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QUANTALE-VALUED WIJSMAN CONVERGENCE

Gunther Jager

Abstract. For the hyperspace of non-empty closed sets of a quantale-valued metric
space, we define a quantale-valued convergence tower which generalizes the classical Wijsman
convergence. We characterize this quantale-valued convergence tower by a quantale-valued
neighbourhood tower and show that it is uniformizable. Finally we study compactness and
completeness of the quantale-valued Wijsman convergence tower.

1. Introduction

In [26] a convergence notion for closed, non-empty subsets of a metric space (X, d)
was introduced, which proved to be fundamental in the study of hyperspaces [3].
A sequence of such sets A, converges to a set A if the sequence of values of the
distance functionals d(z, A,) converges to the value of the distance functional d(x, A)
for each z € X. It is quite obvious, that this is nothing else than convergence in
the initial construction with respect to the source (d(z,-)).cx. However, because
initial constructions which behave well with respect to the underlying topologies are
in general not possible in the category of metric spaces, one is forced right from the
start to move to at least the bigger category of topological spaces, i.e. one has to
abandon in a certain sense the "metrical information” and has to content oneself with
the ”topological information”. This has led Lowen and Sioen [19] and [18] to consider
the category of approach spaces as more suitable supercategory of the category of
metric spaces and to study Wijsman convergence there in terms of so-called approach
systems and gauges. In [14] we followed these approaches and generalized them for
quantale-valued metric spaces.

This paper goes in a similar direction and it has for this reason some overlap in the
results with [14]. However, the methods that we use are different. We note that for a
restricted choice of quantales, in particular for Lawvere’s quantale, the descriptions of
approach spaces by L-gauges, L-approach systems, L-approach distances and L-limit
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192 Quantale-valued Wijsman convergence

functions are all equivalent, see [10,11]. However, e.g. in the probabilistic case with
the quantale of distance distribution functions, the transitions between the different
descriptions do not always yield isomorphism functors between the corresponding
categories [10,11]. It makes therefore sense, to study a theory of Wijsman convergence
from a different point of view in the general quantale-valued case.

While much of our inspiration goes back to [18], noting that approach structures
can as well be defined by limit functions, we generalize the setting in [18,19] further by
considering quantale-valued metric spaces. In this way, the theory developped here ap-
plies e.g. also to probabilistic metric spaces [25]. We use the framework of topological
quantale-valued convergence tower spaces [12] in order to define Wijsman convergence
for the hyperspace of non-empty closed subsets of a quantale-valued metric space as an
initial construction. We show that the quantale-valued metrical coreflection of the re-
sulting quantale-valued Wijsman convergence tower is the quantale-valued Hausdorff
metric as studied in [2]. Restricting to the ”classical” case of metric spaces by using
Lawvere’s quantale, we note that the topological coreflection of the quantale-valued
Wijsman convergence tower is the classical Wijsman topology [3]. We furthermore
describe the quantale-valued Wijsman convergence tower by suitable towers of neigh-
bourhood filters and uniform towers, thus showing that, just as in the classical case,
also the quantale-valued topological coreflection is uniformizable, i.e. is completely
regular. We show that the indices of compactness of a quantale-valued metric space
and both the hyperspaces endowed with the quantale-valued Hausdorfl-metric and
the quantale-valued Wijsman convergence tower, respectively, coincide. Finally we
present some results about completeness of the quantale-valued Wijsman convergence
tower.

2. Preliminaries

We consider in this paper complete lattices L for which T # L for the top element
T and the bottom element 1. In any complete lattice L we can define the well-below
relation o < B if for all subsets D C L such that § < \/ D there is § € D such that
a < 6. Then aw < 8 whenever a <9 3 and o 9V, B; iff @ < ; for some i € J. A
complete lattice is completely distributive if and only if we have @ = /{8 : 8 < a}
for any o € L, [22]. For more results on lattices we refer to [7].

The triple L = (L, <, %), where (L, <) is a complete lattice, is called a commutative
and integral quantale if (L, *) is a commutative semigroup for which the top element of
L acts as the unit, i.e. ax T = a for all & € L, and = is distributive over arbitrary joins,
ie. (Veyai)*B=\V,cs(aixp), seee.g. [8]. Ina commutative and integral quantale
we can define an implication —: L X L — Lby a - 8 =\/{y € L:axvy < g} for
a,f € L. Then axf <~viff a < — v for all «, 5,7 € L. We consider in this paper
only commutative and integral quantales L = (L, <, *) with completely distributive
lattices (L, <).

A commutative and integral quantale L = (L, <,*) with underlying completely
distributive lattice is called a value quantale if avVB<T whenever a<dT and f<1T. This
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concept goes back to the work of Flagg [6], however he uses the opposite order. Typical
examples of such quantales are e.g. the unit interval [0, 1] with a left-continuous ¢-
norm [25]. Another important example is given by Lawvere’s quantale, the interval
[0, oo] with the opposite order and addition ax8 = a+f (extended by a+o0o = co+a =
0), see e.g. [6]. A further important example is the quantale of distance distribution
functions. A distance distribution function ¢ : [0,00] — [0,1], satisfies p(z) =
sup,, ., p(y) for all z € [0, 00]. The set of all distance distribution functions is denoted
by AT. With the pointwise order, the set AT becomes a completely distributive
lattice [6] with top-element 9. A quantale operation on A™, % : AT x AT — AT s
also called a sup-continuous triangle function [25]. Note that in this case (AT, <, )
is also a value quantale, [6].

