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EXISTENCE OF INFINITELY MANY EIGENGRAPH SEQUENCES
OF THE p(-)-BIHARMONIC EQUATION

Mohamed Laghzal and Abdelfattah Touzani

Abstract. The aim of this paper is to study the nonlinear eigenvalue problem

oy [AOAGPE A0 M@l 2 = @)D P, e,
D e w0 @) nwgo @),

where Q is a bounded domain in RY, with smooth boundary 9Q, N > 1, A, u are real
parameters, ¢ and £ are nonnegative functions, p,«, and B are continuous functions on Q
such that 1 < a(z) < B(z) < p(z) < .

We show that the p(:)-biharmonic operator possesses infinitely many eigengraph se-
quences and also prove that the principal eigengraph exists. Our analysis mainly relies
on variational method and we prove Ljusternik-Schnirelemann theory on C*-manifold.

1. Introduction

Nonlinear elliptic equations and variational problems involving variable exponents
growth conditions has received a lot of attention in the last decades. This is a conse-
quence of the fact that such equations can be used to model phenomena which arise
in mathematical physics, such as in the electrorheological fluids, nonlinear porous
medium, and image processing see e.g. [15,16,19].

A typical model of an elliptic equation with p(-)-biharmonic operator is

A(|AuP®72Au) = V(z) f(\,z,u) in Q, (1)

where V is a weight function, and f : [0, +00] X Q@ x R — R is a suitable function.

Problems like (1) have been largely considered in the literature in the recent years.
For instance, Ayoujil and El Amrouss in [1] considered the problem (1), assuming that
the nonlinearity has the form f(\, z,u) = Au[P(®*)~2u, V(2) = 1 and subject to Navier
boundary conditions. In this setting, the existence of a sequence of eigenvalues by
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using the Ljusternik-Schnirelmann critical point theory is established. Successively,
in [2] the same authors considered the case f(\,z,u) = Mu|9®)~2u, V(z) = 1. Also
in [13], the authors are interested in the existence of a continuous family of eigenvalues
of problem (1) with f(\,z,u) = Au|?®~2y and V is an indefinite weight function.
The reader is referred to [5,9-12,20,21] for some recent works on this subject.

We investigate in the present work the following two-parameters eigenvalue problem

T e L e O
we W2rO(Q) n Wy PO (Q),
where

e O is a bounded domain in RY, with smooth boundary 09, N > 1,
e ) is a positive real number,

e ;1 stands for a function depending on A generating the corresponding eigen-
graphs. More precisely, we mean by eigengraphs the sets in R2? defined by
{(X\, (X)) such that A € RT},

e p,a and B are continuous functions on €2,
e ( and ¢ are nonnegative functions.

Ai(.)u = A(JAu|P®)=2Au) is the so-called p(-)-biharmonic operator. It is reduced
to the p-biharmonic (for a constant exponent p > 1). For variable exponent the p(-)-
biharmonic presents a more complicated nonlinearity than the p-biharmonic, we loose
homogenity of any order.

The main goal of this paper is to show that for any parameter A € R, the prob-
lem (P) has infinitely many eigengraph sequences (1x(\))x>1, by using the Ljusternik-
Schnirelmann theory on C''-manifolds [17]. We also give a direct characterization of
the principal eigengraph.

This article is divided into five sections. In Section 2 we recall some basic facts
about the variable exponent Lebesgue and Sobolev spaces. In Section 3, we present
some important basic lemmas which allow us to prove our main results. In Section 4,
we prove our first main result related to the existence of infinitely many eigengraph
sequences for problem (P). The existence and a direct characterization of the principal
eigengraph of problem (P) is derived in the last section.

2. Terminology and abstract framework

To study the problem (P), we need to recall some results on the spaces LP()(Q) and
WmP()(Q), respectively, which will be used later. For a deeper treatment, we refer
the reader to [3,14] and the references therein. Suppose that 2 is a bounded domain
of RY with a smooth boundary 02 and let us denote by

