MATEMATICKI VESNIK

MATEMATUYKN BECHUK research paper
72, 2 (2020), 124-137 OPWUTMHAJIHYA HAYYIHU PaJ]
June 2020

THE RICCI-BOURGUIGNON FLOW ON HEISENBERG AND
QUATERNION LIE GROUPS

Shahroud Azami

Abstract. In this paper, we study the Ricci-Bourguignon flow on higher dimensional
classical Heisenberg nilpotent Lie groups and construct a solution of this flow on Heisenberg
and quaternion nilpotent Lie groups. In the end, we investigate the deformation of spec-
trum and length spectrum on compact nilmanifolds obtained of Heisenberg and quaternion
nilpotent Lie groups.

1. Introduction and preliminaries

Geometric flow is an evolution of a geometric structure under a differential equation
associated with some curvature and it is an important topic in many branches of
mathematics and physics. A geometric flow is related to dynamical systems in the
infinite-dimensional space of all metrics on a given manifold.

Let M be an n-dimensional manifold with a Riemannian metric gg, the family g(t)
of Riemannian metrics on M is called a Ricci-Bourguignon flow when it satisfies the
equations

59(t) = —2Ric(g(t)) + 2pR(g(t))9(t) = —2(Ric — pRg),  9(0) = g0 (1)

where Ric is the Ricci tensor of g(t), R is the scalar curvature and p is a real con-

stant. In fact the Ricci-Bourguignon flow is a system of partial differential equations

which was introduced by Bourguignon for the first time in 1981 (see [3]). For closed

manifolds, short time existence and uniqueness for solution to the Ricci-Bourguignon
1

flow on [0, T") have been shown by Catino et al. in [5] for p < 3-1y- When p =0, the
1

Ricci-Bourguignon flow is the Ricci flow. Also, when p = %7 p= % and p = o1y
the tensor Ric—pRg is the Einstein tensor, the traceless Ricci tensor and the Schouten
tensor, respectively.

A Riemannian metric g on the Lie group N is left invariant if the left translations

L,’s are isometries for all p € N. We will use (-, -) to denote both the inner product
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on N =T.N and the corresponding left invariant metric on N. Let Z be the center
of N; we denote the orthogonal complement of Z in A/ by V and we write N = V@ Z.
Define a linear transformation j : 2 — SO(V) by j(Z2)X = (adX)*Z for Z € Z and
X € V. Equivalently, for each Z € Z, j(Z) : V — V is the skew-symmetric linear
transformation defined by ((adX)*Z,Y) = (Z,(adX)Y), for all X,Y € V. Here
adX(Y)=[X,Y] for all X,Y € N/, and (adX)* denotes the (metric) adjoint of adX.
A 2-step nilpotent Lie algebra N is said to be of Heisenberg type if j(Z)2 =— |Z|2 Id
for all Z € Z, for instance, the classical Heisenberg Lie group H,, and quaternion Lie
group @, with special metrics are of Heisenberg type (see [7,8,12]).

The collection of lengths of smoothly closed geodesics in Riemannian manifold
(M, g) are called length spectrum and the collection of eigenvalues of the Laplace
operator are called the Laplace spectrum of M. A major open question in spectral
geometry is whether there can exist examples of two Riemannian manifolds with
different periods in the length spectrum in which their Laplace spectra coincide. In [6],
Verdiere using the heat kernel showed that the Laplace spectrum determines the
length spectrum. In [4,13,14], it was shown that two closed Riemannian surface have
same Laplace spectra if and only if they have the same length spectrum.

Lauret in [15], studied the Ricci soliton on homogenous nilmanifolds and then
Payne in [17,18] investigated the Ricci flow and the soliton metrics on nilmanifollds
and nilpotent Lie groups. Also, Williams in [19] funded the explicit solution for
the Ricci flow on some nilpotent Lie groups, for instance, the classical Heisenberg
Lie group H, of dimension (2n + 1). The author and Razavi studied in [1] the
eigenvalue variations of Heisenberg and quaternion Lie groups under the Ricci flow
and investigated the deformation of some characteristics of compact nilmanifolds T'\ NV
under the Ricci flow, where N is a simply connected 2-step nilpotent Lie group with
a left invariant metric and I is a discrete cocompact subgroup of N, in particular
Heisenberg and quaternion Lie groups.

Motivated by the above works, in this paper, the Ricci-Bourguignon flow on higher
dimensional classical Heisenberg and quaternion nilpotent Lie groups will be inves-
tigated and specially, the deformation of spectrum and length spectrum of compact
nilmanifold will be found.