For a set X, we denote its power set by P(X) and the set of all filters F, G, ...
on X by F(X). The set F(X) is ordered by set inclusion and maximal elements of
F(X) in this order are called ultrafilters. The set of all ultrafilters on X is denoted
by U(X). In particular, for each € X, the point filter ] = {A C X : 2 € A} is
an ultrafilter. If F € F(X) and f : X — Y is a mapping, then we define f(F) €
F(Y) by f(F) = {G CY : f(F) C G for some F € F}. In particular, we have
f([z]) = [f(z)] for any 2 € X. For a filter G € F(Y) the set {f~}(G) : G € G}
is a filter basis whenever none of the f~!(G) is empty. In this case we denote by
f7Y(G) the filter on X generated by this filter basis and say that f~(G) exists. We
then have f~1(f(F)) < F and G < f(f~1(G)) in case f~(G) exists. For a family
of filters (IF;);c; we define their join, \/,.; s, as the filter generated by the filter
basis of finite intersections F;, N...N F; with F;, € F;, for £ =1,...,n, whenever
all these finite intersections are non-empty. For G € F(J) and F; € F(X) for each
j € J, we denote k(G, (Fj)jes) = Vgeg NjegFj € F(X) the diagonal filter [15].
For filters ®, ¥ € F(X x X) we define ®~1 as the filter generated by the filter basis
{F71:F € ®} where F7! = {(z,y) € X x X : (y,z) € F} and ® o ¥ as the filter
generated by the filter basis {F oG : F € ®,G € ¥}, whenever F o G # () for all
F e ®,G eV, where FoG = {(z,y) € XxX : (x,8) € F,(s,y) € G for some s € X }.

For notions from category theory we refer to the textbooks [1,21]. A construct
is a category C with a faithful functor U : C — SET, from C to the category of
sets. We always consider a construct as a category whose objects are structured
sets (5,€) and morphisms are suitable mappings between the underlying sets. A
construct is called topological if it allows initial constructions, i.e. if for every source
(fi + S — (5i,&i))icr there is a unique structure & on S, such that a mapping
g : (T,n) — (S,€) is a morphism if and only if for each ¢ € I the composition
fiog: (T,n) — (S, &) is a morphism.

3. Topological L-convergence tower spaces

Let L = (L, <, *) be a commutative and integral quantale with completely distributive
lattice (L, <).
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Let X be a set. A family of mappings ¢ = (¢q : F(X) — P(X))aer which satisfies
the axioms
(LC1) z € co([z]) forall z € X, o € L;

(LC2) NjeycallF;) = ca(AjesFy) for all {F; : j € J} C F(X);
(LC3) Naens CallF) = cy p(F) for all M C L;

(LC4) For all G,Fy € F(X) (y € X) we have that

2 € caxg(k(G, (Fy)yex)) whenever x € cg(G) and y € co(Fy) for all y € X;

is called an topological L-convergence tower on X and the pair (X, ¢) is called an topo-
logical L-convergence tower space. A mapping f : X — X’ between the topological
L-convergence tower spaces (X,¢) and (X', /), is called continuous if, for all x € X
and all F € F(X), f(z) € ¢, (f(F)) whenever = € ¢,(F). The category of topological
L-convergence tower spaces with continuous mappings as morphisms is denoted by
L-TCTS.

For a topological L-convergence tower ¢ on X we can define a limit operator
X @ F(X) — L¥ by M(F)(z) = V{a € L : 2 € co(F)}. This limit operator
satisfies the axioms (L1) A\°([z])(x) = T; (L2) A(A\;c; Fj) = A,es A°(F;) and (L3)
A(G)(x) * Nyex A(Fy)(y) < A°(K(G, (Fy)yex)). Conversely, given a limit opera-
tor A : F(X) — L satisfying the axioms (L1), (L2) and (L3), € c)(F) <=
A(F)(z) > « defines a topological L-convergence tower on X. In this sense, limit op-
erators and topological L-convergence towers are equivalent concepts. For Lawvere’s
quantale, Lowen [18] describes approach spaces by such limit operators and it is shown
in [4] that a description with topological convergence towers, called limit towers in
the paper, is equivalent. In a quantale-valued generalization of approach spaces, [16]
uses a similar approach based on ultrafilters in the realm of monoidal topology. We
prefer to work with topological L-convergence towers because arguments and proofs
often become more transparent.

We note some simple consequences of the axioms (LC2) and (LC3). For F,G ¢
F(X) and «,8 € L we have that F < G implies ¢o(F) C ¢o(G); and that a <
implies cg(F) C co(F); and ¢ (F) = X for all F € F(X).

We call a topological L-convergence tower space (X,¢) symmetric if y € cq([z])
implies y € ¢, ([x]) and it is called separated if x,y € et (F) implies z = y.

We will now introduce a strengthening of the axiom (LC4). We say that (X,¢) €
|L-TCTS| satisfies the axiom (LCF) if for all sets J, all G € F(J), all h: J — X and
all F; € F(X) (j € J) we have x € coup(k(G, (Fj)jes)) whenever z € cg(h(G)) and
h(j) € co(F;) for all j € J.

LEMMA 3.1. Let (X,¢) € |L-TCTS|. Then (LCF) is equivalent to (LC2) and (LC4).

Proof. The choice J = X and h = idx shows that (LCF) implies (LC4). We now
show that (LCF) implies (LC2). Let F; € F(X) for all i € J. With h(i) = =
and G = [J] we obtain h(G) = [z] and (G, (Fj)jes) = NicyFir If 2 € co(F;)
for all ¢ € J, then because x € c1([z]) and h(i) = x € ¢o(F;) we have by (LCF)
z € cTea(Nics Fi) = calNie s Fi).
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Let now (LC2) and (LC4) be true. Let J be a set, h : J — X, G € F(J)
and, for all ¢ € J, let F; € F(X). If 2 € cg(h(G)) and h(j) € co(F;) for all j € J,
then by (LC2) h(G) > U# and for all j € J we have F; > Upyjy- With (LC4) we
conclude = € cgun(k(UZ, (Up;)))) and therefore Ueh < (U, (U5;)))- It is not
difficult to show that m(UQ(U%m)) < k(G, (Fj)jcs) and hence, using (LC2), we
obtain x € ca.3(k(G, (Fj),ecs)) and (LCF) is true. O

THEOREM 3.2. The category L-TCTS is a topological construct.

