MATEMATICKI VESNIK
MATEMATUYKN BECHUK research paper
72, 3 (2020), 226231 OPWUTMHAJIHYA HAYYIHU PaJ]
September 2020

CERTAIN RESULTS ON A CLASS OF INTEGRAL FUNCTIONS
REPRESENTED BY MULTIPLE DIRICHLET SERIES

Nibha Dua and Niraj Kumar

Abstract. In the present paper we obtain a condition on vector valued coefficients of
multiple Dirichlet series for when the series converges in the whole complex plane. We also
prove some results related to Banach algebraic structure, topological divisor of zero and more
on a class of such series satisfying certain condition.

1. Introduction

Consider a multiple Dirichlet series of the form:
o0

f(Sla Sy, Sn) — Z aml,mg,.u,mne(/\h”l S1+A2,, S2F - Anpy, Sn)7 (1)
mi,ma,...,muy=1

where s; = 0; +it; (0;,t; € R) for j =1,2,...,1; Gm; m,,...m, belong to a commu-

tative Banach algebra over the field E, i.e. (E, || -||), having identity element w with

lw]| = 1. Also, 0 < A\i; < g, < ... <Ay, = 00asp— oo, fori=1,2,...,n. For the

sake of simplicity, we denote s = (s1,$2,...,8,) € C*, m = (my,ma,...,my,) € N,
and A = (A1, Ao s-e oy An,, ) € RY
For n-tuples = (z1,%2,...,2,) and y = (y1,¥2,--.,Yn) we denote [z] = z1 +

Tot ...+ Tp, 2y = (T1Y1,T2Y2, - - s TnYn), and 2+ y = (21 4+ Y1, T2+ Y2, s T+ Yn)-
Thus the series (1) can be written as

o0
fls) = amel. 2)
m=1
Sarkar [4] considered multiple Dirichlet series with complex coefficients and made a
characterization of coefficients in the case when the series converges absolutely in the
whole C™. He further characterized the order and type of an entire function defined
by such series and expressed them in terms of its complex coeflicients and exponents.
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2. Entire function

In this section, we find a necessary and sufficient condition for the series (2) to converge
absolutely in the whole C™.

THEOREM 2.1. The series represented by (2) satisfying

n
1
lim sup 72:’“:1 08 Mk _ 0 (3)
[m]—o0 P‘m]
converges for all s € C™ if and only if

. log [|am||

limsup ——— = —oc. 4
[m]—o0 P‘m] ( )

Proof. Let (2) represents an entire function. If the series satisfies (3), the domain
of absolute convergence of the series (2) coincides with its domain of convergence
(see [1]). Thus (2) converges absolutely for all s € C™.

Consider r = (r,7,...,r) with » > 0. Then there exists a constant K such that
S Namllel™nl < K, that is [|am|le™m) < K which implies log [|a,|| < log K —

log la | _

7[Am]. Hence for arbitrary r > 0, we have limsupy,,)_,« Ao

—r, which gives
the desired result.

Conversely, let (4) hold. Let s € C* , ¢ > 0 such that Rs; < 0, Rs2 < o,
..., Rsp, < 0. For some € > 0, there exists R such that whenever [m] > R we have
% < —(0+€). Thus [Jan,|e?Pm] < e=<Pnl In view of (3), 307 _ e~ Pl < oo,
Thus the series (2) converges absolutely for all s where fs; < 0, Rsa < 0 ...,
Rs, < o. Hence the series also converges at (s1/,s2',...,8,") where Rs;’ < Rsq,
Rsa' < Rsa, ..., Nsp' < RNsp,. As o > 0 is arbitrary, thus the series (2) converges in

the whole C".

3. The class M

Srivastava in [5] considered a class of Dirichlet series in one variable of the form
S ame*® where a,, € C for which (AT’”)/\T"'|am| is bounded and studied some
growth properties of the class of such series.

Kumar, Chutani and Manocha [3] proved various results on a class of vector
valued Dirichlet series in two variables of the form Z:no,nd am,ne(’\msﬁ’\ns?) for
which (A, + pin) AT elea(mtm)—e} At || g, || is bounded where ¢p, ¢y > 0
and c1, co are simultaneously not zero.