CY () :={h|heC(Q)and h(z) > 1 for all z € Q},
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M = {u : 2 — R and u is a measurable real-valued function}7

h* :=maxh(z), h~ :=minh(z), for any h € C; (Q).
€N e

For each fixed p € C]"(Q), we define the generalized Lebesgue space by
LPO(Q) == {u € M | py(y(u) < oo},
endowed with the so-called Luxemburg norm
. U
|u|Lp(.) Q) = |u|p(.) = 1nf{a >0 ‘ pp(.)(a) < 1},
where p(.) : LPO)(Q) — R is the convex modular mapping Py (U fﬂ |u|P®) da.
For each m € N*| we define the variable exponent Sobolev space Wm 2O)(Q)
WP (Q) = {ue LPO(Q ’ D e LPY(Q), |a| < m},
with the norm [[ullym.r0) (@) = [[tllm,pe) = 22 01<m [P Up()-
Both LPO)(Q) and W™P()(Q) are Banach, separable and reflexive spaces. We
denote by Wén’p(')(Q) the closure of C$°(Q) in W™P0)(Q).
Denote by L) (Q) the dual space of LP()(Q) where ¢ is the conjugate function of
p, ie., g(z) = p(pw()mll for all x € Q.

For u € LPO)(Q) and v € L) (Q), we have the following Holder-type inequality,

1 1
’/uvdm‘ < (*_ + —_)|u|p(‘)|v|q(.) < 2|u|p(.)|v|q(,). (2)
Q p q

Moreover, if p1,pe and p3 € C;(Q) are Lipschitz continuous functions such that

i—l—p—z—i—— = 1, and for any functions v € LP*()(Q), v € LP2()(Q) and w € LP3) (),

P
the generalized Holder-type inequality is given by

‘/ wwds| < (—=+—+ ;)IUIplulvlpz()Wlps() < Blulpy () [vlpa () [Wlpacy, (3)
1 2

see [7, Proposition 2.5].

PROPOSITION 2.1 ([8, Theorem 1.3]). Let u,, u € LPC). The following relations hold
L ulpy = a < ppy(2) =1 foru#0 and a > 0.

2. |ulpy < (respectively =;> 1) & ppy(u) < (respectively =;> 1).
3. |un| = 0(resp — +00) & pp)(un) — 0, (resp — +00).
4. the following statements are equivalent to one another:

(i) limy—y oo |tn — ulp) =0,

(ii) 1imy, 4 oo pp(.) (U — u) = 0,

(iii) un — u in measure in Q and limy, s oo pp() (Un) = pp() (u).

We recall also the following proposition, which will be needed later.

PROPOSITION 2.2 ([4]). Let p and q be measurable functions such that p € L ()
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and 1 < p(z)q(r) < 0o, for a.e. x € Q. Let u € LI (Q), u# 0. Then

‘u|p(-) < |u|p’

p+
lulpyg) 1= |ulpiyyy < p()a()?
q(-)

- ) +
[ulpeyacy 2 1= ulpy ey < [PV < Julbi -

q(+)

Note that the weak solutions of (P) are considered in the generalized Sobolev
space X := W2P()(Q)N Wg’p(')(Q).

Generally, we know that if (E, ||-||g) and (F, ||-||7) are Banach spaces, we define the
norm on the space X := ENF as ||ul|x = ||u|| g+ ]||ullF . In our case, we have, for any
we X, Jullx = lullupey + lullapy, thus lullx = fulp) + [Tl + oy Dl

In [18], the equivalence of the norms was proved, and it was even proved that the
norm |A(+)|p(.) is equivalent to the norm || - [|x (see [18, Theorem 4.4]).

To deal with the problem under consideration, we choose on X the norm defined
by |Ju| := [Auly.). Note that, (X, [|-||) is also a separable and reflexive Banach space.

PROPOSITION 2.3. For all u € X, denote Ay.y(u) := [, |Au(z)[P®) dz. Then:
1. Foru € X, we have

(i) llul <1 (=1,>1) & Apy(u) <1 (=1>1);

(i) Jlull = 1= Jull”” < Ay (w) < Jlull?”;

(iii) Jlul < 1= [[ull”” < Apes (u) < fJuf]””
2. If u,u, € X,n=1,2,..., then the following statements are equivalent:

(i) limg, o0 ||un — u|| = 0;

(ii) limy, 00 Ap(y(Uun —u) = 0;

(iii) up — w in measure in Q and limy, o0 Apey(un) = Apy(u).

DEFINITION 2.4. For p € C}F(Q), let us define the so-called critical Sobolev exponent
of p by

Np(z) ; N
i) = T P <
+OO, if p(x) Z 2

for every x € Q.
THEOREM 2.5 ([1, Theorem 3.2]). Let p,q € C{ (Q). Assume that p(z) < & and
q(z) < p5(x). Then there is a continuous and compact embedding of X into LIC) ().

