result, F' is not necessarily convex valued. Our strategy to deal with this
problem is based on the nonlinear alternative of Leray Schauder type together with
the selection theorem of Bressan and Colombo [4] for lower semi-continuous maps
with decomposable values.

Let X be a nonempty closed subset of a Banach space E and G : X — P(E)
be a multivalued operator with nonempty closed values. G is lower semi-continuous
(Ls.c.) if the set {y € X : G(y) N B # ()} is open for any open set B in E. Let A be a
subset of [0, 1] x R. A is £® B measurable if A belongs to the o-algebra generated by
all sets of the form J x D, where J is Lebesgue measurable in [0, 1] and D is Borel
measurable in R. A subset A of L([0,1],R) is decomposable if for all u,v € A and
measurable J C [0, 1] = J, the function ux s + vxj—7 € A, where x 7 stands for the
characteristic function of 7.
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DEFINITION 3.6. Let Y be a separable metric space and let N : Y — P(L*([0,1],R))
be a multivalued operator. We say that N has a property (BC) if N is lower semi-
continuous (l.s.c.) and has nonempty closed and decomposable values.

Let F : [0,1] x R — P(R) be a multivalued map with nonempty compact values.
Define a multivalued operator F : C([0, 1] x R) — P(L*([0, 1], R)) associated with F'
as

F(x) = {w e L*([0,1],R) : w(t) € F(t,z(t)) for a.e. t € [0,1]},

which is called the Nemytskii operator associated with F'.

DEFINITION 3.7. Let F': [0,1] xR — P(R) be a multivalued function with nonempty
compact values. We say that F' is of lower semi-continuous type (Ls.c. type) if its
associated Nemytskii operator F is lower semi-continuous and has nonempty closed
and decomposable values.

LEMMA 3.8 ([8]). LetY be a separable metric space and let N :' Y — P(L'([0,1],R))
be a multivalued operator satisfying the property (BC). Then N has a continuous se-
lection, that is, there exists a continuous function (single-valued) g : Y — L*(]0,1],R)
such that g(x) € N(x) for every x € Y.

THEOREM 3.9. Assume that (Hz), (Hs) and the following condition holds:
(Hy) F :[0,1] xR — P(R) is a nonempty compact-valued multivalued map such that
(a) (t,x) — F(t,xz) is L B measurable,

(b) ©— F(t,x) is lower semicontinuous for each t € [0,1];
Then the boundary value problem (1)-(2), with a2 —4agaz > 0, has at least one solution
on [0,1].

Proof. Tt follows from (Hs) and (Hy) that F is of l.s.c. type. Then from Lemma 3.8,
there exists a continuous function f : C — L'([0,1],R) such that f(z) € F(z) for all
zeC.
Consider the problem
(ag €DI*2 + ay ¢DI* + ag D) x(t) = f(z(t)), 0<g<1l, 0<t<1, 5)
(0)=0, z(n)=0, z(1)=0, 0<n<l
Observe that if € C is a solution of (5) in the sense of Definition 3.1, then z is a

solution to the problem (1)-(2). In order to transform the problem (5) into a fixed
point problem we define an operator F by

Fo(t)= —— e {/ / s‘“q 1f(:c(u))du ds

ot // S’Uqlf((»dudﬁ@ // Suglf(x(u))duds}.

It can be easily shown that F is continuous and completely continuous. The remaining
part of the proof is similar to that of Theorem 3.2. 0
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4. Existence results for the case a? — 4agay = 0.

In this section, we discuss the existence of solutions for the problem (1)-(2) when
—4agaz = 0. Let us first define a solution of the problem (1)-(2) in this case.

DEFINITION 4.1. Let a?—4apas = 0. A function z € C, possessing a Caputo derivative
of at most order ¢+2, is a solution of the problem (1)-(2) if (0) =0, z(n) =0, (1) =
0, and there exists function v € L([0, 1], R) such that v(t) € F(t,z(t)) a.e. on [0, 1]

and
_GQ{// S () du ds + // 5*1; () du ds
+ o (t) /On/osq,(,,)(s_r&);_lv(u)du ds}. (6)

Analogously to Theorems 3.2, 3.5, and 3.9 proved in the last section, we present
the existence results for the problem (1)-(2) when a} — 4agaz = 0. We do not provide
the proofs of the proposed results as those are similar to the ones for Theorems 3.2,
3.5, and 3.9.