1.1 Curvature of Lie groups

We recall some properties about the geometry of Lie groups with left-invariant metrics,
and derive the formula for the Ricci tensor (see [2,12,16]). Suppose that (-,) is a
left-invariant metric on a Lie group IV, which is equivalent to an inner product on
the Lie algebra N. Let V denote the Levi-Civita connection for the metric, and let
X,Y,Z € N. We shall recall the following useful theorems and propositions about
the Ricci tensor of a Lie group (see [2]).

PROPOSITION 1.1. Let (-,-) be a left-invariant metric on a Lie group N and V the
connection for this metric. For X,Y,Z,W € N, we have:
(i) VxY =2 {(adX)Y — (adX)"Y — (adY)" X },

(ii) (R(IX,Y)Z, W) =(VxZ,VyW)—(VyZ,VxW) — <V[X’y]Z, W).
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Besides, the maps (X,Y) — (adX)Y, (X,Y)+ (adX)"Y, from N’ x N to N/
are bilinear maps. We define

U:NxN SN UXY)= —% [(adX)"Y + (adY)" X},

which is bilinear and symmetric.

PROPOSITION 1.2. The Riemannian curvature tensor on N is given by
AR(X,Y)Z,W) = 2([X, Y], [Z,W]) + (X, 2], [Y, W]) = ([X, W], [Y, Z])
- <HX’ Y]aZ}7W> + <HX7Y]7W]7Z> - <HZ7 WLX]’Y>
+ ({2, W], Y], X) + 4U(X, 2), U(Y,W)) = (U (X, W), U(Y, Z)).
In particular,
(R(X,Y)Z,X) = % |(adX)"Y + (adY)" X||2 —{((adX)* X, (adY)"Y)
2 1 1

3
= 7 YT = (X, Y] Y], X) = o (Y, X, X1, Y).

Now, suppose that {e;} is a basis for the Lie algebra N; then we write:
(ade;) ej = Cikjek, (ade;)" ej = afjek, (e, €5) = gij-

This yields the following corollary.
COROLLARY 1.3. (i) af; = Cligjmg™,

(ZZ) If Veiej = ’Vzkjek then 'Vzkj = %gkl (C;}lglm - C{l”gjm - Cﬁgim)-
(#ii) The components of the Riemann curvature tensor satisfy

4R;ji = Qijclglgpq + kachlgpq - Cﬁcﬁgm - ijczkgql + ijCZzgpk - lezczigqj

+ CRCpi9qi + (aiy + ag;) (a?z + a?j) 9pq — (a3 + ay;) (a?k + aZj) 9pq-
(iv) The components of the Ricci curvature tensor satisfy

AR;j = {2C£ichmgpq + lejcgmgpq - C}fmczgjgpq - C&Cf}qum

+ CriChngai — C1nClidai + CF Chigar,

+ (a;}k + aij) (afy, + am;) Gpg — (ag,, +ap,) (agj + a?i) Ipa} gk,

1.2 Heisenberg Lie group

We now recall the construction and properties of the higher-dimensional, classical
Heisenberg Lie group. Let H,, be a (2n + 1)-dimensional Heisenberg Lie group. Let
x=(zt,...,2"),y= (2", ... 2™). If ¢ = (v,y,2) € H, and q = (2',%/,2') € H,
then the group multiplication is (z,y,2) o (z/,y,2") = (x + o',y + ¢,z + 2 +x - v),
where x - 3/ is the usual inner product of vectors z € R™ and 3’ € R"™. With respect
to this multiplication, we have the following frame of left invariant vector fields,

€ =05 enyi=O0nti+ 2 0mi1, €any1 =0O2pq1, foralll <i<mn,
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and the only nontrivial Lie bracket relation is [e;, €,4i] = €an41, for all 1 < i < n.
The dual coframe is 6° = dz?, 0" = da"t?, 92+ = dxp?? L forall 1 <i<n.

Set V = span{e;,e,ii] 1 < i < n} and Z = span{es,t+1}. With the above
multiplication V U Z is an orthonormal basis for H,, then H, = V & Z and the
Heisenberg Lie group is of Heisenberg type.