The last mathematical tool needed in this paper is given in [6], in which the
authors deal with the so defined property (S;).

LEMMA 2.6. The following hold true:
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(i) Ai(_) : X — X* is a strictly monotone operator, that is,
<A§(_)u - Ai(_)v, u—v)y>0, forallu#veX.

(i) Ag(_) : X = X* is a continuous, bounded homeomorphism.

(iii) Aﬁ(.) : X — X* is a mapping of type (Si), that is, if u, — uw in X and
lim supn_mo(Ai(_)un, up —u)y <0, then u, — u in X.

NOTATION 2.7. We introduce some notations that will clarify what follows:

e For simplicity we write v, — v and u,, — u to denote the weak convergence
and strong convergence of a sequence u,, in X, respectively.

e When we refer to a Banach space X, we denote by X* its dual and by (-, -) the
duality pairing between X* and X.

e By meas (-) we denote the Lebesgue measure of a set.

3. Hypotheses and basic lemmas

In this section, we investigate some basic lemmas. First, we will work under the
following hypotheses on the problem (P),

_ _ - N
(Hl) 1<a” <at<p” <pBF<p <pt < 5.

(H2) ¢ and ¢ are two weight functions satisfying
¢ € C(Q) with ¢~ :=min((z) >0,
e

and £e L"), r(z) > g and &(z) >0 a.e. in Q. (4)

REMARK 3.1. We will denote by r’ the conjugate exponent of the function r, and put
o) - @B

r(z) = B(x)
Thus, by hypotheses (H1) and (H2)—(4) on the functions p, «, 8 and r, a straightfor-
ward computation gives a(x) < p3(z), s(xz) < p3(z), and p~ < p5(z), for x € Q.
Then, from Theorem 2.5, the embeddings

X < L°OQ), X = L*Y(Q), and X — LP (Q), (5)
are compact and continuous. Therefore, there exists a positive constant C' such that
[ulacy < Cllull,  |ulsey < Cllull, |ul,- < Cllul|, for w € X. Without any loss of
generality, we can suppose that C' > 1.

DEFINITION 3.2. We recall that, for a fixed real A, u = u(A) is an eigenvalue of (P)
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if and only if there exists u € X \ {0}, such that

/Q |Au(z)[P® =2 Au(z) Av(z)dx
= /Q (AC(@)|u(@)* @ Pu(e) + p(e)|u(@)|"® 2 u(z))v(z) de

for all v € X. w is then called an eigenfunction associated to p.

In the rest of this section, we will prove some lemmas which allow us to prove
our main results. To this end, consider the energy functional corresponding to prob-
lem (P) defined on X as H(u ) (u) — )\\I/( ) — pJ (u), where

/ |Au |p(t) / C |a($)d J / .13 |B($)d
ﬁ (x)
and set V —{u€X|J

LeEMMA 3.3. The following hold true:
(a) ®, VU and J are even, and of class C' on X.

(b) V is a closed C'-manifold.

Proof. (a) It is clear that ®, ¥ and J are even. Standard arguments imply that
®, U, J € C'(X,R) and their derivative functions are given by

(dB(u), v) = /Q |Au(z)PO—2 Au(z) Av(z) de,
(A% (u), v) = /Q ¢(@)ul@)] ) 2u(z)o(z) de,
(dJ(u),v) = /Q £() () PO~ 2u(z)o(x) de,

for all u,v € X.
(b) V = J=H{1}. Thus V is closed. For all z € 2, we have 3~ < B(x) < 7, and
then for all u € V

(@) = [ @u(e)’™ dz > 5~ >0

The derivative operator dJ satisfies dJ(u) # 0 Vu € V, i.e., dJ(u) is onto for all u € V.
Hence J is a submersion, which proves that J~*{1} is a C'-manifold of X. O

LEMMA 3.4. d¥ is completely continuous, namely, u, — u in X implies d¥(u,) —
d¥(u) in X*.

Proof. Let u,, — uin X. For any v € X, by Hélder-type inequality (2) and continuous
embedding of X into L") (Q), it follows that

(AW (uy) — d¥(u),v)| = ‘/QC(:U)(MMO‘(I)_Qun - |u|o‘(l)_2u)v dx

< 2c+|‘un|a(w)—2un — |u|a(w)—2u’ a((l.gz1 |U}a(.)




