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CONVERGENCE AND STABILITY OF PICARD S-ITERATION
PROCEDURE FOR CONTRACTIVE-LIKE OPERATORS

G.V.R. Babu and G. Satyanarayana

Abstract. Let (X, ||.||) be a normed linear space. Let K be a nonempty closed convex
subset of X. Let T': K — K be a contractive-like operator with a nonempty fixed point set
F(T). We prove the strong convergence and T-stability of Picard S-iteration procedure with
respect to the contractive-like operator 7" which are independent for any arbitrary choices
of the sequences {ax, }ory and {Bn}neo in [0, 1].

1. Introduction

Let K be a nonempty closed convex subset of a normed linear space (X,|.||) and
T : K — K be a selfmap of K. A point z € K is called a fixed point of T if Tz = x
and we denote the set of all fixed points of T' by F(T).

Harder and Hicks [3] initiated the concept of T-stability of a general fixed point
iteration procedure. In the following, we state the definition of T-stability of Harder
and Hicks as in Berinde [1].

DEFINITION 1.1 ([1]). Let (X, d) be a metric space, T : X — X a mapping, o € X
and let us assume that the iteration procedure {z,}2°, defined by

Tpt1 = f(T,z,), n=0,1,2,... (1)
converges to a fixed point p of T. Let {y,}32, be an arbitrary sequence in X and
set €, = d(Yn+t1, f(T,yn)) for n = 0,1,2,.... We say that the fixed point iteration
procedure (1) is T-stable or stable with respect to 7' if lim ¢, = 0 if and only if

n—oo

lim y, = p.
n—oo

Let (X, ||.||) be a normed linear space, K a nonempty subset of X. A map T :
K — K is called a contractive-like operator [4] if there exist 6 € [0,1), a monotone
increasing function ¢ : RT — R+ with ¢(0) = 0, such that for each z,y € K,

1Tz =Tyl < dlle =yl + ¢(ll = Tx), (2)
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where RT denote [0, 00).

In order to prove some stability results, the contractive inequality condition (2)
was proposed and employed by Imoru and Olatinwo [4]. Let K be a nonempty convex
subset of a normed linear space X and T': K — K be a map. In 1953, Mann [7] intro-
duced an iteration procedure as follows: For xzg € K, the Mann iteration procedure
{zn}22, is defined by

Tpt1 = (1 —ap)zy +ayTx, , n=0,1,2,...
where {a,} C [0,1].

In 1974, Ishikawa [5] developed an iteration procedure in the following way: For

xg € K, the Ishikawa iteration procedure {z,} in K is defined by

Tnt1 = (1 — an)Tn + anTyn
Yn = (1 - ﬂn)xn + Bn Ty
where {a, 152, and {$,}52, are real sequences in [0, 1].

Based on these iteration procedures, several iteration procedures were developed.
In 2014, Giirsoy and Karakaya [2] introduced Picard S-iteration procedure as follows:

3)

ug € K
vp = (1 — an)Tun + anTw,

Un+1 = Tu,

(4)

where {a, 152, and {8,}52, are real sequences in [0, 1].

Zeana and Ahmed [15] proved that the sequence generated by Picard S-iteration
procedure (4) is convergent for a contractive-like operator T' having a fixed point
under certain conditions on «,, and [,. In fact, the following theorem was proved.

THEOREM 1.2 ([15, Theorem 2.1]). Let K be a nonempty closed convexr subset of a
Banach space X and T : K — K be a contractive-like operator with a fized point p.
Then for all zg € K, the Picard S-iteration procedure (4) converges to the unique
fized point of T if > anfBn =00 and lim a, = 0.

n—oo

n=0

We use the following lemma in our further discussion.

LEMMA 1.3 ([6]). Let {an} and {b,} be sequences of nonnegative real numbers. As-
sume that there exists a constant 0 < h < 1 such that an+1 < hay, + by, for all n, and
lim b, =0. Then lim a, = 0.

n—oo n—oo

REMARK 1.4. Lemma 1.3 is also contained in Berinde [1] and the articles of the
authors [4,9,11].

For more literature on the convergence and T-stability of a general fixed point
iteration procedure, we refer to [1,8-14] and related references therein.

In this paper, we prove the strong convergence of Picard S-iteration procedure of
a contractive-like operator with a fixed point defined on a nonempty closed convex
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o0
subset of a Banach space X. Also, we show that conditions _ «,83, = oo and

n=0
lim «, = 0 of Theorem 1.2 are redundant. Further, we prove the Picard S-iteration
n—oo

procedure (4) is T-stable for any arbitrary choices of the sequences {a,}5%, and
{Bn}nZo n [0, 1].