Proof. Let (f; : X — (X;,¢"))ier be a source. We define the initial L-convergence
tower on X by z € ¢, (F) if and only if for all i € T we have f;(x) € ¢! (f;(F)). The
axiom (LC1) is easy to see. We show (LC3). Let M C L and let & € ¢, (F) for all
a € M. Then fi(x) € ¢ (fi(F)) for all « € M and all i € I. Hence, for all i € I,
fi(z) € c’VM(fl(IF)) and this means x € ¢y p(F). To show (LCF), let J be a set,
h:J— X,G e F(J) and for all j € J let F; € F(X). If 2 € ¢o(h(G)) and
for all j € J, h(j) € cs(F;), then for all i € J we have f;(z) € ¢ (f;(h(G))) and
fl(h(j)) S CZB(fZ(IFJ)) for all j € J. We denote k; = fioh:J — X, forall ¢ € I.
Then fi(z) € ¢,5(k(G, (fi(F;))jes)) for all i € I. Tt is not difficult to show that
#(G, (fi(F)))jes) = fi(k(G, (Fj)jer)). Hence fi(z) € ¢p.p5(fi(K(G, (Fj)jer))) for all
i€l ie pé€cap(k(G, (F))jer)). O

It is not difficult to show that if all (X, ¢?) are symmetric, then also the initial con-
struction is symmetric. Finally we mention that if the source (f; : X — (X4, ¢))ier
is point-separating, i.e. if for x # y there is an ¢ € I with f;(z) # fi(y), and if all
(X;,c') are separated, then the initial construction (X,¢) is also separated. For if
2,y € co(F) then fi(x), fi(y) € ¢, (fi(F)) for all i € I and hence f;(x) = fi(y) for all
i € I, which implies z = y.

4. L-metric spaces and topological spaces as topological L-convergence
tower spaces

For a quantale L = (L, <, %), an L-metric space is a pair (X,d) of a set X and an
L-metric d : X x X — L such that
(LM1) d(z,z) =T for all z € X (reflexivity);

(LM2) d(z,y) *d(y,z) < d(z,z) for all z,y,z € X (transitivity).
A mapping between two L-metric spaces, f: (X,d) — (X', d’) is called an L-metric
morphism if d(zq,x2) < d'(f(x1), f(z2)) for all z1,22 € X. We denote the category
of L-metric spaces with L-metric morphisms by L-MET.

If the L-metric satisfies d(x,y) = d(y, z) for all z,y € X, it is called symmetric. If
d(xz,y) = T implies x = y, it is called separated.

For a value quantale and using the opposite order, Flagg [6] calls an L-metric
space a continuity space. Other names for the same concept are L-categories [8,17],
or L-preordered sets [27].
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In case L = {0,1}, an L-metric space is a preordered set. If L = ([0, 0], >, +),
an L-metric space is a quasimetric space. If L = (AT < %), an L-metric space is a
probabilistic quasimetric space, see [6].

THEOREM 4.1 ([12]). The category L-MET can be coreflectively embedded into the
category L-TCTS.

Proof. The embedding of (X,d) € |[L-MET]| into (X, c¢?) € |L-TCTS| is given by = €
A (F) — \/ /\ d(x,y) > a. [12] shows the axioms (LC1), (LC2) and (LC3). We
FeFyeF

need only show the topological axiom (LC4). Let Ve Ayeg d(@,y) > B and for
each y € X, let \/Fyer Nz € F¥d(y,z) > a. Consider € < § and § <t . Then there
is G € G such that for all y € G we have d(z,y) > € and for each y € X there is
FY € F, such that for all z € F¥ we have d(y,z) > 6. The set H® = Uyeg Y €
NyecFy < K(G, (Fy)yey) and for = € HY then z € FY for some y € G. Hence
d(z,z) > d(x,y) *d(y,z) > e*d. We conclude A, o d(x,2) > €% and from this
we obtain Ve, (5,),ey) Nuex U@ u) = A, cye d(x,2) = €x 5. This is true for all
€ <18 and all 0 <« and L being a quantale and (L, <) being completely distributive,
the claim follows.

Given (X,¢) € |L-TCTS| we define d°(x,y) = \/ a. Then (X,d°) € |[L-MET]|.

z€ca([y]) -
It was further shown in [12] that for (X,d) € |L-MET| we have d*° = d and for
(X,2) € |L-TCTS| we have ¢\ (F) C ¢o(F) for all a € L,F € F(X). As morphisms
are preserved as well, this completes the proof. O

Note that we have x € c?([y]) if and only if d(z,y) > a, see [12]. Furthermore,
it is easy to prove that if (X, d) is symmetric, then (X, c?) is symmetric. If (X, d) is
symmetric and separated, then also (X, c?) is separated. To see this, let z,y € c%(F)
and let € <« T. Then there are F*, FY € F such that for all v € F* and all v € FY
we have d(z,u) > € and d(y,v) > e. The set FF = F* N FY € F and for all all
w € F we have d(z,w) > € and d(y,w) > e. By symmetry, we conclude d(z,y) >
d(z,w) xd(w,y) > exe, for all e T. L being a quantale and (L, <) being completely
distributive, we conclude d(z,y) = T. This implies = = y.

Following [18], we call, for a topological L-convergence tower space (X,¢), the
space (X,d°) the L-MET-coreflection. 1t is straightforward to show that if (X,¢) is
symmetric, then also the L-MET-coreflection (X,d°) is symmetric. Furthermore, if
(X, ) is separated, also the L-MET-coreflection is separated. To see this, let e 9T =
d°(z,y). Then there is a > € such that @ € c4([y]). Hence, by (LC3), z € c.([y]).
Using again (LC3) yields x € ¢7([y]). From (LC1) we obtain = = y.

We can define closed sets for an L-metric space (X,d). For A C X we define the

d-closure of A by © € A% if and only if there is F € F(X) such that A € F and
z € ¢t (F). If L is a value quantale then x € at i Vecad(x,a) = T, see [14]. For

an L-metric space (X,d) we call A C X closed (in (X,d)) if a’ CA. Then ACX
is closed iff for all U € U(X) we have 2 € A whenever A € U and x € ¢%(U). The
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sets X, () are closed, AU B is closed whenever A, B are closed and [ e Aj is closed
whenever Aj; is closed for all j € J. We denote the set of all non-empty closed sets
of an L-metric space by CL(X). We note that, for a value quantale L, the mapping
from CL(X) to LX, A+ d(-, A) is an injection. In fact, if d(x, A) = d(x, B) for
all z € X, then for + € A we have d(x, B) = d(x,A) = T and hence x € B = B.
Similarly, x € B implies € A and hence A = B.