1.3 The Ricci-Bourguignon flow on the Heisenberg Lie group

In this section, we study solutions of the Ricci-Bourguignon flow (1) starting at some
initial metric go on Heisenberg Lie group. Any one-parameter family of left invariant
metrics g(t) on H,, which is a solution of the Ricci-Bourguignon flow, can be written
as g(t) = grs(t)0' © 67,

In [19], Williams, using Propositions 1.1, 1.2 and Corollary 1.3, showed that the
Ricci tensor of H,, is as follows:

Rij(t) = =gt () gy N (t) + $9in (1) gin (1) D, if 1 <4,j <n;
Rijin(t) = 39 () gnn () + 29in () gjn,n () D, if 1 <4,j <n;
Rin(t) = 59in (t)gnn () D, if 1 <i<n;
Ri+7L,j+n(t) = _%gij(t)gNN(t) + %gz‘+n,N(t)gj+n,N(t) Yo, if1<d, 5 <n;
Risnn(t) = Lgipnn()gnn ()Y, if1 <i<n;
Ryn(t) = 5938 (1) Y,

n n 2n

where Z = Z " (t)gh M () — Z Z g () gFt ™ (t), and N = 2n + 1.
k,m=1 k=1m=n+1

We assume that the Riemannian metric initial is diagonal. From now on, we only use

single subscripts for the metric components: g1 (¢),...,gn(¢t). This implies that the

Ricci tensor stays diagonal under the Ricci-Bourguignon flow, and the Ricci tensor is

as follows:

gt (an () ifi— i
Rty = 29 " Wonl®) =50y
0 ifi#j
Ri’jJrn(t) :0, lflgl,j §n;
RiN(t):O, if 1 SZS’H,,
_Lgi(t D ifi =
Ripngin(ty = 20 O@ A0=0 iy 5
' 0 ifi#j
RiJrN,N(t):O, if 1 <i<mn;
Ryn(t) = 593 (1) 3,

where Z :i 1

= gi(t)grn(t)

By direct computation we obtain the scalar curvature as follows: R(t) = —1gn Y.
Then the Ricci-Bourguignon flow equation on H,, with a diagonal left-invariant metric
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go has the following form

Lgi(t) = 22U — pgi(tgn ()Y, for1<i<m
4 gien(t) = 20— pgi (Dgn ()Y, for 1 <i < m; @)
Gon(t) = =1+ p)gx () 2.

Let g1,92,...,92n, 9N be a solution of the Ricci-Bourguignon flow. As diagonal com-

ponents of a metric, they are positive function of ¢.

THEOREM 1.4. Consider the Heisenberg Lie group H,, with a diagonal left-invariant
metric go. Let g(t) be a solution to the Ricci-Bourguignon flow with initial metric go;
then

(V) @ %g;it(t) =0, ifl1<i<n;

1—n

(it) 5 (91(t)- .. gnlt )91\}“ (1)) = & (gren(®) .. g2u(Dlan ™" (1) =0,
(iii) If p <0 and Gn(t fo gn (t)dt then hm Gn(t) = +o0.

(iv) Moreover, if g;(0)gn+:(0) = gl(O)an( ), for 1 <i <mn then a solution g(t) has
the following form

g;(t) = g;(0 )(1+bt)m, if 1<j<2n

nnj:EQ (3)
gn(t) = gn(0) (1 + bt) '
where b= (n+ 2 — nP)#ﬁ)ﬂ(o)

Proof. (i) Using (2) and direct computation we have 4 -2 _ — .

dt gi+n(t)
(ii) By differentiation with respect to variable time ¢ and using (2) we obtain
d l=np
S (01(0) - ga(0)(an (6) )
"1 dgp(t) 1-mp 1 dgn(t) Lonp
= + t) ... gn(t)gn""
(;gk(t) & Tap aw® e O oo

- (Z(g(gN(t) —pgn (t) Z))gl(t) g () (gn (1) T

1 Ik t)gn+k (t)
1-np
(=m0 Y )ar(0) - () (1) T =0,
the part (i) implies that gi(t()t) is constant for 1 <14 < n, so we can set A; = gi:it()t)
gfjio()o)’ therefore g¢+n( ) = gl( L. Hence E(Ql( ) -~9n(t)(9N(t))11%n”p) = 0 results in

%(91+n(t) .- -an( )g]\;+p ( )) = 0.