In this paper, we provide a more general form of bounded condition by considering
a function ¥ : N* — R* satisfying limp,)_,. log \Il(m)ﬁ = oo. For example, if
(Am) = (m1,ma,...m,) where m; for j = 1,2...,n denotes a sequence of natural
numbers and ¥(m) = [m)\m]P‘M], the previous condition holds.
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Throughout this paper we consider M to be a class of all Dirichlet series (2)
with sequence of exponents (\,,) satisfying (3) for which ¥(m)||a.,|| is bounded.
Since every element of M satisfies (4) thus M represents a class of entire functions
represented by vector valued multiple Dirichlet series.

In particular, if ¥(m) = e™*»m! we get the same class of Dirichlet series in one
variable as the one in [2]. The aim of this paper is to extend some results from [3] to
class of Dirichlet series in several variables and also prove some new results.

Operations in M for f(s) = Y00 amel*land g(s) = 37°_, bye*m*) are defined
85 (f + 9)(s) = Sy (an + b)elmel, af(s) = 3o (aam)el#], a € E and (f -
9)(8) = S5, Wptynbyel e,

The norm in M can be defined as || f|| = sup(,,;>,, (m)||am|. Also, the identity

element in M is e(s) = S ov_ w{¥(m)}~Lel*=sl. For definition of the terms used in

the sequel, we refer to [6,7].

4. Main results

LEMMA 4.1. M is not a division algebra.

Proof. We need to show that there exists an element in M whose inverse does not
exist in M.

Let a(s) = S0 w(mimg...my,) {¥(m)}telrmsl Clearly, a(s) € M. Let
B(s)=>r_, bmep‘msjl be the inverse of a(s). Then

(- B)(s) =e(s) = Z wlmyms ... my) " hyelrmsl = Z w{W(m)} " telrme]

= by = w(mima...my){¥(m)} L
However, 3(s) = S oc_ w(mima ... my,){¥(m)}~te*=* does not belong to M. U
THEOREM 4.2. The function f(s) ="

m=1

H{¥(m)} am ™|} is a bounded sequence.
Proof. Let g(s) = >.°_, bye* =l be the inverse of f(s) such that (f - g)(s) = e(s)

Then ¥(m)a,b, = ${\I/(m)}’1 which implies that ¥(m)||by,] = |w{¥(m)a,} ||
or equivalently, ¥ (m)||bm || = |lam ~t[{¥(m)} L. Since g(s) is an element of M, it can
be concluded that {{¥(m)} ! la,, ||} is a bounded sequence.

Conversely, suppose that {{¥(m)} | la,, ||} is a bounded sequence. Let g(s)

P w{¥(m)} *{am} "eldnl. Clearly g € M. Moreover (f - g)(s) = e(s).

ame? sl is invertible in M if and only if

O

THEOREM 4.3. (M,||.|[*) s a commutative Banach algebra over E.

Proof. Let {f.} be a Cauchy sequence in M where f,.(s) = >.°¢_ a,,"el*=] Then
for € > 0, there exists some k such that whenever r,p > k, ||f. — f»||* < €, which
implies

sup U(m)||lam™ — a,, P <€ whenever 7,p> k. (5)

[m]>n
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Here {am(’")}, being a Cauchy sequence in E, converges to some a,, € E.

Letting p — oo in (5), we get supj,j>, U(m)|lam™ — am| < € whenever r > k.
Hence f, — f for f(s) = 3.°°_, amel*»sl. Also

m=1
sup U(m)|lan| = sup W(m)|am — an™ +an ||
[m]>n ml>n
< sup W(m)]lan™ — am| + sup W(m)|an .
[m]>n [m]>n

Therefore, f € M.

If f,g € M then
If-gll" = sup ¥(m)llambn¥(m)|| < sup W(m)|am| sup (m)|bal =11 lgl"

[m]=2n [m]2n [m]=n

which proves the theorem. O

oo

me1 amermsl in M

THEOREM 4.4. A necessary and sufficient condition for f(s) =
to be a topological divisor of zero is limpy,) o ¥(m)|am|| = 0.