We now turn our attention to topological spaces. We identify a topological space
(X, T) with the topological convergence space (X,c”), where ¢’ : F(X) — X is
defined by z € ¢7 (F) if and only if F > U/ with the neighbourhood filter U7 of x in

(X, T). For ease of notation, we also write F Taforae ¢’ (F).

THEOREM 4.2. The category TOP can be coreflectively embedded into the category
L-TCTS.

Proof. Given a topological space (X,7T) we define ¢7 = (¢! )aer be z € ¢ (F) if
and only if F T, 2 in case o # L and for @ = L we define ¢/ (F) = X. Then it
is not difficult to show that (X ,7) is a topological L-convergence tower space and
that for a continous mapping f : (X, 7) — (X', T") also f: (X,cT) — (X’,cT) is
continuous.

For a topological L-convergence tower space (X, ¢) we define the topological space

(X, T¢) by F T & if and only if z € c1(F). Clearly, this defines the convergence of
a topology and for a continuous mapping f : (X,¢) — (X',¢/) also f : (X,T°) —
(X', T¢) is continous. -

For (X, T) € [TOP| we have ¢’ = ¢T and for (X,¢) € |L-TCTS| we have c&TC)(IF) C
¢o(F) for all « € L,F € F(X). To see the latter we consider o # L. We have z €

0 (F) if and only if F T, x. This is equivalent to = € ¢7(F) and the axiom (LC3)
implies = € cq(F). O

Following [18], for a topological L-convergence tower space (X,¢) we call (X, T°)
the topological coreflection.

5. The L-Wisjman convergence tower of an L-metric space

A commutative and integral quantale L = (L, <, x) becomes a symmetric, separated
L-metric space if we define d\ (o, 8) = (a = 8) A (B — «), (a, 8 € L). In the case of
Lawvere’s quantale L = ([0, o0],>,+) we have &« — = (8 — a) V0 and di(«, 8) =
| — fB] is the standard metric on [0,00]. We denote the underlying topological L-
convergence tower space of (L,d) by (L, cb).

For an L-metric space (X,d) there is an important L-metric on CL(X). For
A, B € CL(X) we define Hy(A, B) = \,cx di(d(x, A),d(z, B)). Then Hy : CL(X) x
CL(X) — L is called the L-Hausdorff metric of the L-metric space (X,d). It
is symmetric and for, a value quantale L, separated. Furthermore, H;(A,B) =
Nacad(a, B) A \ycp d(A,b). For further details see [2].
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In the sequel, we mimick the definition of Wijsman convergence [26]. We define
an L-convergence tower ¢/ on C'L(X) by defining for A € CL(X) and § € F(CL(X))
AcdV(F) = d(z,A) € c(d(x,F) forallzc X.

Here, we define d(z,§) as the filter generated by the filter basis {d(z, F) : F € §},
i.e. the image of the filter § for the mapping d(x,-) : CL(X) — L. It is clear by
this definition that ¢V is the initial topological L-convergence tower on CL(X) with

respect to the source
L(X) — (L,ct
d(z, ) CL(X) — (L;ch) ‘
Avr— d(x, A)
rzeX

As (L,dy) is symmetric and separated, also (L,CT) is symmetric and separated
and, in case of a value quantale L, the family of mappings (d(z,)).cx being point-
separating, we see that (CL(X),cW) is symmetric and separated in this case.

We note that convergence in the topological coreflection of (C'L(X),c") means
convergence in the T-level. So we have

W
15 A — d(z,A) € ct(d(z,F)) forallz € X.
This means that d(z,§) > ngx A) In case of Lawvere’s quantale, i.e. in the metric

case, this is convergence in the Wijsman topology, [3]. Hence, as in the case of
Lawvere’s quantale [18], a natural candidate for the Wijsman topology of an L-metric
space is the topological coreflection of (CL(X),c").

Also the following results have been established for the definition of the Wijsman
structure by gauges in the case of Lawvere’s quantele in [18]. Similar results in terms
of L-gauges have been obtained in [14].

PROPOSITION 5.1. Let (X, d) be an L-metric space. The L-MET-coreflection of the
L- Wijsman convergence tower is the L-Hausdor{f metric, i.e. we have d°" = H,.

Proof. We have by definition of the L-MET-coreflection, for A, B € CL(X),
" (4,B) = \/{a € L: d(z,A) € ¢;(d(z,[B])) for all z € X}.

From d(z, [B])=d(z, )([B])=d(z, ) (B)]=|d(2, B)] we conclude d(z, 4) € ce(d(z, [B]))
=c ([d(w B)]) if and only if d._(d(x ),d(z,B)) > «a. As a consequence, we get
ch (A,B) = \V{a € L : d (d(z, A),d(z, B)) > a for all z € X} and hence d°” (A, B)
= /\mGX dL(d(x’A)vd(va)) = Hd(AvB) U

Following [18,19] we call, for an L-metric space (X, d), a topological L-convergence
tower ¢ on CL(X) admissible [20] if ¢ : (X, c?) — (CL(X),¢) defined by ¢ (z) = {z}
is an embedding in L-TCTS. Clearly, we need that the one-point subsets {z} are
closed, i.e. that (X, d) is separated.

PROPOSITION 5.2. Let (X,d) be a separated and symmetric L-metric space. Then W
s admisstble.
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Proof. We first show that v : (X,cd) — (CL(X),c") is continuous. To this end,
we first note that from transitivity (LM2) we obtain d(z,y) < d(z,z) — d(z,y)
and d(y,x) < d(z,y) — d(z,z) for all z,y,z € X. Hence, by symmetry, we have
d(z,y) < dL(d(z,2),d(z,y)). Let now z € ¢ (F). Then, for all z € X, we have

a< \/ Adzy <\ A duldzz),dzy).