(ili) For p < 0 the equations (2) implies that g;, 1 < j < 2n is an increasing
function, so Y is positive and decreasing. Since gy (t) is positive, then last equation
n (2) yields g (t) = —(L+p)g%(t) 3 > g2 (1) - = — 5°(0)g (1), which by direct
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computation results in gy (t) > ; by this it holds that

1
32 (0)t+g5" (0)
t

. _ 5 >
f—lg—&-moo GN(t) t—lg-&-moo d’l“ tl}gloo/ Z 7"+gN ( )

(iv) g;(t) and gn(t) for 1 < j < 2n given in (3) satisfy the Ricci-Bourguignon
flow (2). O

Consider Z = span {esn11}, V =span {e1,ez,...,e,}, Hn =V O Z, where Z is
the center of H,, and V is the orthogonal complement of Z in H,. If Z = eg, 41 then

dr = +o0.

Z = €2n+1, ](Z)(iz = €n+4i, ](Z)en—H = —€;. Hence
. o 0 —In . 2 _ _GQIn 0
=1 ] dear= g 5]
where I, is an n x n identity matrix and it yields to (j(aZ))? = — |aZ|? Id, therefore

‘H,, with this structure is of Heisenberg type.

PROPOSITION 1.5. Heisenberg type of Lie group H, is not preserved along the Ricci-
Bourguignon flow with solution (3) with additional condition gan+1(0) = gi(0)gn+i(0),
for1<i<n.

Proof. In (Hn, gt = (,)¢), we have

2n+1 2 2
i(Z)e; = E 2 le 6]]>t€j = 121; enyi, and j(Z)enq; = *Qei, 1<i<n.
= (ej,€5)t Gn+i(t) gi(t)
o J0 -B
Hence ](Z)A{B2 0 } ,

where B = diag(g%(t), - g%(t)), By = diag( A =1|Z|?. Now for

any real constant a we obtain

1 1 )
gnt1(t) 7777 g2n(t) 2

jaz)=as | | Gz =—a | Dl

where D = diag(gl(t)glnﬂ(t) e gn(t); 0] ). But for 1 <14 <n we have g;(0)gn+:(0) =
gans1(0), then (3) results in (j(Z))* = m |Z|t I5,,. So, Heisenberg type of

H,, is not preserved under the evolution of the Ricci-Bourguignon flow. 0

DEFINITION 1.6. (i) Let u(Z) denote the number of distinct eigenvalues of j(Z)? and
—01(2)%,—02(2)%,...,—0,(Z)? denote the y distinct eigenvalues of j(Z)?, with the
assumption that 0 < 6,(Z) < 62(Z) < ... < 0,(2).

(ii) A two-step nilpotent metric Lie algebra (N,{(-,-)) is Heisenberg-like if
[1(Z2)Xm, Xm] € spang Z for all Z € Z and all X,,, € W,,,(Z),m =1,...,u(Z), where
W, denotes the invariant subspace of j(Z) corresponding to 6,,(Z), m=1,...,u(Z).

If A is of Heisenberg type, then for all Z € Z and X € V, [X,j(Z2)X]=| X |* Z.
If N is Heisenberg-like, then for all Z € Z and every X,, € W,,,(Z),m =1,..., u(2),

[Xm, 1 (2)Xm] = (%)22 Therefore, with the above notation H,, under the
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evolution of the Ricci-Bourguignon flow from Heisenberg type convert to Heisenberg-
like type.

1.4 Quaternion Lie groups

We now recall the construction of the higher-dimensional, classical quaternion Lie
groups. Let N = @, be a (4n + 3)—dimensional quaternion group. Let x =
(11,21, -+, XTan), 2 = (21, 22, 23). Assume that ¢ = (x,2) € N and ¢ = (2/,2') € N.
Multiplication on N is defined as follows:

LQ(q,) = L(I,Z) (xl>zl) = (CL‘, Z) © (33/7 Z/)

1 1 1
= (m +a' 2+ 2] + §(M1m,as’),z'2 + 25 + i(ng,x'),z;), + 25 + Q(ng,x’)) ,

_Ak 0 0
where M;, = 0 A o , for =1,2,3
0 0 A,
0 1 0 0 00 0 -1 0 0 -1 0
1.0 0 0 00 -1 0 0 0 0 1
and Av=1, 0 o - A2=|g 1 o o' %=1 0 0o o0
0 0 -1 0 10 0 0 0 -1 0 0

(Myz,z') is the usual inner product of vectors Mz € R*" and 2/ € R*™. With
respect to this multiplication, we have the following vector fields

