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A NEW COUPLED FIXED POINT THEOREM VIA SIMULATION
FUNCTION WITH APPLICATION

Antony Santhi, Subramanian Muralisankar and Ravi P. Agarwal

Abstract. In this paper, we prove a coupled fixed point theorem, using the concept of
simulation function, which generalizes the works of Bhaskar et al., Sintunavarat et al. and
Zlatanov. The validity of main results is verified through interesting examples. As sequel we
also prove that the theorem has a vital application in solving a system of nonlinear impulsive
fractional stochastic differential equations.

1. Introduction

The concept of simulation function and the notion of Z-contraction were introduced
by Khojasteh et al. [5] in 2015; Roldan Lopez de Hierro et al. [11] slightly modified
the definition of Khojasteh et al. and proved some fixed point theorems. Ran and
Reurings [10] introduced the concept of partially ordered metric space and proved an
analogue of Banach’s fixed point theorem. Bhaskar et al. [2] proved a coupled fixed
point theorem in a partially ordered metric space, using a mixed monotone property,
which was later extended by Sintunavarat et al. [15] in 2012. Later Sabetghadam
et al. [12] extended the theory of Bhaskar et al. in the context of partially ordered
cone metric space. The theory was further extended by Luong et al. [7] and Sedghi
et al. [14]

It is well known that ordinary differential equations and fractional stochastic differ-
ential equations play a significant role in constructing SIR epidemic models. Likewise,
a system of impulsive fractional stochastic differential equations has its indispensable
part, in constructing dynamic models, which are used in the treatment of cancer. In
recent past, wherever we cross a problem of solving a system of differential equations,
whatever the type it may be, the arrival of fixed point theorems is an unavoidable
one. Several fixed point theorems were proved to show the existence of a unique
solution for various types of systems of equations like ordinary differential equations,
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functional equations, matrix equations, fractional differential equations and impulsive
fractional differential equations (see [2,6,8,10,14,16,17]).

In Section 2, we give some basic definitions and results which are useful in sub-
sequent sections. In Section 3, we prove an interesting coupled fixed point theorem,
by framing a contractive condition, using the concept of simulation function; which
generalizes the works of Bhaskar et al., Sintunavarat et al. and Zlatanov. In what
follows, we justify our work by appropriate examples. In Section 4, we prove that
the theory developed in Section 3 has a significant application in solving a system of
impulsive fractional stochastic differential equations using coupled fixed points.

2. Preliminaries

Let X be a nonempty set equipped with a partial order. A function F from X2 to
X is said to satisfy mixed monotone property, if F/(z,y) is monotone non-decreasing
in z and monotone non-increasing in y. A point (z,y) € X? is said to be a coupled
fixed point of F' if F(z,y) = z and F(y,z) = y.

DEFINITION 2.1 ([11]). A function ( : [0,00)? — R is called a simulation function if
it satisfies the following conditions:

(€1) ¢(0,0) =0;
(€2) ((t,s) < s—tforallt,s>0;

(¢3) If {tn}, {sn} are sequences in (0, 00) such that lim, oo t;, = lim, o0 $n > 0 and
tn < Sp, then limsup,,_, . ((tn, s5) < 0.

REMARK 2.2. A simulation function need not be continuous. Indeed, let ¢ : [0,00)? —
R be a mapping defined as ((t,s) = 3(s—t) if s < ¢ and ((t,5) = -t if s > ¢, then
clearly  is a simulation function. Now by letting ¢ = 1, it follows that {(1,s) = 3(s—1)
if s <1and ¢(1,s) = §—11if s > 1. Thus ( is discontinuous at (1, 1).

Now let us see some theorems which are already known and described in the
literature. To avoid repeated use of symbols and terminologies, we fix the notations
to be used throughout the paper.

Let (X, =,d) be a complete partially ordered metric space and F be a function
from X? to X, that satisfies mixed monotone property. As stated in [2], we endow
the product space X? with the partial order: for (z,y), (u,v) € X2, “(u,v) < (z,y) if
x>uandy 0.