FeFyeF FeFyeF
Therefore also \/ /\ dr(d(z,z),8) = \/ /\ d (d(z,x),d(z,{y}) > a,
Hed(z,4(F)) BEH FeFyeFr

which means d(z,{z}) = d(z,7) € c.(d(z,9(F))) for all z € X, ie. ¥(z) = {2} €
Y (U(F)). B B

Next we show that ¥~' : (¥(X),cW|yx) — (X,c?) is continuous. Here,
CWW()Q denotes the subspace structure of ¢, i.e. the initial structure on 1 (X) =
{{z} : 2 € X} with respect to the inclustion mapping ¢ : ¥(X) — (CL(X),cW).
We have ¥(z) = {2} € ¢ lpx)(§) = c («(F)) if and only if for all z € X we
have d(z,z) = d(z,%(x)) € c(d(z,u(F))) = ¥ ((d(2,F))). This is equivalent to
Vres Niyrerdi(d(z,2),d(z,y)) = a for all 2 € X. Choosing z = z this en-
tails Vigey 1) Apers A0 (2, 5) = Vreg Apyer d@1) = a, ie. 671 ({z}) €
ca(®(3)). -

6. Neighbourhoods and uniformization

For a topological L-convergence tower space (X,¢), x € X and a € L we define the
a-neighbourhood filter of x by US® = Noce, ) F. We then have, by (LC2), x € co(F)

if and only if F > US>,

PROPOSITION 6.1. Let (X,¢€) be a topological L-convergence tower space. The system
U® = (US*)aer,zex then satisfies the following properties.

(U0) U+ = NF(X); (U2) Ug**? < w(UZ7, (Ug*)yex);
(U1) US> < [z]; (U3) USVA _ VaeA US® for ) # A C L.

Furthermore, a mapping f : X — X' between topological L-convergence tower

spaces (X, ¢), (X', ) is continuous if and only if for all x € X and all « € L we have
S < F(UE).

Proof. The properties follow easily from the properties of a topological L-convergence
tower space. We demonstrate only (U2). By (LC2), we have z € cg(U%?) and
y € co(U5?) for all y € X. Hence by (LC4), 2 € caup(r(USP, (US%)yex)) and
again (LC2) implies US**? < k(US?, (US)yex). U
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For Lawvere’s quantale a description of approach spaces by such systems of neigh-
bourhood filters was explicitely verified in [9].

If we have a system of filters U = (U%)aer zcx satisfying the properties (UO)
~ (U3), then we define a topological L-convergence tower cU by x € ¢J(F) if and only
it F > U¢.

Furthermore, it is not difficult to show that for a topological L-convergence tower

space (X,¢) we have ¢(U) = ¢ and for a pair (X,U) with (U0) — (U3) we have
U<” = U. Hence we can characterize topological L-convergence tower spaces by their
L-neighbourhood systems.

Let now (X, d) be an L-metric space. Flagg [6] defines, for 2 € X and e < T the
e-ball around z by Fé(x,¢) = {y € X : d(x,y) > €}. The collection {F?(z,¢): e <1 T}
is then a filter basis, provided that L is a value quantale. Similarly, we would need to
consider also the collections {F¢(z,€) : € < a} for a € L. Unfortunately, these are in
general not filter bases unless we require that €, <« implies €V § <. However, this
implication is not true in the important probabilistic case, L = (AT, <).

0 ifo<x<)d

e ifx>0 '

Then fs5. € A" and for n € AT we have n = \/{f5. <n} and fs. <7 if and only
r if0<zx<1
1 ifz>1
J1/2,174V f374,172 4 0. Else there would be f5e such that f1/51/4V f3/41/2 < fs.e<<n
and hence f1/21/2 < fs.e, but fi1/2.1/2 4.

EXAMPLE 6.2. Define f5.(x) = {

if € < n(d). Define now n(x) = . Then f1/21/4, f3/2,1/2 <, but

A way out is to replace the well-below relation <1 by the way-below relation [7],
a < B, if for all directed subsets D C L, 8 < \/ D there is 6 € D such that o < §.
This relation can be defined for any complete lattice and has similar properties as the
well-below relation but additionally satisfies € V § < « whenever €,§ < a. Moreover,
a < f implies a < 8. Hence, 8 =\/{a € L:a < p} for all 3 € L. A complete lattice
with the latter property is called continuous [7]. Hence, a completely distributive,
complete lattice is a continuous lattice.

PROPOSITION 6.3. Let the complete lattice L satisfy the property that o, B <1y implies
aV B forall o, € L. Then
(i) L, ={6 € L:§ <1~} is directed.

(ii) If v # L, then for all « € L we have a < v < a <7.
Proof. For (ii): o <y =/ L., implies o < § for some § <y and hence o <. 0

PROPOSITION 6.4. For a complete lattice L, the following are equivalent.
(i) a, B <1~y implies aV B <1~ for all v # L.

(i) a < <= a<p foralla,p €L, # L.
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Hence, we can define the a-neighbourhood filter of x, UL, as the filter with the
filter basis {B%(z,¢) : € < a} with the e-balls BY(z,¢) = {y € X : d(z,y) = €}.

PROPOSITION 6.5. Let (X,d) be an L-metric space. Then UL* = U??d’”‘

Proof. We have \/ p_yaa Ayer d(@,y) 2V 20 Nyenix,o 4@ y) = Vg, € = . Hence
z € ¢(U%*) and this implies U%® > US>, Conversely, for U € U%® there is € < a
such that B%(z,€) C U. Hence d(z,y) = € implies y € U. Let now = € ¢ (F). Then
Vrer Nyer d(,y) > o = €. As the set {A cpd(z,y) : I € F} is directed because F

is a filter, there is F'¢ € F such that /\yer d(z,y) > €, i.e. F* C B%x,€e) C U. Hence
U € Nyeear) F and we have Ude < U;,d . O

Of particular interest for us are initial constructions. The following result can be
shown in the classical way.