94 Principal eigengraph for p(-)-biharmonic equation

< 2C¢H [Jup |20, — |U\a(x)_2ul%||v||-

On the other hand, using the compact embedding of X into L*)(2), we have u,, — u
in L*C)(Q). Due to the fact that the map L*)(Q) 3 u + |u|*®) 2y € Lﬁ(ﬂ),
is continuous, we get |u,|*®) 2y, — |u|/*®) =2y in L%(Q) That is, d¥(u,) —
d¥(u) in L (). Recall that the embedding L0 (Q) — X*, is compact. Thus
d¥(u,) — d¥(u) in X*. O

LEMMA 3.5. dJ is completely continuous.

Proof. Let u,, — uin X. For any v € z, by Holder-type inequality (3) and continuous
embedding of X into L*() (), it follows that

/ {(m)(|un|5($)*2un - |u|ﬂ(‘”)*2u)v dx
Q

< 3[6(@)], o [lunl @~ 2un — 1ulP 20| sy ol
B()—-1

|<dJ(un) —dJ(u), v>’ =

< 3C|f(x)|r(.)||un|6($)_2un - |u|ﬂ($)_2u‘ﬂ [[v]]-
BOI-T

On the other hand, using the compact embedding of X into L?()(Q), we have u,, — u

8!
in L) (Q). Due to the fact that the map L#()(Q) 3 u — |u|f®) 2y LA (Q),
8()
is continuous, we get |u,|*@ 2w, — |u|?@® =2y in LFO-T(Q). Therefore, the above

inequality ends the proof. U

LEMMA 3.6. There exists a constant Ay > 0 such that

Au|P@)
fn‘ p(‘a:) dx

= 1m — .
weX,||ul|>1 fQ |U|p7 dx

(6)

Proof. By (5), there exists a positive constant C' such that |u[,~- < C||u|| for allu € X.
On the other hand, we have [, [Au[P®) dz > |[u||P” for all u € X with [Ju]| > 1.
From the above two inequalities, we obtain that

|Au|p(a:) 1 / _
dz > — ul? dx.
LS 2 e

Thus, there exists Ay > 0 satisfying (6). U
Next, we write &5 () = &(-) — A\U(+).

LEMMA 3.7. For any A € Rt, ®, is bounded from below.

@

Proof. Since o™ < p~ we have Lm0 = 0 uniformly on Q. Then, for

[ulP™

any A > 0, there exists a positive constant K such that

AT N - _
AT et < NPT 4K, Voed (1)
«Q
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where \; is defined by (6).
For any uw € X with |Jul| > 1, from (6), and (7), we have

w2 [ Liaup - 2 [ e
Q

/L|Au|p(w - )\1 / |u|P" dr — Kmeas(Q).
Q

p(x)
1
This implies that D (u) > 2/ ﬁ|Au|P(I Kmeas(Q). (8)
1 _
Thus Dy (u) > 2I.ﬁHqu — Kmeas(Q).

Asp~ > 1, ®, is bounded from below and coercive since ®(u) — oo as |Jul| — co. U

4. Existence of infinitely many eigengraph sequences

In this section, we show that the problem (P) has infinitely many eigengraph se-
quences, by using the results of Ljusternik-Schnirelmann [17]. Let

= {H cV | H is compact, H = —H and ~(H) zj}7
where v(H) = j is the Krasnoselskii genus of the set H, i.e.,
v(H) =inf {j | there exists an odd continuous map from H to R’ \ {0}} .
Let us now state the main result in this section.
THEOREM 4.1. For any integer j € N* and for any X € RT,
pi(A) == infger, maxyeg ®a(u) is a critical value of ®y restricted on V. More pre-
cisely, there exists u; € H such that p;(X) = ®x(u;) = sup,cpy Pa(u), and u; is an

eigenfunctin associated to the positive eigenvalue (X, 11;(N)). Moreover, p;(A) — oo,
as j — o0.

To obtain the proof of Theorem 4.1, we must show the functional ®, satisfies the
Palais-Smale condition [in short the (PS) condition] on V, in the first place.

PROPOSITION 4.2. The functional ®y satisfies the (PS) condition on V for every
A > 0. Namely, we will prove that if a sequence {uy,}n>1 C V satisfies

|Px(un)| <d  for somed >0 and alln > 1, 9)

d®y(un) -0 in X*, asn — oo. (10)

then {u,}n>1 has a convergent subsequence in X.