Xu = 2 + ! <332l8 - 3345i - $3z8>
Oxry 2 01 0z Oz3 )’
Xoy = o + E (—xua - fcazi +«T4l8>
Oxo 2 0z1 0za 0z3 )’
Xa1 = 0 + ! (f&ua +$2li +~T1la>
Oxs 2 0z Oz 0z3 )’
Xy = 2 + ! <5€318 JrJCui +$2la> ;
0xqy 2 0z 0zs 0z3
0
Lo, = %,
forl=1,2,...,nand m = 1,2,3. The nonzero Lie brackets of vector fields are
(X1, Xot] = =73, (X1, Xat] = Zs, (X, Xul = Za,
[(Xoy, X31] = Zo, [(Xoy, Xy = =23, (X3, Xu] = =21

Given the above definitions, @,, is two-step nilpotent. Note the dual of the above
vector fields are as follows: dxy;, k =1,2,3,4, 1<[<n,andd, = dzr—%(er, dz),
r=1,23.

Set V = span{ Xy, Xoi, X531, Xa|1 <1 < n}, Z = span{Zy, Zs, Z5}. If we choose
an inner product on @,, such that VUZ is an orthonormal basis for @),, then quaternion
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Lie group is of Heisenberg type.

1.5 The Ricci-Burguignon flow on quaternion Lie group

Assume that
ei = X1, en+i =X, €mt+i=X3i, €3n+i=Xg, 1=12,...,n,
eqntr = Zp, r=123.
Let g be diagonal and go = gao. With the above symbols and [e;, ¢;] = ijek, and

Propositions 1.1, 1.2 and Corollary 1.3 we conclude that the Ricci tensor stay diagonal
under the Ricci-Burguignon flow, also as follows

1 2 " 1 1
R = — <g4n+1+g4n+3+g4n+2> . Rupy1 = Jan+1 < n )7
In+i  Yon+i  G3n+i 2 Gi9n+i  92n+igsnti

1 [ gan+1 a2 | Gants > 94n+2 ( 1 1 )
Royi=—2 Rinio = + ,
mT 2 < an—H 93n+1 " Z 9ig3n+i  Gn+ig2n+i

1 [ ganss 94 2 94 g3 1 1
Ronti = 3 < s 2t it Rynys = 4n+3 Z + ;
gn—i—l g3n+z gigon+i In+i93n+i
Ras = 1 <g4n+2 Jan+3 g4n+1>
S 2 In+i 9on+i

1
and R=— Jan+1 < )
( o Z 9ign+i 92n+i93n+i
1 1
+94n+2z< _ _)+g4n+32< ) ))

9i93n+i gn+192n+z 9i92n+i gn+1g3n+z

Therefore, the Ricci-Bourguignon flow equation, % = —2Ric+ 2pRg, on @, has the

form

0= e g e = pgi 3 for1 <i<n
dfgn+17g4;+1 + ZZ::? + Zﬁ::—? PIn+i Z/; for1 <i< n;
dtg2n+z 943;3 g;::f Zi:::l — PGanti d s for 1 <i<n;
Bgpemtiz il Bl S ori<isn

2
_ n 93 +1 n 9ant1 /
dtg4n+17 - (Zz 1 gl_(;:,_H + Z': - ) — PY4an+1 § s

=1 gontigan+i
4 =— (7 ey + 5 _Yant2 ) _ Z/
2t 9an+2 i=1 giganis i=1 Gntigznts PYG4n+2 )

2 2
d _ n 94n+3 n Yan43 . /
Sgimra=— (D0 s 4 Y ) g Y

THEOREM 1.7. Consider the quaternion Lie group Q, with a diagonal left-invariant
metric go. Let g(t) be a solution to the Ricci-Bourguignon flow with initial metric go,
then
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2(1—2np)
() 45 (91(000) - 9000 G101 Ogins s ) ) <o
it) If p < 0 and Gi(t gk t)dt fork =4n+1,...,4n+3 then lim Gg(t) = 4o0.
0 t—+
—+o00

(i11) If moreover ¢g;(0) = ¢1(0),  Gan+1(0) = Gan+42(0) = gan43(0), for 1 < j < 4dn
then a sloution g(t) has the following form

3(1—2np)
9;(t) = 1(0) (1 n ct) R for 1< j < 4n,
—n(1+3p) (5)

g4n+k(t) = g4n+1(0) (1 + Ct) T s fO’f‘ 1<k<3

where ¢ = g“;%(lo()o)(fi + 2n — 6np).