PROPOSITION 6.6. Let (f,» X — (Xi,g)) , and let € be the initial structure on X
ic

with respect to this source. We denote the a-neighbourhood filter on (X;,c) by Uil’l

and U is the a-neighbourhood filter on (X,¢). Then US = \/ it U’f:)(‘l)
i€l

We are now in the position to discuss the neighbourhoods for the Wijsman L-
convergence tower on C'L(X). To this end, we denote the e-balls in (L, d.) by B-(z,¢)
and the generated a-neighborhood filter by UL®. The a-neighbourhood filter of A €
CL(X) in (CL(X),c") is denoted by UXV’Q. From Proposition 6.6 we obtain, that,
for ' C X finite and € < «, the sets B = ﬂweF d(x,-)~Y(B(d(z, A),€)) are a basis for
U™, n fact, as finite intersection of d(z, -)~1(U) with U € [UL .4y alsoB € U and

for U € U'Y"™ there is a finite set F C X such that ¢/ D ﬂzeF ( x,)” (U(Ii‘(;‘ a)) with
U;(z a) € [Ud( 4y Hence, for all z € F' there is €; < o such that BY(d(z,A),e,) C
U;‘(:,A). With € = \/, .y €2 < o then also B-(d(z, A),€) C Ud( 4y and B is in fact
member of a basis of U}y

Now we note that B € B if and only if for all z € F we have d(z,B) €
BY(d(z, A),€), i.e. if and only if for all z € F, d (d(x, A),d(z, B)) = €. If the way-
below relation is multiplicative [7], i.e. if a, 8 = 7 implies a A 8 > ~, the latter is
equivalent to dp(A, B) = A\ cpdi(d(z, A),d(x, B)) = e. We collect all this in the
following theorem.

THEOREM 6.7. Let (X,d) be an L-metric space. Then a basis for the a-neighbourhood
filter Z/IKV’O‘ of A€ CL(X) in (CL(X),cV) is given by the sets

Brae={B € CL(X):d (d(z,A),d(xz,B)) > € for allz € F}, F C X finite ,e < a.
If the way-below relation is multiplicative then a basis is given by

Bra.={BeCL(X /\d._ d(xz,B)) = €}, F C X finite ,e < a.
zeF
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For @« = T we obtain a basis of the neighbourhood filter of A € CL(X) of the
topological coreflection of (CL(X),cV), (CL(X),TV) as
Bpae.={Be€CL(X):d(d(z,A),d(x,B)) = eforall z € F}, F C X finite ,e < T.

This again shows that for Lawvere’s quantale L = ([0, oc], >, +), the topological
coreflection of the Wijsman L-convergence tower is the classical Wijsman topology on
CL(X).

For an L-metric space (X, d), we define for a finite set F' C X and € < T the set

Br.={(A,B) € CL(X) x CL(X) : d.(d(z, A),d(z, B)) = € for all x € F}.
It is not difficult to show that for o € L the set B, = {Br. : € < o} is a filter basis

on CL(X) x CL(X) and we denote the generated filter by «">*. The following result
shows that the collection of these filters is an L-uniform tower [13].

PROPOSITION 6.8. Let (X,d) be an L-metric space. Then UW = (UY*)acr is an
L-uniform tower on CL(X), i.e. we have

(LUT2) U"> < (uUW>)=1;

(LUT8) UW-B <YW o Y8 ;

(LUT4) U"> <UWP whenever a < B;

(LUT5) U+ = ANF(CL(X) x CL(X));

(LUT6) UMV A <\ UV whenever ) # A C L.

Proof. We only show (LUT3) by proving that for ¢ < « * 8 there are 61 < o, d < 8
such that Br s, oBr s, C Bp.. First we note that the set D = {1 %02 : 61 < 0,02 < 5}
is directed, because (07 * d3) * (€1 * €2) < (61 V €1) * (02 V €9) for all 61,d2,€1,65 € L
and as 61 Ve < a and §y Veg < B if 41,61 < o and 6o, €5 < 3. Hence for e < a* 5 =
V{01%02 : 61 < a, 92 < B}, there are §; < a and Ja < S such that € < 1 x 3. Let now
(A,C) € Bps, ©Brgs,. Then there is B € CL(X) such that di (d(z, A),d(x, B)) >~ 61
and d (d(z, B),d(x,C)) > d; for all z € F. Thus d(d(x, A),d(x,C)) = §1 * I3 > €
and (A,C) € Bp. U

Note that "> is a uniformity on CL(X). Furthermore, it is clear that Br (A) =
{B € CL(X) : (A,B) € Br.} = Bra.. Hence, for any A € CL(X), UV*(A) =
UXV’D‘ is the a-neighbourhood filter in (CL(X),c"). In this sense, the L-Wijsman
convergence tower space (CL(X),c") is L-uniformizable, i.e. there is an L-uniform

tower that generates the L-convergence tower. Restricting to @« = T we obtain the
following result for the topological coreflection (CL(X),T"W).

PROPOSITION 6.9. Let (X,d) be an L-metric space. Then the topological coreflection
(CL(X), T") of (CL(X),cW) is uniformizable and, hence, is completely regular.

For Lawvere’s quantale this result specializes to the known result that the classical
Wijsman topology is completely regular, see [3].
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7. Compactness

The results of this section parallel those of [14, Section 8] and [18, Section 10.1],
however we need new methods in the proofs. Let (X, ¢) be a topological L-convergence
tower space. We define the index of compactness by
w(Xeoy= AV V o
UeU(X) zeX z€cq (U)

This definition originates from the corresponding definition for approach spaces [18].
We first motivate the concept.

PROPOSITION 7.1. Let (X, T) be a topological space. Then (X, T) is compact if and
only if xc((X,cT)) =T.

Proof. This is trivial, as 2 € ¢/ (U) if and only if U converges to = in (X, 7). O

PROPOSITION 7.2. Let (X,€) be a topological L-convergence tower space. If (X, T¢)
is compact, then x.(X,¢) =T.

