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METRIC

Bankteshwar Tiwari and Manoj Kumar

Abstract. The purpose of the present paper is to study the conformal transformation
of m-th root Finsler metric. The spray coefficients, Riemann curvature and Ricci curvature
of conformally transformed m-th root metrics are shown to be certain rational functions of
direction. Further, under certain conditions it is shown that a conformally transformed m-th
root metric is locally dually flat if and only if the transformation is a homothety. Moreover the
conditions for the transformed metrics to be Einstein and isotropic mean Berwald curvature
are also found.

1. Introduction

The m-th root Finsler metric has been developed by Shimada [15], applied to Biology
as an ecological metric by Antonelli [3] and studied by several authors [16,17,20]. It
is regarded as a generalization of Riemannian metric in the sense that the second root
metric is a Riemannian metric. For m = 3, it is called a cubic Finsler metric [12] and
for m = 4 quartic metric [10]. In four-dimension, the special fourth root metric in
the form F' = {/yly2y3y* is called the Berwald-Modr metric [5,6] which is considered
by physicists as an important subject for a possible model of space time. Recent
studies show that m-th root Finsler metrics play a very important role in physics,
space-time and general relativity as well as in unified gauge field theory [4,13]. Z.
Shen and B. Li [10] have studied the geometric properties of locally projectively flat
fourth root metrics in the form F' = {/a;;jr(2)y'yIy*y! and generalized fourth root

metrics in the form F = \/\/aijkl(x)yiyjykyl + bi;j(x)y'y/. Yaoyong Yu and Ying
You have shown that an m-th root Einstein Finsler metric is Ricci-flat [20]. In [16],

A. Tayebi and B. Najafi have characterized locally dually flat and Antonelli m-th
root metrics and in [17] Tayebi, Peyghan and Shahbazi have found a condition under
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which a generalized m-th root metric is projectively related to an m-th root metric.
n [19], A. Tayebi and M. Shahbazi Nia have studied a new class of projectively flat
Finsler metrics with constant flag curvature K = 1.

The conformal theory of Finsler metric based on the theory of Finsler spaces by
Matsumoto [11] has been developed by M. Hashiguchi [9]. Let F and F be two Finsler
metrics on a manifold M™ such that F = e*(®) F| where « is a scalar function on M".
Then we say that such two metrics F' and F are conformally related. More precisely,
Finsler metric F is said to be a conformally transformed Finsler metric [18]. A Finsler
metric, which is conformally related to a Minkowski metric, is called conformally flat
Finsler metric. The conformal change is said to be a homothety if « is a constant.

2. Preliminaries

Let M™ be an n-dimensional C*°-manifold, and T, M denote the tangent space of M™
at z. The tangent bundle 7'M is the union of tangent spaces TM := | J ¢, T M. We
denote the elements of TM by (z,y), where = (z*) is a point of M™ and y € T, M
is called supporting element.

DEFINITION 2.1. A Finsler metric on M™ is a function F : TM — [0,00) with the
following properties:

(i) F'is C* on T'M,,

(ii) F is positively 1-homogeneous on the fibers of tangent bundle T'M,

(iii) the Hessian of F? with element g;;(z,y) = %agzig;
The pair (M", F') := F™ is called a Finsler space. F is called the fundamental function
and g;; is called the fundamental tensor.

is positive definite on T M.

The normalized supporting element I; and angular metric tensor h;; of F™ are

. 2
defined respectively as: [; = g—;, hij = F%.

Let F be a Finsler metric defined by F = 3/A, where A is given by A :=
Qiyig. i, (T)Yy®2 . yPm with a;, . ;  symmetric in all its indices [15]. Then F is
called an m-th root Finsler metric. Clearly, A is homogeneous of degree m in y.

Let

; - 1 0A
Ai: iio.. i 2 1n1277_7 1
Gt (DY oy = (1)
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m(m —1) y'dy’
The normalized supporting element [; of F™ is given by

OF O%A 1 &n A;

li=Fp=_—= — = ——— = . (3)
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Consider the conformal transformation F(z,y) = e“@) F(z,y) of m-th root metric

F = */A. Clearly F' is also an m-th root Finsler metric on M™. Throughout the

(2)

Aij = Qg (X)Y oy =




140 On conformal transformation

paper we call the Finsler metric F as conformally transformed m-th root metric and

(M™,F) = F" as conformally transformed Finser space. We restrict ourselves to
m > 2 and also the quantities corresponding to the transformed Finsler space F" will

be denoted by putting overline on the top of that quantity, for instance, A = e™*A,
Ai = em“Ai and Aij = emo‘Aij.

3. Conformal transformation of m-th root metric

The fundamental metric tensor g;; of Finsler space F'" is given by
1 0%F?
T 20y'0y
In view of (1), (2) and (3), we have g;; = (m — l)% - (m — 2)%. The
contravariant metric tensor g% of Finsler space F" is given by g = (Ij: '__12) A 4

9ij =FFyiy +FuF,;.