2(1—2np)

Proof. (i) Assume that G(t) = g1(t)g2(t) . . . gan(t) (g4n+1(t)g4n+2(t)g4n+3(t)) 1o
then using (4), we get

d 1 dgr.  2(1—2np) 1 dgan+k
= (Z_:gr a 1+ 3p 2. prall S

1 Jan+k
1 dg; 1 dgnis 1 dgopti 1 dgspii
Z( agi 9++ g2++ 93+>G(t)
Gi dt Onti dt Jonti  dt 93n+i dt

3
2(1 -2 1 dgsn,

( ”P)G(t Z Gantk _
1+3p — Gantk dt

(ii) For p < 0 the first four equations (4) yield that g;, 1 < j < 4n is an increasing
function, so

1
Z Z (gzgn-H 927l+793n+7> Z Z (gz!JSn—H gn+i92n+i> ’
1
>, z( —)

9ig2n+i gn+zg3n+z

are positive and decreasing functions of ¢. Since gan4x(t), 1 < k < 3, are positive we
have

d 1 ’
£94n+1 ~Gin+41 Z ( _ ) — PYan+1 Z

gign+i 92n+193n+7,

94n+1 Z ( 1 ) 2 _gin+1 ZI(O)

9idn+i 92n+293n+1

which by direct computation 1mphes that

1
Gant1(t) >

~ 10}t + a4 (0)

)
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therefore
t

lim Gani(t) = i dr> 1
Jm Gana(t) = lm |- gana (r) r—ti?oo/o > (0)r + g1 (0)

similarly , ligl Gan2(t) = +00 and tlilf Gany3(t) = +o0.
— 400 S

(iil) g;(¢t) and gan4x(t) for 1 < j < 4n, 1 < k < 3 given in (5) satisfy the Ricci-
Bourguignon flow (4). O

dr = +o0;

PROPOSITION 1.8. Heisenberg type of Lie group Q. is not preserved under the evolu-
tion of the Ricci-Bourguignon flow with solution (5) and additional condition g3(0) =

gan+1(0).
Proof. The proof is similar to proof of Proposition 1.5. In (Qn, g: = (, )+), we have

‘ gant1(t) . gan+1(t) , Gan+1(t)
Zh)e; = — €n4i, Zeniziezﬁ Zh)eanti = — n41,
Ji(Z1) gnead) J(Z1)en+t () J(Z1)ezn+ O
J(Z1)esn+i = gant1(D) €2n+i J(Z2)e; = gan2(t )63 +iy  J(Z2)enti = gant2(t )62 +i
Gon+ilt) ’ gan+i(t) ’ g2n+i(t) ’
. Gant2(t) ‘ gan+2(t) | . gan+3(t)
Z €an4i = — Cn+ti, 7 €3n+4i — — iy Z: €; — €2n 41,
J(Z2)ean+ ) J(Z2)esn+ o) 3(Zs) damri(D) 2
. Gan+3(t) - Gan+3(t) . _ gan+3(t)
j(Z3)enyi = — esn+ti, J(Z3)eanti = ——"€, j(Z3)esnti = ————"€nti.
(Z3)en+ o (D) (Zs)ean+ P (Z3) (D

By Theorem 1.7 for 1 < i < 4n and 1 < k < 3 we have g;(t) = ¢g1(t) and ggn1x(t) =
Gans1(t). Therefore, if we set E = %2410 1o

gi(t)
0o I, O 0] 0 0 0 -1,
. I, 0 0 0 . _ 0 o -1, O
| O 0 —I, 0] I, 0 0 0
[0 0 —I, 0]
. 0 0 0 I,
|0 I, 0 0 ]
hence for any real constants c¢1,co and c3, we find that
0 cil, —c3l, —c2l,
. _ _Clln 0 —Cg[n Cg[n
HaditabteaZ)=El G5 1 0 al,
CQIn —Cg[n _CIIn 0
If Z = 61Z1 + CQZQ + 03Z3 then
Z|? 1
i(Z 2:*E2 2 2 2In:*E2 ‘ t In:* Z2In
2 (it talh Gana(t) (6 4+ 2n — 6np)t + 1| 1
Hence, it is not of Heisenberg type. 0

REMARK 1.9. By Definition 1.6, along the Ricci-Bourguignon flow, @,, converts from
Heisenberg type to Heisenberg-like type.
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2. Deformation of marked length spectrum

Suppose that the Lie group N is H, or @, and g(t) is the solution of the Ricci-
Bourguignon flow in (3) and (5) respectively, with some conditions given in Propo-
sitions 1.5 and 1.8. Then for ¢t = 0 we have j(Z2)? = —|Z|Id for all Z € Z, that is
the group N is Heisenberg type. But if in Heisenberg Lie group (H,, g(t)) suppose
that n; = m, then in (Hp,g(t)) from the proof of Proposition 1.5 we have
J(Z)? = —my|Z|?1d for all Z € Z. Also if in the quaternion Lie group (Qp,g(t)) we
suppose that (; = m then in (@, g(t)) from the proof of Proposition 1.8
we obtain j(Z)% = —(;|Z|?1d for all Z € Z.