2. Convergence and T-stability of Picard S-iteration procedure

In the following we prove that the convergence of Picard S-iteration procedure (4) for
contractive-like operators is independent of «,, and f3,,.

THEOREM 2.1. Let K be a nonempty closed convex subset of an arbitrary Banach
space X and T : K — K be a contractive-like operator. Suppose that F(T) # (. Let
{un 52 be the sequence generated by Picard S-iteration procedure with real sequences
{an 22y and {Bn}32 in [0,1]. Then {un}5o converges to a unique fized point of T.

Proof. Since F(T) # () and T is a contractive-like operator, we have F(T) = {p}.
First, we consider
[wn = pll = [[(1 = Bn)un + BaTun — pll < (1= Bn)llun — pll + Bul|Tun — Tp||
< (1= Bu)llun = pll + Buldljun = pll + @ (llp — Tpl])]

P20~ 8,1 = )] — Il < Ilm — p- (5)

Next,
lon = pll = (1 = o) T'un, + anTwy —pl| < (1 = o) || Tun — Tpl| + o[ Twn, — Tpl|
< (1= an)[d]lun = pll + @(llp = TPID] + anldllwn — pll + @ (llp — Tpl])]

(5)
= 0[(1 = an)ljun = p[| + anllwn = pl] < 6]un = pl|
Now, |[unt1 = pll = [Tvn = Tp|l < 6]lvn —pll + @(|lp — Tp||) < 6*[[un — p||. Therefore,
by induction on n, it is easy to see that ||u, 41 —p|| < 62"+ V|jug—pl| forn =0,1,2...

and by letting n — oo, we have lim wu, = p.
n—oo

REMARK 2.2. From the previous proof, it follows that lim v, = lim w, = p.
n—roo n— oo
In the following example, we consider all the possible choices of the sequences
{an}52 and {B,}52, in [0,1] and show that the sequence generated by Picard
S-iteration procedure (4) is convergent for contractive-like operators.

ExaMPLE 2.3. Let K = [1,3] be a closed convex subset of the normed linear space
X =R equipped with the usual norm.

Define T': [1,3] — [1,3] by T@ = 2+ L. Then T is a contractive-like operator with
0= % and ¢(x) = %, x > 0. Observe that 1+ /2 is the unique fixed point of 7T
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Case (i): Let o, = Zié, Bn = n%ﬂ so that goozn = oo, Zoﬂn < oo and
> anfBn < 0. For any ug € [1, 3],
n=0
n2u2 +2u,+1
wy, = (1= By )un+BnTun = Wa
2up+1  n+l (n?+1)u,
on = (1=an)Tun+anTw (n+2)uy, n+2( +n2u%+2un+1)

2u,+1  n+1,2n%u2 +4u,+2+(n?+1)u,
= + ( 2,2
n?uz4+2u,+1

(n+2)u, n+2 )
(2u2 +u2 )n3+(4ud +2u2 )n?+(5u2 +2u, )n+9u2 +6u, +1
B n3ud +2n%ud +(2u2 +up, )n+2uy, ’
n3ud +2n2ud +(2u +uy, )n+2uy,
(2u3 +u2 )nd3+(4ud +2u2 )n?+ (5u2 4+2uy, )n+9u2 +6u, +1

(5ud+2u2 )n3+(10u3 +4u2 )n?+(12u2 +5uy )n+(22u +14u,+2)  Sup+2

Un+1 = T’Un =2+

- - An7
(203 +u2 )+ (4ud 1202 )02+ (5u2 120y, )0+ 9uZ + 61, + 1 Suntl
o (7ui+2ui+un)(n+1)
where A, = GoonGETeR @ T+ Gul TounFou Fou, 1] L perefore,
24(n+1) o 8(n+1) o . -
|A,| < 9n3+1822+21n+48 = 3 renrgrnsaes lorn=0,1,2..., and hence, nl;ngo A, =0.
5y, + 2 (3—2vV2)u, +1 -2
N i1 — (14 V2) = —(1+V2)+ A, = A,
ow, Upi1 — (1+V2) T (14+V2) + e T +
(3 = 2v2)[un — (1 ++/2)]
= + A,.
2u, +1

Therefore, [uy1 — (1 +v2)| < 3722y, — (1 +v2)| + |A,], for n =0,1,2,.... By

applying limit superior on both sides and using lim A, = 0, we have lim sup |u,4+1 —
n—oo