EZ:?; y;%j, where matrix (A%) denotes the inverse of (A;;) [20]. Here we have used

AijAj = At =
Since the covariant and contravariant metric tensor of transformed Finsler space

n ; = L2« —ij _ ,—2a i
F are given by g;; = e““g;; and g/ = e"**g"/, we have

THEOREM 3.1. The covariant metric tensor g;; and contravariant metric tensor g
of transformed m-th root Finsler space F" are given as

Aij AiA;
q.. = 2 — v — — _ oty
gij=e€ ((m I)AU*%) (m 2)A2(1:n)) (4)
—ij _ -2 _z i, (m=2)y'y
The geodesic curves of F" are characterized by the system of equations dj;gi +

G’ (z,%) = 0, where G' = 17" {FQ]M?JZ y* — [F?] m,} are called the spray coeffi-
cients of F. ,
The spray coefficients G' of F" can be written as

ral _1 —oa q [OP(EF?) o O(*F?)
¢=3c { ok oyl "V Ozt

1 )
- Ze*%ég” {e2*(F? ny" — F2) + 2FFe**20,0y" — F?e**201, }
_. R

G'=G+ 5g” {2FF 00y" — F?a,},

i. e.,

where G¥s are given by (see [20]):
At { 04; 4 1 8A}
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Further, in view of equation (5) we have

. 1 Fm2 o (m—2) Yty k 9
7 7 - 1] . ;
G'=G"+ 5 {(m 1)A + 7(771 1)—2 {2Fljazky — Fa,, }

o1 2y’ k o (m—2) y'y g (m—=2)
=G — 8 ————Qk - AYq,,; P a— 2l 0,k — Ly 2
G+2{<m JOrY T o) M ) R 2 T (Ve

a2 ko (m=2),  ,  F"
_G+2{(m1)%’°y+(m1)y%y o) [

Here, we have used AYl; = #%=. Thus

i _ i Qi il _ AAU
G G+2(m71) {my'y }. (7)

PROPOSITION 3.2. The spray coefficients G of the transformed Finsler space F" are
given by (7), where G* are spray coefficients of Finsler space F™.

In view of equation (6), G* are rational functions of y (see [20]). Hence from
equation (7), we have the following corollary.

COROLLARY 3.3. The spray coefficients G of the transformed Finsler space F" are
rational functions with respect to y.

4. Locally dually flat conformally transformed m-th root metric

In [1], Amari-Nagaoka introduced the notion of dually flat Riemannian metrics when
they studied the information geometry on Riemannian manifolds. In Finsler geome-
try, Shen extended the notion of locally dually flatness for Finsler metrics [14]. Dually
flat Finsler metrics form a special and valuable class of Finsler metrics in Finsler in-
formation geometry, which play a very important role in studying flat Finsler informa-
tion structure. Information geometry has emerged from investigating the geometrical
structure of a family of probability distributions and has been applied successfully to
various areas including statistical inference, control system theory and information
theory [1,2].

A transformed Finsler metric F' = F(x,y) on a manifold M™ is said to be locally
dually flat if at any point there is a standard coordinate system (z¢,y%) in TM such

that Fﬁ xkylyk =92 Fﬁ L1+ In this case, the coordinate (z') is called an adapted local

coordinate system [14]. Every locally Minkowskian metric is locally dually flat.
Consider the conformal transformation F = e®F, where F is an m-th root metric.

. —2
Since F. = 2e**apF? + eQO‘FIQk = 2@ [Fik —|—2F2ak], where oy, = %, we have
Fikyl = e2@ [kayl + 2F;lak] and Fikyzyk = e2@ {kaylyk + 2Flja,y"®|. Therefore

QFiz - Fikylyk = e2® [2F§l +4F%q; — Fgfkyly’C — 2yla0}, where o = agy®.



142 On conformal transformation

Thus F is locally dually flat metric if and only if
—2m 2
A(2 e {m( — 1A Ag + AAg — 2AA$l} +m (aoyl — 214%041) =0, (8)
m
where Ay := A wy* and Ag; == Amkyl’yk.
The equation (8) can be rewritten as

1 2 2 (2m—2)
A= Hm(m 1) A Ay + AAOZ} +m <a0yl - 2Aml) A } . (9)

THEOREM 4.1. Let Fibe a conformally transformed m-th root Finsler metric on a
manifold M™. Then, F is locally dually flat metric if and only if (9) holds.

COROLLARY 4.2. If F' s locally dually flat metric then the conformally transformed
m-th root Finsler metric F is also locally dually flat if and only if conformal trans-
formation is homothetic.