Proof. Let U € U(X). By compactness of (X,7°), there is z € X with z € ¢1(U)
and hence V¢ x Ve, @@= T. We conclude Aycyx) Viex Vaceoay@=T- O

PROPOSITION 7.3. Let (X, d) be an L-metric space. Then

Ye((X, e1)) = \/{a € L:3F C X finite s.t. X = U Bi(z,a)}.
zeF

Proof. Let first € < x.((X,c%)). Then for all U € U(X) there is z € X and a > € such
that € ¢Z(U). From at>¢ we conclude a > ¢ and hence \/;; ¢y Nyev d@,y) > a =€
As U is a filter, the set {A\ o, d(z,y) : U € U} is directed. Thus, for all U € U(X)
there is 2 € X and U € U such that U C B(x,€) and we conclude for all U € U(X)
we have B%(x,¢) € U for some # € X. Assume now that for all finite subsets FF C X
we had X # |, B%(z,¢). For convenience, we denote the complement of an e-ball
around z by C(z,€) = (B%(x,€))°. Then B = {(,cr C(z,€) : F C X finite } is a filter
basis. Let U be an ultrafilter finer than the filter generated by this filter basis. As seen
above then B?(z,¢) € U for some x € X in contradiction to C(z,¢) € U. Therefore
there is a finite set ' C X such that X = |J, .z B%(z,€) and we conclude \/{o €
L:3F C X finite s.t. X = J,.p B%(2,a)} > e. This is true for all € <1 x.((X, c?))
and by complete distributivity then y.((X,c?)) < \/{a € L : 3F C X finite s.t. X =
UwEF Bd(x’ Oz)}

Let now € < \/{a € L : 3F C X finite s.t. X = |J,cp B%z,a)}. Then there is
o € L such that € < o and X = |J,p B, ) for some finite set FF C X. Let
U € U(X). As X € U, there is € F such that B(z,a) € U and, as ¢ < « also
B(z,€) € U. Also, for ¢ < ¢ we have B4(x, ¢') € U, from which we conclude U%¢ < U,
i.e. 2 € ¢?(U). As U was an arbitrary ultrafilter on X we obtain x.((X,c?)) > € and
again the complete distributivity of L leads to x.((X,c?)) > V{a € L : IF C
X finite s.t. X =, cr B4z, )} U
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For Lawvere’s quantale L = ([0,00], >,+4) we see that a metric space (X,d) is
totally bounded if and only if x.((X, cd)) 0. Hence, we will call an L-metric space
(X,d) totally bounded if x.((X,c?))=T.

THEOREM 7.4. Let < be multiplicative and let (X,d) be a separated and symmetric

L-metric space. Then xc((X,d)) = xe((CL(X), Ha)) = xc((CL(X),cV)).
Proof. We first show x.((CL(X), Hy)) < x((CL(X),c")). For B € CL(X) and an
ultrafilter U € U(CL(X)) we have

Vi{eeL:Beclswy=\/ A\ ) duld(= A),d, B))

Ueld Acl zeX

zeX UeU AcU

AV AV A dde4),dxB)

UEU(CL(X)) BECL(X) z€X UEU AU

/\ \/ \/ a = x((CL(X )’C )-

UEU(CL(X)) BECL(X) A€cW (U)

Next we show x.((CL(X),c")) < xe((X,d)). As (X,d) is separated, for z € X
the one-point sets {z} are in CL(X). Hence, for any function ¢ : X — L we have
Vecrx) Nuep #(@) = V,ex ¢(2). Let now U € U(X) be an ultrafilter on X. We
define By = {Yy : U € U} with Yy = {{z} : © € U}. As the sets Jy are non-empty
and Yy, N Vu, = Vu,nu,, Bu is a filter basis on CL(X). Let Uy be an ultrafilter on
CL(X) which is finer than the filter generated by By. We conclude

(X, W)= A V AV A dlde B),d, A)

UecU(CL(X)) BECL(X)zeX UcU AcU
< AV AV Adea,
UEU(CL(X)) BECL(X) x€X BUEU AU
as for x € B we have di (d(z, B),d(z, A)) = d.(T,d(z, A)) = d(z, A). Hence

(X, "<\ V A dx 4

zeX UeUy AeU
=V V A daiy) =V V A day.
zeX Vu:UeU {y}eYuy zeX UeUyeU

This is true for all U € U(X) and hence x.(X, ") < AV V A dz,y) =
UeU(X)zeX UeUyeU

IN

IN

Hence, Xc((CL(X), Hy))

Xe((X, d)).
The proof that x.((X,d)) < x.((CL(X), Hq)) follows along the same lines of the
corresponding part of the proof of [14, Theorem 8.5]. O

COROLLARY 7.5. Let < be multiplicative and let (X, d) be a separated and symmetric
L-metric space. Then (X,d) is totally bounded if and only if (CL(X), Hy) is totally
bounded.
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8. Some results on completeness

Let (X,¢) be a topological L-convergence tower space and let F € F(X). We call F a
Cauchy filter if \/ o x \/xe% me=T. As usual, this generalizes the corresponding
concept in the theory of approach spaces [18]. Furthermore, we call F convergent
to zg € X if g € c7(F). The space (X,¢) is called complete if every Cauchy filter
converges to some zo € X.

We first characterize Cauchy filters for an L-metric space, justifying the definition.

PROPOSITION 8.1. Let (X,d) be an L-metric space and let F € F(X). Then F is a
Cauchy filter in (X, c?) if and only if for all e<iT there is x € X such that B4(z,¢) € F.

Proof. Let first F be a Cauchy filter in (X, c?) and let e<<T. Then there is z € X and
a 1> € such that z € ¢Z(F), i.e. \/ pep Nyer d(@,y) > a > €. Thus there is z € X and
F € F such that for all y € F we have d(z,y)>e. The latter implies that F' C BY(z, ¢)
and consequently, B%(z,¢) € F.

Conversely, let € << T. Then there is # € X and F € F such that FF C B%(z,e€).
Hence, there is z € X and F' € F such that A pd(z,y) > e. We conclude
Vrer Nyerd(@,y) > € ie z € cA(F). Tt follows \/ . Vieea )@ = € and the
complete distributivity then yields that F is a Cauchy filter. 0

It is not difficult to show with this result that the definition of Cauchy filter in [5]
and our definition coincides for an L-metric space.

PROPOSITION 8.2. Let (X,d) be an L-metric space and let F € F(X).
If \ per /\x,yeF d(xz,y) = T, then F is a Cauchy filter in (X,c?). If L is a value
quantale and (X,d) is symmetric, then also the converse is true.