Proof. Let {un}n>1 be a sequence of Palais-Smale of ®, in X. Since

1 1
—_— Aun p(z) dz > 7/ Aun p() dr = —A,. Un ),
/sz p(x) | | pt Ja | | pt M )(tn)

this fact, combined with (8) and (9), implies that
dy < Ap()(un) < 2p+ (d + Kmeas(Q)) <dy, d,dy,ds > 0.
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That is Ap()(uy,) is bounded in R.

Thus, without loss of generality, we can assume that u,, converges weakly in X to
some function v € X and Apy(uyn) — L.

If ¢ = 0, then u, converges strongly to 0 in X. Otherwise, then we argue as
follows.

From (10), d®x(uy) — 0. i.e.,

ap =dPy(up) — BndJ(uy) -0 as n— +oo, (11)
<d<1>>\(un),un>
<dJ(un),un> '
The idea is to prove that limsup,, oo (A2 jup, un, — u) < 0. Indeed, notice that
<A§(.)un,un — u> = Apey(un) — <A§(.)un,u>.
Applying a,, of (11) to u, we deduce that
lim 6, <A un,u> MW (uy), u) — Bp{dJ (uy), u) = 0.

where Bn =

Therefore, <A§(,)un, Un—u) =Ny (Un) = A(d¥ (uy), u)
d<I’ un Up,
A U,
That is, <A12)( YU, Un— u> W <<dJ(un), un>—<dJ(un),u>)

(dV (uy,), uy)
Doy (@),

On the other hand, from Lemma 3.4, dV¥ is completely continuous. Thus
AU (up) = dU(u), (dP(up), up) — (d¥(u),u) and (d¥(u,),u) — <d\II( ), > From
Lemma 3.5, dJ is also completely COntlHUOUb So dJ(u,) — dJ(u <dJ Up) un> —
(dJ(u), >and (dJ (un),u)y — (dJ(u), u).

=0, —A(dV (uy,), u)+A

Then f(dJ (un) un> <dJ Un), u>’ <‘<dJ Up ), un> <dJ(u),u>’
+[{dJ (un), uy—(dJ (u),u)],

and ’<dJ Up) un> <dJ Unp ), u>’ <‘<dJ Up), un> <dJ(u),u>’
)~

where || - ||« is the dual norm associated to the norm || - ||. This implies that

(dJ (un), un)—(dJ(uy),u) — 0 as n — oo. Combining with the above equalities,
we obtain

I;Iil)ili};) <A§(.)umun — u> < <dJ(i),u> hg:solip [<dJ(un),un> — <dJ(un),u>}.
We deduce lim sup,, <Ai(,)un, Up, —u> < 0. In view of Lemma 2.6, u,, — u strongly
in X. U

We are now in a position to prove Theorem 4.1.
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Proof (of Theorem 4.1). We prove the theorem in two steps.
Step 1. We will show for any j € N*, T'; # ().

Indeed, let j € N* be given and let 1 € Q and r; > 0 be small enough such
that B(z1,r1) C Q and meas(B(z1,71)) < %ﬁ(ﬂ) First, we take 0; € C§°(Q2) with
supp(01) = B(x1,71). Put By := Q\ B(x1,71), then meas(By) > %S(Q) Let x5 € By
and r9 > 0 such that B(z2,72) C By and meas(B(z2,72)) < %(Bl)

02 € C§° () with supp(f2) = B(x2,72). Continuing the process described above we
can construct by recurrence a sequence of functions 61,60y, ...,0; € C§°(€2) such that

{Supp(ﬁi)ﬂsupp(ﬂj)—(b if i,

. Next, we take

meas(supp(;)) >0 for ie{1,2,...,5}.

Let X; = span{fy, 62, - - - , 6,} be the vector subspace of X generated by j vectors
{61,62,...,6;}. Then, it is clear that dim X; = j and [, g(é)) lu(x)[?®)dx > 0 for all
ue X;\ {0}

Note that X; C L#()(Q) because X; € X C LA1)(Q). Thus the norms | - || and
|.|5() are equivalent on X; because X; is a finite dimensional space. Consequently

B(x)
the map u — [ulg( := inf{a >0 [y @ dx < 1}, defines a norm on Xj.
Putting S1 := {u € Xj‘|u|5(_) =1} the unit sphere of X.

Let us introduce the functional g : RT x X; — R, (s,u) + J(su). On one hand,
it is clear that g(0,u) = 0 and g(s, u) is non-decreasing with respect to s. Moreover,

for s > 1 we have g(s,u) > s% J(u), so that lim,_, o, g(s,u) = +o0o. Therefore, for
every u € Sp fixed, there is a unique value s = s(u) > 0 such that g(s(u),u) = 1.