Proof. Let f(s) be a topological divisor of zero. Suppose lim{,)_ o ¥(m)||am| =
a(a > 0). Then for a given €, 0 < € < « , there exists a natural number N such that
U(m)|lam| > o —e whenever [m] > N. (6)

As f € M is a topological divisor of zero, therefore there exists an arbitrary sequence
{g:} of elements in M having unit norm such that supy,,>,, U(m)||bm ™| = 1 for

9r() = 520y by el

For some 6 , 0 < 0 < 1 we can find an integer M, and a subsequence {m.} of {m}
such that

U(m)||bp || >1—6  forall [m]=[my] > M,. (7)

If U (m){ ¥ (m) || ambm ||} = 0 for some [m] = [m,] > max{M,, N} then ||ambm ™| =
0. Since E is a field, therefore either a,, = 0 or b, = 0, which contradicts either (6)
or (7). Hence,U(m){®¥(m)||ambm ||} > 0 for all [n] = [m,] > max{M,, N}. Thus
If - grl” - 0, which is a contradiction to the fact that f(s) is a topological divisor of
zero. Hence limp,) o0 ¥(m)||am|| = 0.

Conversely, let lim,)—oc ¥(m)||la,,|| = 0. Construct a sequence {g,} such that
gm(8) = w{¥(m)}~termsl. Clearly, g,, € M and ||g,|* = 1 for all m > 1. Here (g,, -
£s) = (f - gm)(s) = {¥(m)am{¥(m)}~ Yelrnsl = apelrmsl. Therefore |lgm - f]"
1f - gmll” = ¥(m)|lam . Here [|gm - fII" = f - gm|" — 0 as [m] — oo, therefore, f(s
is a topological divisor of zero.

NG
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THEOREM 4.5. Every continuous linear functional 8 : Ml — E is of the form 6(f) =
S i, U(m) where f(s) = Yoo ame*) and {ay,} is a bounded sequence
in E.

Proof. Let 0 : M — E be a continuous linear functional. So,

0(f) =0( > ameP ) =" a,,0(P). (8)

We define a sequence {f,,} in M as f,,(s) = w{¥(m)} "eP=s] From (8), 0(f) =
> am¥(m)O(f(s)). Since 0 is a continous linear functional, therefore [|6(f,,)|| <
P||fm| for some P. As ||fm||" = 1, thus [|0(fn)]| < P. Let oy = 0(f). Thus
is a bounded sequence in E. O

THEOREM 4.6. Let f(s) = > oo_, amemsl € M where a,,, # 0 for every [m] > n. Let

L € C" be a set having at least one finite limit point. Define

oo

F(5) = am{(m)} e+l

m=1
Then the set Ay = {f; : 7 € L} is a total set with respect to the family of continuous
linear transformations 6 : Ml — E.

Proof. We have

> LS
fr(s) = Z am{\l’(m)}—le[km(ﬁfﬂ — Z am{\p(m)}—lep\ms]ep\mﬂ.
m=1 m=1
Note that for all 7 € C™,
)lam (T} P = amel | < 3 fameln ).
m=1

Since f(s) is an entire function in M converging absolutely in the whole C", thus
fr(s) € M for every T € L.

Let 6 : M — E be a continuous linear transformation such that 6(Ay) = 0, that is
0(f,) = 0 for all 7 € L. Then by Theorem 4.5, >"°°_, W(m)(am{¥(m)} " ePra,, =
0 which implies Y"°°_, a,pap,ePm =0, for all 7 € L.

Define h(s) = > -, Amatme™ s Since {am} is a bounded sequence in E and
f(s) =30, amePm=l is an element of M, therefore h(s) also belongs to M. However,
h(t) =Y 0| amame =0 for all 7 € L. As L has a finite limit point, therefore
h = 0. This however implies that a,,a,, = 0 for all [m] > n and as a,, # 0 for every
[m] > n implies that o, = 0 for all [m] > n. U
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