(1++v2)| < # lim sup |u, — (1++/2)], so that limsup |u,, — (1 ++/2)| < 0. Hence,
lim u, =1+ V2.
n—oo

oo oo oo
Case (ii): Let o, = 2%, Bn = 3% sothat > a, <00, > By <ocand Y apf, < oco.
n=0 n=0 n=0

For any ug € [1, 3], we have:

3" —1)u2 +2u,+1
Wp = (1_6n)un+/8nTun = ( )3”u s

)

— (1) Tt +n T, = (1= e ) (2 — ) (2 oo

6™ (2u3 +u2)+2" (—2ud +3uZ +4u, +1)+uZ —2u, —1
6" ud —2"u3 +2.2"nu2 +27u,
6" ud —2mu3 +2.2"u2 +2"u,
6" (2u +u2)+27(—2ud +3u2 +4up+1)+u2 —2u,—1

)

Up41 = T, = 24
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6™ (bud 420 )+2" (—5ud +8u +9uy +2)+2ui —dup,—2  Sup,+2
67 (2uB +u2 )20 (—2ud +3uZ +4u, +1) FuZ —2u,—1 2u,+1
uﬂ,(ui—Qun—l)

where By, = (Zunt1)[67 (2u3 tuZ) 127 (—2u3 +3u2 +du, +1)TuZ —2u, —1]
lim B, = 0. We consider

i — (14 V) = &7 2*@5 L(l —V2) = mgg:;lu +v2)]

2 _2u,—1) .
where B,, = Un (U, —2un so that lim B, = 0.
n (2up+1)[6™ (2ud +u2)+2" (—2ud +3u2 +4u,+1)+u2 —2u,+1]° 00 n

Therefore, for n =0,1,2...,
(3—-2v2) 3—-2v2
nt1—(1 2)| < —Flup—(1 D|+|By| < ————
1=+ V)| € S —(1 4 VA 4B, < S
By applying limit superior on both sides, we have % lim sup |u, — (1++/2)] <0, so
that lim wu, = 1+ /2.

n— oo

B,

. It is easy to see that

+ Bn,

[y, —(1 + \/§)|+‘Bn|~

o0 &)
Case (iii): Let ag = o =0, oy, = By = % so that > ay, = 00, Y, B = oo and

n

n=0 n=0
> anfn = 0o. For any ug € [1, 3], we have:
n=0
(vn— Du2 +2u, + 1
n = (1 — Bn)un n Uy = o ; f =1,2,3...,
w (1= Bn)un + BpTu o~ orn
1 1 1 1
vp = (1 —ap)Tu, + ayTw, =(1——=)24+ —)+ —=2+ —)

Vn Up vn Wy,
vn—12u, +1 1 Un\/T
= w AT oDt
Con(2ud 4+ ud) + Vn[—2ud + 3ul + 4u, + 1] + ud — 2u, — 1
a Viug (Vg — uf + 2u, + 1) ’
nud + /n(—ud + 2u2 + u,)

n(2ud + u2) + v/n[—2ud + 3u2 + du, + 1] + u2 — 2u, — 1

~n(5ud 4 2u?) + /n[—bud + 8uZ + u, + 2] + 2uZ — du, —2  Suy, +2

o on(2ud +u?) + n[—2ud + 3u2 +du, + 1)+ u2 —2u, — 1 2u, +1

.3 2

where C,, = U 20,

T Qup+1)[n(2ud +u2)+v/n(—2ud +3u2 +4u, +1)+u —2u, —
that lim C,, = 0. We consider

n— oo

3-2V2 1-v2 3-2V2

Bo2Dunt1-v2 o 322y,
2u, +1 2u, +1

so that [uns1 — (1+v2)] < 222y, — (1 + v2)| + |Cyl, for n = 1,2,3.... By
applying limit superior on both sides, we have %‘/ﬁ lim sup |u, — (1 ++/2)| < 0, hence
lim w, =1+ V2.

n— oo

Unp1 = 2+

+ Cy,

1 forn =1,2,3..., so

Uny1 — (1 + \[2) =




116 Picard S-iteration procedure for contractive-like operators

o0
Case (iv): Let ap =1, fo =1, ap = B = %, forn =1,2,..., so that > «, = oo,
o0 o0 n=0
> Bp =00 and > apf, < co. Now, for any ug € [1, 3],
n=0 n=0
n2u,, — nu, + 2u, + 1

Wy = )
nuy,

o - n?(2ud +u2) + n(—2ud + 3u2 + 4u, + 1) + (U2 — 2u, — 1)
" n2ud +n(—ud + 2u2 + uy,) ’