Proof. Let first \/pep A\, yep d(z,y) = T > €. Then there is F € F such that for all
x,y € F. we have d(z,y) > ¢, i.e. for all x € F, we have /\yeFE d(xz,y) > e. Hence
for all z € F, we have 2 € ¢?(F) and therefore \/,_y Vacecg(IF) a>e Ase< T was
arbitrary, the complete distributivity yields that F is a Cauchy filter.

Let now V, cx V,eeoqmy@ = T > e. Choose 6 < T such that 6 6 > €. Then
there is z. € X and a > § such that z. € c%(F), i.e. \/per Nyer d(Te,y) > a>46.
Thus there is Fs € F such that for all y € Fs we have d(x.,y) > J§. Let now
Y,z € Fs. Then d(x.,y) > ¢ and d(z,x.) = d(z.,2) > § and hence by (LM2) d(z,y) >
dxd>e. We conclude \/ g /\z,yeF d(z,y) > € and the complete distributivity implies

\/FG]F /\z,yEF d(Z, y) =T. O
This characterization is the definition of a Cauchy filter in [23,24].

PROPOSITION 8.3. Let (X,¢) be a topological L-convergence tower space. IfF € F(X)
is a Cauchy filter in the L-MET-coreflection (X,d°), then F is a Cauchy filter.

Proof. Let ¢ < T. Then there is x € X such that Bd?(x,e) € F. Hence, there is
F. € F such that for all y € F. we have \/{a € L : = € ¢o([y])} > €. As the set
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{a € L : x€cy(fy])} is directed by (LC3), we conclude that for each y € F, there
is ay = € such that = € cq,([y]) C cc([y]). We conclude that there is F. € F such
that for all y € Fe we have [y] > Uf and therefore F > [F] = A\ cp [y] > UE, ie.
z € c(F). Consequently, \/, cx V.. () @ = €. Taking the join over all e < T and
using the complete distributivity, the claim follows. U

In the sequel, we shall often assume that the topological L-convergence tower is
induced by an L-uniform tower U/ in the sense that for the neighbourhood filters we
have Uy = U*(z) = {U(z) : U e U*} with U(x) = {y € X : (x,y) € U}. We write
(X,o) = (X,ﬁ) in this case. Note that z € (F) if and only if F x [2] > U*. From
this we conclude that (X, j) is symmetric.

PROPOSITION 8.4. Let L be a value quantale and let (X,j) be a topological L-
convergence tower space, where M is induced by an L-uniform tower U. If F F(X)
is a Cauchy filter in (X, M), then it is a Cauchy filter in the uniform space (X,UT).

Proof. If Ve x Vixjzsue @ = T > €, we choose § < T such that € <6 «d. Then
there is z5 € X and as > 6 such that F x [zs] > U* > U°. Tt follows F x F =
(F x [z5]) o ([x5] x F) > U oU® > U > Ue. Hence F x F > yVisesTh =T 0O

PROPOSITION 8.5. Let (X, ¢€) be a topological L-convergence tower space. If x.(X,¢) =
T and (X,¢) is complete, then the topological coreflection (X, T¢) is compact.

Proof. Let U € U(X). As T = x.(X,¢), Uis a Cauchy filter and as (X, ¢) is complete,
zo € c1(U) for some zo € X, i.e. U converges to zg in (X, 7). g

We now note that for a filter F, convergence to = in (X, E) is equivalent to
r € H(F), i.e. to F > U (x). But the latter means that F convergens to x in
the topological space (X,7Y") induced by the uniform space (X,UT). Hence the

topological coreflection (X, 7<) is uniformizable by U .

PROPOSITION 8.6. Let L be a value quantale and let (X,ﬁ) be a topological L-

convergence tower space induced by the uniform tower U. If (X, Tcﬁ) 18 compact,
then (X, 1) is complete.

Proof. We have just seen that (X, 7'67) is compact and uniformizable by UT and

hence (X,U") is complete. Let now F be a Cauchy filter in (X, ). Then F is a
Cauchy filter in (X,U ") and hence there is z € X such that F > /" (z). This means

z € E(F) and (X, ) is complete. O

We collect all this in the following theorem.

THEOREM 8.7. Let L be a value quantale and (X, ?) be a topological L-convergence
tower space induced by the ﬂnform tower U. The following are equivalent.

(i) xe(X, ) =T and (X,H) is complete. (i) (X, T<) is compact.
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We now apply this theorem to quantale-valued Wijsman convergence.

COROLLARY 8.8. Let < be multiplicative and let (X, d) be a separated and symmetric
L-metric space. Then (CL(X), T is compact if and only if (X, d) is totally bounded
and (CL(X),cW) is complete.

Proof. (CL(X),cW) is L-uniformizable and x.((X,c?)) = xe((CL(X),cW)). O

We finally turn our attention to the completenes of the L-MET-coreflection.

PROPOSITION 8.9. Let L be a value quantale and let (X,ﬁ) € |L-TCTS| with an
L-uniform tower U. If (X, M) is complete then (X,d™) is complete.

Proof. Let F be a Cauchy filter in (X,d*). Then F is a Cauchy filter in (X, ) and
hence there is z9 € X such that F x [xo] > U". As F is a Cauchy filter (X, d) we

have \ pep As yer d™(x,y) = T. Let e < T. Then there is F € F such that for all
z,y € F we have \/mcu( y) @ &> €. Hence, there is F' € F such that for all z,y € F

there is @ > € such that x € H([y]) € H([y]). This means [y] x [z] > UC for all

€

z,y € F and hence F x [z] > [F] x [z] = A cply] X [z] > U for all 2z € F. We
conclude ([xg] x F) o (Fo[z]) = [zo] X [#] > U*T = U, i.e. xg € H([x]) for all x € F.

We conclude \/ Vrer Npcrd U( x) > € and the complete distributivity again yields

Veer Noer d d* (zg, ) = T. This is the same as z( € cTu(IF). O

COROLLARY 8.10. Let L be a value quantale and let (X, d) € |L-MET|. If (CL(X), W)
is complete then also (CL(X), Hg) is complete.

REMARK 8.11. For Lawvere’s quantale, we even have: (X, d) complete <= (CL(X), Hq)
complete <= (CL(X),c") complete, see [18]. If these equivalences remain true for
an arbitrary quantale is still an open question.
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