Let P, = n; or (. For H, or Q, we have j(Z)? = —P,|Z|?Id. Similarly to the
argument of [1], we conclude the following statements about the deformation of spec-
trum and length spectrum. The spectrum and the length spectrum have relationship
with each other (see [9-11]).

PROPOSITION 2.1. Let (N, {,);) is the Lie algebra of N where N is H, or Q, . Then
we have
(i) (G(2)X,§(Z*)X)e = P{Z, Z*Ve(X, X)¢ for all Z,Z* € Z and X € V;

(ii) (G(Z)X,§(Z)Y )y = PAZ, Z)(X,Y), for all Z € Z and X,Y € V;

(iii) |(Z2)X|s = PE|Z|s| X, for all Z € Z and X € V;

(iv) §(Z) 0 §(Z*) + §(Z*) 0 §(Z) = —2P(Z, Z*):1d for all Z,Z* € Z;

(v) [X,§(Z)X] = PAX,X):Z for all Z € Z and X € V.

PROPOSITION 2.2. Let o(s,t) = exp(X(s,t) + Z(s,t)) be a curve in 2-step nilpotent
Lie group with left invariant metric (N, g(t)) where N is Hy, or Qy, such that o(0,t) =
e and o’(0,t) = Xo(t) + Zo(t), where Xo(t) € V(t), Zo(t) € Z(t) and e is the identity

in N. Let g(t) is the solution of the Ricci-Bourguignon flow on H, and @, in (3)
and (5) respectively. Then

X(s,t) = (cos s — 1)J 71 Xo(t) + =258 X (¢)
— |Xo (D)7 sins6 | Xo(D)|7
Z(s,t) = (S(H iz ¥ 2|Zoo<t>|f>Z°(t)
where J = j(Zo(t)), 0 = VP Zo(0)].
DEFINITION 2.3. A nonidentity element o(t) of (N,g(t)) translates a unit speed

geodesic o(s,t) in (N, g(t)) by an amount w(t) > 0 if p(t) - o(s,t) = o(s + w(t),t) for
all s € R. The amount w(t) is called a period of ¢(t).

DEFINITION 2.4. Let N be a simply connected, nilpotent Lie group with a left invari-
ant metric, and let I' C N be a discrete subgroup of N. The group I is said to be
a lattice in N if the quotient manifold I'\ IV obtained by letting I" act on N by left
translation is compact.
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PROPOSITION 2.5. Let (N, g(t)) be (Hn,g(t)) or (Qn,g(t)), g(t) is the solution of
the Ricci-Bourguignon flow in 8 and 5 respectively, and I' be a discrete subgroup of
N. Let p(t) € T be a family of nonidentity elements of the center of N, such that
log p(t) € Z. Then ¢(t) = exp(V*(t) + Z*(t)) has the following periods.

{|Z*(t)|t, V(@rk)(1Z2*(t)]; — Tk); where k is an integer and {1 < k < 21|Z*(t)|t}}
7T

Proof. Every unit speed geodesic of N is translated by some element ¢(t) of N (see [7]).
Thus (6) proves the proposition. O

DEFINITION 2.6. Let M be a compact Riemannian manifold. For each nontrivial free
homotopy class C' of closed curves in M we define I(C) to be the collection of all
lengths of smoothly closed geodesics that belong to C.

DEFINITION 2.7. The length spectrum of a compact Riemannian manifold M is the
collection of all ordered pairs (L, m), where L is the length of a closed geodesic in M
and m is the multiplicity of L, i.e. m is the number of free homotopy classes C of
closed curves in M that contain a closed geodesic of length L.

LEMMA 2.8. Let g(t) be the solution of the Ricci-Bourguignon flow in (3) and (5).
Then (T'\ Hy,, g(t)) and (T'\ Hy, go) have the same length spectrum, also (I'\ Qn, g(t))
and (T'\ Qn, go) have the same length spectrum.