SUy + 2

= T4 D,
2un+1+

unJrl

—u® +2u? tu,
(2un—+1)[n2(2ud +u2 )+n(—2ud +3u2 +4u, +1)+u2 —2u, —1]°

Clearly, lim Dy, = 0 and wns1 — (1 + V2) = =22y, — (1 + v2)] + Dy, so that
lim w, =1+ V2.
n—oo

for n = 1,2,... .

where D, =

Case (v): Let ap =1, oy, = 5 for n = 1,2,..., and 8, = % for all n. Therefore,
o0 o0 o0
S ap <o, Y, Bp=00and > a,f, < oco.
n=0 n=0 n=0
For any ug € [1,3] and n =1,2,...,
w, = u%—|—2un—|—17 v — nQ(2un—|—12)(u,%—|;2un—|—1)—¢—u$l—Qun7 sy = SUy, + 2 VB,
2u,, n2u, (u2+2u,+1) 2u, +1
—uj, +2u;, : _
where F, = BT D2 Cun ) (0 Toun T T —3un]" Clearly, nhﬁrr;() E,, = 0. Therefore,

U1 — (14+v2)| < g;z‘fﬂun — (14++V2)| + E,, for n =1,2,3,.... Now, by applying

limit superior on both sides, we have lim sup |u,+1 — (1 4+ \/§)| < # lim sup |u,, —
(1 ++/2)|, which implies that limsup |u, — (1 ++/2)| <0, so that lim u, =1+ /2.
n— oo

By applying comparison test, it is easy to see that the following cases do not arise.

Case (vi): > a, <00, > B <ooand > apf, = oco.

n=0 n=0 n=0

e} o0 o0
Case (vii): > a, =00, Y, By <ooand Y a,8, = .
n=0 n=0

n=0

(oo} [ee] (e}
Case (viii): > a, <00, Y B, =00 and > a,f, = .
n=0 n=0 n=0

Hence, by considering all the above cases, we conclude that the convergence of
Picard S-iteration procedure is independent of the choices of {a,} and {f,} for
contractive-like operators.

REMARK 2.4. Theorem 2.1 and Example 2.3 suggest that the conditions Y a8, = 0o
n=0

and lim «, = 0 are redundant in Theorem 1.2.
n—oo
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THEOREM 2.5. Let K be a nonempty closed convex subset of an arbitrary Banach
space X and T : K — K be a contractive-like operator. Suppose that F'(T) # (. Let
{an}22, and {B,}52, be arbitrary sequences in [0,1]. Then the Picard S-iteration
procedure (4) is T-stable.

Proof. Since T has a unique fixed point in K, we let it be p. Let {y,}>2, be an
arbitrary sequence in K and €, = ||yn+1—f (T, yn)|| where f(T,y,) = T((1—apn)Tyn+
anTtn), tn = (1 — Bn)yn + BnTyn for n =0,1,2,... .
First we prove that
/(T yn) = pll < 6%[lyn —pll for n=0,1,2... . (6)

We consider
1£(T,yn) —pll = |1 T((1 — an)Tyn + aTy) — T'p||

)
< 0)|(1 = an)Tyn + anTt, — Tp|| + ©(llp — Tp|)
< 6[(1 — o) | Tyn — Tpl| + || T, — Tpl|]

< 8*[(1 — an)llyn — Il + anlltn — pll] + d¢(|lp — Tp|)).
Hence,

(T, yn) — pll < 6%[(1 = an)llyn — pll + anlltn — pll]- (7)
Now, since
it = pll = 11 = Bn)yn + BuTyn — pll < (1 = Bu)llyn — pll + BullTyn — Tp|

(2)
< (1= B)llyn = pll + Badllyn — pll + Br(llp — Tpl|)

< (1= Bn(1 = ))lyn = pll < llyn —pll,
we have
ltn = pll < llyn — 2. (8)
Therefore from (7) and (8), it follows that (6) holds.

We assume that lim ¢, = 0 and consider
n— o0

(6)
Y41 = oIl < [Ynr1 = F(Toyn) |+ 1F(Toyn) = pll < €n + 8% [lyn — pll.
By applying Lemma 1.3, we have lim y, = p.
n—oo

Conversely, we assume that lim y,, = p and consider
n—oo

€n = |[ynt1 — F(L,y)ll < [lYnt1 — ol + 1 £(T,yn) —pll-
It follows from (6) that e, < ||yns1 — pll + 0%||yn — pl|, for n = 0,1,2..., so that
lim €, = 0.
n—oo

Thus the Picard S-iteration procedure is T-stable. 0
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