Proof. In view of [20], F is locally dually flat if and only if A, = i [(% —1)AAp + AAOl] .
Hence F is locally dually flat if and only if

QoY — QA%al =0. (10)

Contracting (10) with ¢!, we have agF? — 2F%ag = 0, i.e. ag = 0.
Hence from the equation (10), oy = 0, i.e. % = 0. So « is constant and the
transformation is homothetic. The converse is trivial. U

5. Conformally transformed Einstein m-th root metric

In Finsler geometry, the flag curvature is an analogue of sectional curvature in Rie-
mannian geometry. A natural problem is to study and characterize Finsler metrics
of constant flag curvature. There are only three local Riemannian metrics of con-
stant sectional curvature, up to a scaling. However there are lots of non-Riemannian
Finsler metrics of constant flag curvature. For example, the Funk metric is positively
complete and non-reversible with K = 771 and the Hilbert-Klein metric is complete
and reversible with K = —1 [7,8].

For a Finsler metric F, the Riemann curvature Ry T M — T, M is defined by
Ry(u) = E;(m,y)uk%, u=u*22;, where

— G . *G __; 9*°G 9G oG

Ox Oyk Oyioyk  Oyi Oyk

% i

Dk (11)

The Finsler metric F is said to be of scalar flag curvature if there is a scalar function
K = K(z,y) such that

(. T4
R, = K(z,y)F {5,@ - ;y} . (12)

Moreover F is said to be of constant flag curvature if K in the equation (12) is
constant.
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The Ricci curvature of a transformed Finsler metricﬁf on a manifold is Ekscalar
function Ric : TM — R, defined to be the trace of R,, i.e., Ric(y) := Ry (z,y)
satisfying the homogeneity Ric(\y) = A?Ric(y), for A > 0. A Finsler metric F on an
n-dimensional manifold M™ is called an Einstein gnetric if there is a scalar function
K = K(z) on M™ such that Ric = K(n — 1)F". A Finsler metric is said to be
Ricci-flat if Ric = 0. By formula (11) and Corollary 3.3, we get the following lemma.

LEMMA 5.1. EZ and Ric = RY are rational functions in y.

PROPOSITION 5.2. Let F be a non-Riemannian conformally transformed m-th root
Finsler metric with m > 2 on a manifold M™. If F is an Einstein metric, then it is
Ricci-flat.

Proof. If F is an Einstein metric, Ric = K(n— 1)?2, an(LFZ is an irrational function,
as m > 2 and Ric are rational function of y. Therefore K = 0 and Ric = 0. U

COROLLARY 5.3. Let F = e*®)F be a non-Riemannian transformed m-th root Finsler
metric with m > 2 on a manifold M™. If F' is of constant flag curvature K, then
K =0.

6. Conformally transformed m-th root metric with isotropic E-curvature

G are spray coefficients of a Finsler space T" then the Berwald curvature of ' is
defined as
T ates
gkl = dyi dyk oyt
A transformed Finsler metric F is called a Berwald metric if spray coefficients G
are quadratic in y € T, M, for any x € M"™ or equivalently, the Berwald curvature
vanishes. The E-curvature is defined by the trace of the Berwald curvature, i.e.,

E;j = iB,.,;. A Finsler metric F on an n-dimensional manifold M™ is said to be
isotropic mean Berwald curvature or of isotropic E-curvature if

— cn+1)—

Bij = = T (13)

where E—j =0;j — 9ipy’g,qy? is the angular metric and ¢ = ¢(x) is a scalar function
on M™. If ¢ = 0, then F is called weakly Berwald metric.

From equation (4), we have g,; = e*“g;; = e** ((m— l)an"’iz (m — 2)%)

The angular metric is given by

L\n |

hij —1il;

. Ay AiA;
2 <( m—1) 5 (m1)F2(m_1)). (14)

=Jij
From equation (13) and (14), we have
(n

= +1)c Aij A4,
Bij = oF = (m—1) (FmQ ~ F2(m-1)
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= n+1)c Aij AA; — .
Eij = %6 (m - 1) <ij_1 - F(Z/,n_jl)) (F =€ F)

BRSSP Y (A”j - A”AJ) (F=an)

2 A A?
_ At 1, A AA
= WA”L@ (m —1)c{(Ai; A — Ai4;)}. (15)

In view of equation (7), we see that F;; are rational functions with respect to y. Thus
from equation (15), we have either ¢ =0 or (4;;A — A;A;) = 0. Suppose that ¢ # 0.
Contracting the previous equation with A7% yields A6 — A;y* = 0, which implies that
nA = A. This contradicts our assumption n > 1. Therefore ¢ = 0 and consequently
Eij = 0. Thus we have

PROPOSITION 6.1. Let F = e°F be the conformal change of Finsler metric F. Suppose
that F' has isotropic mean Berwald curvature. Then it reduces to a weakly Berwald
metric.
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