THEOREM 2.3 ([2]). Let F: X? — X be a mapping that satisfies
k
d (F(z,y), F(u,v)) < 5 (d(z,u) + d(y,v)) (1)

for some k € [0,1) and for all x = u,y = v. Suppose that F is continuous or X has
the following properties:
(i) If {z,} is a non-decreasing sequence with x,, — x, then x, < x for alln € N,
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(i) If {yn} is a non-increasing sequence with y, — y, then y, =y for alln € N.
If there exist xo,yo € X such that xg = F(x0,Y0), Yo = F(yo, o), then F has a coupled
fized point. If in addition for any two (z,y),(z,t) € X2, there exists (u,v) € X2,
which is comparable with (x,y) and (z,t), then the coupled fized point is unique.
THEOREM 2.4 ([15]). Let X and F be as in Theorem 2.3. Instead of (1) assume that
d(x,u) +d(y,v
where ¢ : [0,00) — [0,00) is an increasing function with 0 = ¢(0) < ¢(t) < t and
lim, 4+ ¢(r) < t for allt > 0. Then F has a coupled fized point. If in addition for

any two (x,y),(2,t) € X2, there exists (u,v) € X2, which is comparable with (z,y)
and (z,t), then the coupled fized point is unique.

) forallz = u, y <, (2)

THEOREM 2.5 ([18]). Let X and F be as in Theorem 2.3. Instead of (1) assume that
A(F (@), F(u,v)) < kd(w, u)+d(y, v) for all o = u, y < v, 3)
where k,1 € [0,1), k+1 < 1. Then F has a coupled fized point. If in addition every

pair of elements in X2 has a lower or an upper bound, then the coupled fixed point is
unique.

3. A theorem on coupled fixed point

In this section we prove a theorem on coupled fixed points using a new contractive
condition that involves a simulation function. Further we justify the significance of
the theory with suitable examples.

THEOREM 3.1. Assume one of the following
(CF1) F is continuous

(CF2) X has the following properties:
(i) If {xn} is a non-decreasing sequence with x, — x, then x, <z for alln € N,
(i1) If {yn} is a non-increasing sequence with y, — y, then y, =y for alln € N.
Let
C(d(F(x,y), F(u,v)), max{d(x,u),d(y,v)}) >0, forallx = u, y <w (4)
where ((t,s) is a simulation function such that ((t,s1) < ((t, s2) whenever t < s; <

s9. If there exists xg,yo € X such that o = F(zo,y0), Yo = F(yo, o), then F has a
coupled fized point.

Proof. Firstly, we wish to show the existence of two sequences {x,} and {y,} so
that limy, 0o d(Zn, Tna1) = liMy— 0o d(Yn, Ynt1) = 0. By using the mixed monotone
property of F', construct two sequences {z,} and {y,} such that x,+1 = F(xn,yn)
and yp+1 = F(Yn,n), where {x,} is increasing and {y,} is decreasing. By (4)
and (¢2) we get d(xy, Tnt1) < max{d(z,—1,%n), d(Yn—1,Yn)}-
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Suppose max{d(xn—1,2Zn), d(Yn—1,Yn)} = d(n—1,x,) except for finitely many n.
Then we have d(z,, ©p+1) < d(2n—1, 2y, ), which in turn implies that {d(z,, z,+1)} is a
monotonically decreasing sequence that converges to its glb (say) s. If s > 0, then we
have lim, 00 d(Zn, Tny1) = limy 00 d(y—1,2,) = s. Combining (¢3) and (4) it clear
to see that 0 < limsup,,_, ., ((d(n, Tnt1),d(Tn-1,2,)) < 0, which is not possible and
hence it follows that lim,, o d(zy, zp+1) = 0. Now since d(yn—1,Yn) < d(Tn—1,Zn),
we see that lim,, o0 d(Yn, Ynt1) = 0.