On the other hand, since
99 - B
9, (W) u) = /Q(S(U))B(x) (@) ul @ da > @Q(S(U)»U) =3@
the implicit function theorem implies that the map u +— s(u) is continuous and even
by uniqueness. Now, take the compact H; := VN X;. Since the map h: Sy — H;
defined by h(u) = s(u) - u is continuous and odd, it follows by the property of genus
that v(H;) = j. Therefore H; € T';.

Step 2. We claim that p;(\) = oo as j — oo.

5

>0,

Let (en,e;)n,r be a bi-orthogonal system such that e, € X and e} € X*, the
(én)n are linearly dense in X and the (e ) are total for the dual X*. For j € N*, set
X, = span{es,...,e;} and Xj- = span{e;ji1,€j42,... }. By a property of genus, we
have for any H € T';, it is H N X;-, # 0.

We claim that t; = infycr, SUP,ernx D) (u) = oo as j — 0.

Indeed, if not, for large j there exists u; € Xj-_l with [, g((i))|uj(x)|ﬁ(w)dx =1
such that t; < ®y(u;) < M, for some M > 0 independent of j. Thus in view of (8),

1
we get [|u;|| < (2pT(M + K meas(Q)))» . This implies that (u;); is bounded in X.
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For a subsequence of {u;} if necessary, we can assume that {u;};>1 converges weakly
in X and strongly in LP()(Q).
By our choice of Xj-_l, we have u; — 0 in X because (e}, e,) =0, for any n > k.

This contradicts the fact that [, %m]’(x)\ﬁ(z)dx =1 for all j.

Indeed, from Lemma 3.5, dJ is completely continuous, so (dJ(u;),u;) — 0. On

the other hand, since [, g((z) luj(z)|?®)dx = 1, and

u) wh = [ e @ dr > 5= [ &) 1 (8@ gy > 5
@) = [ @@ s> 57 [ S8 @)= 521

and since (dJ(u;),u;) > 1, for all j, (dJ(u;),u;) — I > 1. Therefore, [ # 0. Since
pi(AN) > t;, we get pi(A) = oo as j — oo, the claim is proved. O

5. Existence of the principal eigengraph

Our purpose in this section is to derive an existence result concerning principal eigen-
graph pq(A), and we give a variational formulation of p(\) involving a mini-max
argument over sets of genus greater than k.

DEFINITION 5.1. We denote by p1(\) the first principal eigenvalue of (P) and letting
the parameter A to vary, one gets the graph of the function A — 1 () from RT into
R which is called, in the literature, the principal eigengraph of (P) and sets as

—in | Aufr() . ¢(x) W@ g, @uﬁ(w) .
() = f{/ﬂp(x) d A/Qa(x)| " d |/Qﬁ(x)| (@) g _1}. (12)

REMARK 5.2. Clearly, p1(\) defined by (12) can be equivalently written as

Ay |P®) ((x alz
Jo S5 e = Mo aglul* ) da

u1(A) := inf max

HET; uel I, f;(i) |ulf@) dz

. 1 . Jo 51wl da
or equivalently to, 3 = sup min — o RO .
mA) - Herved [ B G — ) [ SO fulo@) d

In the following corollary we give some properties of the principal eigengraph ;.

COROLLARY 5.3. The following properties hold true:

a) pi(\) = inf{ o ﬁ|Au|p(w) dx — X [, %Ma(w) dz| [, %MW’:) dr = 1} :

b) p1(A) < pa(A) <o < pp () — +oo.

Proof. a) For u € V, set H; = {u, —u}. It is clear that v(H;) = 1, ®, is even and

®,(u) = max ®y > inf D (u).
A(u) = max @y > inf max ®x(u)

: S _ .
Thus ;rel;f)CI)A(u) > nglfﬂ1 rlfleaéc@A(u) w1 ()
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On the other hand, for all H € Ty and v € H, we have max,cg @\ > Py(u) >
inf,ep @x(u). It follows that inf e, maxyg @ = p1(A) > inf,ep Pr(u). Then

Ml(A):inf{/Qp(lz)muw(x) dm—A/QgZ;MW(”) dx]/Qg((?)mW(“)d:v:l}.

b) For all ¢ > j, we have I'; C T'; and in view of the definition of u;(\),7 € N*, we
get p1;(N) > pj(N). As regards p1,,(\) — oo, it has been proved in Theorem 4.1. U
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