THEOREM 4.2. Assume that (Hy), (Hz) are satisfied. In addition we assume that:
(H4) There exists a constant My > 0 such that: Hgl\é\/lm > 1,
where

1 = maxyeo,1) [¥1(t)], o = maxyeo,1) [¥2(t)],

p= m{(l + @1)((7” —1)e™ + 1) + 12277'1((””7 —1)e™ + 1) }
Then the boundary value problem (1)-(2), with a3—4agaz = 0, has at least one solution
on [0,1].

(7)

THEOREM 4.3. Assume that (A1), (A2) are satisfied. Then the boundary value prob-
lem (1)-(2), with a3 — 4apaz = 0, has at least one solution on [0,1] if |m|ju < 1.

THEOREM 4.4. Assume that (Hs), (HS) and (Hy) are satisfied. Then the boundary
value problem (1)-(2), with a? — 4agaz = 0, has at least one solution on [0, 1].

5. Existence results for the case a? — 4agaz < 0.

This section is devoted to the existence results for the problem (1)-(2) with
a3 — 4agay < 0. Before presenting the main results, we define a solution of the
problem (1)-(2) in this case.

DEFINITION 5.1. Let a3 —4apas < 0. A function 2 € C, possessing a Caputo derivative
of at most order ¢+2, is a solution of the problem (1)-(2) if (0) =0, z(n) =0, (1) =
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0, and there exists a function v € L'([0, 1], R) such that v(t) € F(¢,z(t)) a.e. on [0, 1]
and

() = aiﬁ{/ot /OSQ(t)(S}(Z))q_lv(u) du ds
+ p1(t //Ql () ()duds—HOz //Qn () (u)duds}.

Now we give the existence results for the problem (1)-(2) in case of a? —4agas < 0
without proof. One can prove these results following the strategy employed in the
proofs of Theorems 3.2, 3.5, and 3.9.

THEOREM 5.2. Assume that (Hy), (Hz) are satisfied. In addition we assume that:

1" ; . Mo
(HY) There ezists a constant My > 0 such that: GTaGn), > 1 where

~

P1= max lp1(t)], @2 = Jnax lpa(t)],
1 -~ —a } —a 3
:ag(a2 T BAI(g+ 1) {(1 + @1)(1 —e “cos B —(a/B)e blnﬁ)
+ @ (1= 7 cos By — (a/B)e " sin Bn) }.

Then the boundary value problem (1)-(2), with a?—4agas < 0, has at least one solution
on [0,1].

THEOREM 5.3. Assume that (A1), (Az) are satisfied. Then the boundary value prob-
lem (1)-(2), with a3 — 4agaz < 0, has at least one solution on [0,1] if |m|p < 1.

THEOREM b5.4. Assume that (Hy), (HY) and (Hy) are satisfied. Then the boundary
value problem (1)-(2), with a3 — 4agaz < 0, has at least one solution on [0,1].

6. Examples

ExaMPLE 6.1. Consider the following boundary value problem for fractional differ-
ential inclusions

(¢DP2 +5°¢D32 4 4 DV?)x(t) € F(t,z(t)), 0<qg<1, 0<t<l, ®
z(0) =0, z(4/5)=0, z(1)=0,

x(t x(t
where F(t,a(t) = L (2 (ot +2) +1) s (sine + ) |

Here g = 1/2 n = 4/5, a? — 4apaz = 9 > 0. Clearly |F(t,z2(t))| < g(t)Q(||z|),
where g(t) = m and Q(||z]]) = ||=||+1. Using the value W ~ 0.75241,
we find that M > 0.231682. Since the hypotheses of Theorem 3.2 are satisfied, the

problem (8) has at least one solution on [0, 1].
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EXAMPLE 6.2. Consider the following boundary value problem for fractional differ-
ential inclusions
(¢D7/3 46 D3 +5<DY3)x(t) € F(t,x(t)), 0<qg<1, 0<t<l,

x(0) =0, x(3/4)=0, x(1)=0, (9)

where F(t,z(t)) = \/ﬁ7 ?i;ft()tz) +2
Here ¢ = 1/3, n = 3/4, a? — dagay = 16 > 0. Clearly Hy(F(t,z), F(t,z)) <
m(t)|lx — [, where m(t) = ﬁ We find that F‘(lgi”l){g + G + 77q5272} ~

0.123565 < 1. Since the hypotheses of Theorem 3.5 are satisfied, the problem (9)
has at least one solution on [0, 1].
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