The proof is analogous if we let max{d(zn—1,Zn), d(Yn-1,Yn)} = d([Yn—1,yn) ex-
cept for finitely many n. Let 4 be an infinite collection of all ny € N for which
max{d(zn,—1,%n, ), d(Ynp—1:Yny )} = d(Zn, -1, %n,) and Z be an infinite collection of
all my € N for which max{d(Zm,—1,%m), d(Ymy—1,Yms)} = dYnp—1,Ym,). Then
it can be seen that the sequences {d(zn,—1,%n, )} and {d(zm,—1,Tm,)} are distinct
subsequences of d(z_1,T,). Let 1, = d(@n, —1,%n, ); then by (4), we have

Tn, = d(xnwxnkfl) <d(ynk717ynk72) < d(ynk727ynk73)
<< d(ynk—1+1’ynk71) < d(xnk—l ’ 'Tnk—l—l) =Tng_y-

Thus {r,,} is a decreasing subsequence which converges to its glb (say) I. If { > 0,
then lim,, oo 7, = liMy, 00 Tn,_, = [. Now since ((t,s1) < ((t, $2) whenever
t < s1 < sg, we have 0 < ((7n,, d(Yny—1,Yni—2)) < C(TnysTni_,)- On the other
hand, by (¢3), we obtain limsup,,, ., ((7n,,7n,_,) < 0, which is not possible and
therefore limy,, o0 d(%n,,, Tn,—1) = 0. Similarly, we prove lim,,, oo d(Tmy—1,Tm,) =
limy,, oo A(Ynp—1,Yny) = iy, 00 = A(Ymy—1, Ym,) = 0. Thus it follows that, in all
the cases discussed above, lim, o0 d(Zn, Tnt1) = limpy 0o d(Yn, Ynt1) = 0.

Secondly, we wish to show that {z,} and {y,} are Cauchy sequences. Suppose
exactly one of the sequence is not Cauchy, (say) {y,} is not Cauchy. Then there
exists € > 0 such that for p(n) > q(n) > n, d(Ypn), Yqm)) > € and d(Ypn)—1,Yq(n)) <
€. Then we have d(Yp(n):Yqn)) < d(Yp(n)>Ypn)—1) + € and hence it follows that
limy, s 00 d(Yp(n)s Ya(n)) = € a8 d(Yp(n), Yg(n)) = €. Since {z,,} is Cauchy, it can be seen
that

max{d(fvp(n)—la xq(n)—l)v d(yp(n)—h yq(n)—l)} = d(yp(n)—h yq(n)—l)
for all p(n) —1,q(n) —1 > N. Now by using (4) and (¢2) we have
d(yp(n)’ yq(n)) < d(yp(n)fla yq(n)fl)
< d(yp(n)v yp(n)—l) + d(yp(n)a yq(n)) + d(yq(n)v yq(n)—l)'
Now by letting n — co on both sides of the above inequality we get that,
limy, 00 d(Yp(n)—15 Yq(n)—1) = €. Combining (¢3) and (4) we have

0< 1imﬁsup C(d(yp(n)7 yq(n))a max{d(xp(n)—la zq(n)—l)v d(yp(n)—h yq(n)—l)}) <0, (5)

which is not possible and hence {y,} must be a Cauchy sequence as desired. The
other cases can be proved analogously.

Now suppose {z,, } and {y, } are not Cauchy sequences; then there exists € > 0 such
that for p(n) > Q(n) > My d(zp(n)amq(n)) 2 €, d(yp(n)ayq(n)) > € d(xp(n)—lqu(n)) <€
and d(Yp(n)—1,Yq(n)) < € Proceeding in a way similar to the above we can prove
that limy, e d(Zp(n)—1, Tgn)—1) = My o0 A(Yp(n)—1,Yqn)—1) = €. Hence it follows
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that, lim,, oo max{d(p(n)—1, Tqn)=1)s AYp(n)—1; Yq(n)—1)} = €. Thus we arrive at a
contradictions, by the argument similar to the one in (5) as desired. Thus {z,} and
{yn} converge to some z,y € X, respectively.