Proof. Let (N,g(t)) be (H,,g(t)) or (Qn,g(t)). If ©(t) belongs to a discrete group
I' C N, then the periods of p(t) are precisely the lengths of the closed geodesic in I'\ N
that belong to the free homotopy class of closed curves in T'\ N determined by o(t).
Therefore a free homotopy class of closed curves in I'\ IV corresponds to a conjugate
class of an element ¢ in " and the collection {(C') is then precisely the set of periods
of ¢. For any nonidentity element o(t) = exp(V*(t) + Z*(t)) € N that does not lie in
the center of N, by Lemma 3.2 in [1] it has a unique period w(t) = |V*(¢)|;. Therefore
in Heisenberg Lie group (H,, g(t))), if we suppose that V*(t) = X" a,e; + bjen; for
some a;, b; € R, then we obtain

VO = g1(6) Y (a7 +7) = (1 +bt) = V()2
i=1
where b = (n + 2 — np)#ﬁ)l(m and in quaternion Lie group we suppose that
V*(t) = E?zlaini + b; Xo9; + ¢; X3; + d; Xy4; for some a;, b;, ¢;,d; € R, then

% n 3(1—2np) %
V()7 = Siyad | Xalf + 07| Xosl + | Xl + df | Xl = (14 ct)s5zm-oms [V*(2)[3.

where ¢ = (6 4+ 2n — an)%(logo). Let W*(t) = (1 + ct)_%‘/*(t) and Y(t) =
exp(W*(t) + Z*(t)) then [W*(¢)|s = |[V*(t)]o in (Qn, g(t)). Similarly, if W*(t) = (1 +
bt)_ﬁzz‘nﬂv*(t) then in (H,, g(t)) we have [W*(t)|; = |[V*(¢)|o. Hence the period of
P (t) is w(t). Also, since for arbitrary nonidentity elements ¢(t) = exp(V*(t)+2*(t)) €
N which are in the center of IV, we have the following periods.

{|Z*(t)|t, V (47k)(]Z*(t)]; — 7k); where k is an integer and {1 < k < ;Z*(t)|t}} .
T
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Therefore in Heisenberg Lie group (H,, g(t))) we see that Z*(t) = aes,41 for some
a € R. We obtain |Z*(¢)|? = a®|eani1|? = (1 + bt)_"ixfw |Z*(t)|? and in quaternion
Lie group we suppose that Z*(t) = £2_,a;Z4,+, for some a; € R, then

% —n(1+43p) %
|1Z* ()]} = 10} | Zanvilf = (14 ct) 7557500 | Z* ().

Then in any case the set of periods of (t) is similar and this implies that length
spectrum on (H,, go) or (Qn, go) is preserved under the metric in (3) and (5). U

DEFINITION 2.9. Two Riemannian manifolds M; and M5 are said to have the same
marked length spectrum if there exists an isomorphism 7" : w1 (M;) — 71 (M) (called
a marking) such that, for each v € (M), the collection of lengths (counting multi-
plicities) of closed geodesics in the free homotopy class [y] of M; coincides with the
analogous collection in the free homotopy class [T'(y)] of Mo, i.e. I(TW(C)) = I(C)
for all nontrivial free homotopy classes of closed curves in M7, where T, denotes the
induced map on free homotopy classes.

DEFINITION 2.10. Two Riemannian manifolds (M, g1) and (Ma, g2) are said to have
C*-conjugate geodesic flows if there is a C* diffeomorphism F : S(My, g1) — S(Ma, g2)
between their unit tangent bundles that intertwines their geodesic flows i.e., F'oG3;, =

a1, © ' where Gy, and GY,, are geodesic flows of My and My respectively.
DEFINITION 2.11. A compact Riemannian manifold M is said to be C*-geodesically
rigid within a given class M of Riemannian manifolds if any Riemannian manifold
M, in M whose geodesic flow is C*-conjugate to that of M is isometric to M.

DEFINITION 2.12. The solution g¢(t) of the Ricci-Bourguignon flow with the initial
condition ¢g(0) = go is called a Ricci-Bourguignon soliton if there exist a smooth
function u(t) and a 1-parameter family of diffeomorphisms v, of M™ such that g(t) =

Similarly to the proof of [1, Theorems 3.1 and 3.2], we have the following lemma.

LEMMA 2.13. The spectrum and marked length spectrum on a compact nilmanifold is
preserved under the Ricci-Bourguignon soliton.

The geodesically rigidity on compact nilmanifold of Heisenberg type is invariant
under the Ricci-Bourguignon soliton.
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