Now suppose (CF1) is true; it follows that

x = lim F(-'I;nflaynfl) = F(%y) and Yy = 7}1_{20F(yn—1,$n71) = F(y7x)

n—oo
This in turn implies that (x,y) is the required coupled fixed point of F'. Suppose (CF2)
is true. Then by our assumptions we have x,, =< x and y, > y for all n. Using the
contractive condition it follows that

0 < C(d(@n, F(2,y)), max{d(zn, z), d(yn,y)})
< liglﬁsolip ¢ (d(zp, F(z,y)), max{d(xn, z), d(Yn,y)})
< lim sup max{d(zn, z), d(yn,y)} — (s, F(z,y)) (by (¢2))

n—oo
S —d({IJ7 F($7y)>
But by (¢1) we have, d(x, F(z,y)) = 0 and hence F'(z,y) = x. Similarly, we can prove
F(y,z) =y. This completes the proof. 0

In the forthcoming theorem, in order to show the existence of a unique coupled
fixed point, we impose an additional condition to the hypotheses of Theorem 3.1.
Note that this additional condition is equivalent to the conditions stated in the works
of Bhaskar et al. [2, Theorem 2.4] and Berinde [1, Remark 3].

THEOREM 3.2. In addition to the assumptions in Theorem 8.1, if for any given (x,y)
and (z,t) in X2, there exists (u,v) € X? such that x,z = u and y,t < v, then F has
a unique coupled fized point.

Proof. By Theorem 3.1, F' has a coupled fixed point (z,y). We wish to show that
x = y. Suppose z and y are comparable; then by using (4), it is easy to see that
C(d(F(z,y), F(y,z)), max{d(x,y),d(z,y)}) > 0 and therefore {(d(z,y),d(z,y)) > 0.
Using (¢2) and (¢1) it follows that d(z,y) = 0 which implies = = y.

On the other hand, suppose x and y are not comparable. Then by our assumption
there exist z € X such that either =,y < z or z <X x,y. Without loss of generality,
z,y = z, then by mixed monotone property we have,

F(z,y) 2 F(z,y) and F(y,z) = F(y, 2),
F(y,z) = F(z,z) and F(z,y) = F(z,z2),
F(x,2) X F(z,2) and F(x,x) = F(z,2).
Thus it follows that
F'(z,2) 2 F*(z,y) 2 F"(2,y),
Fr(y,2) < F"(y,2) < F"(2,2),
F*(2,2z) 2 F*(w,2) 2 F"(z,2).
Now by applying the above discussed inequalities to (4), we get
((d(@n, F™ (2, 2)), max{d(zy—1, F" (2, 2)),d(yn—1, F" " (z,2))}) 20,  (6)

IS
<

)
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C(d(yn, F" (2, 2)), max{d(zn—1, F"* "} (2, 2)),d(yn—1, F" " (2,2))}) 20, (7)
C(d(F™(z,x), F™(x, 2)), max{d(F" " (z,z), F"!(z, 2)),
d(F" (z,2), F""1(2,2))}) 20, (8)
C(d(F™(z,x), F™(z,2)), max{d(F" (x,z), F"(z, 2)),
d(F" Yz, z), F"Y(2,2))}) > 0. (9)
Here, we claim that
lim F"(z,z) =2z and lim F"(z,z) =y. (10)

n— o0 n—00
Suppose that
max{d(xn—l, anl(x’ Z))a d(yn—la anl (Za x))} = d(xn—la anl(l,’ Z)) (11>
holds for all but finitely many n. Then by ((2), (¢3), (6) and (7) it follows that,
lim,, o0 d(xy, F™ (2, 2)) = 0 and therefore lim,,_,o, F"™(z, 2) = x. But by (11) we have,
d(yn—1, F" " 1(z,2)) < d(zy_1, F" (z,2)) and therefore lim,, oo d(yn, F"(z,7)) = 0,
which implies lim,, o, F"(z,z) = y, thus the claim holds in this case.

If max{d(z,_1, F" (2, 2)),d(yn_1, F" " (z,2))} = d(yn—1,F""1(2,2)) (except
for finitely many n), the proof is similar. Let € be an infinite collection of all n; € N
for which max{d(z,, —1, F™~1(z, 2)), d(yn,, -1, F* "1 (2,2))} = d(zp, —1, F"™* 1 (z, 2)),
and 2 be an infinite collection of all my € N for which max{d(xm, 1, F™ !(z, 2)),
d(Ymp—1, F™ 1 (z,2))} = d(Ymy—1, F™ (2, 2)). Then, it can be seen that the se-
quences {d(xy, , F™(z,z))} and {d(xm,, F"™* (x,2))} are nothing but distinct subse-
quences of d(z,, F"(x, z)). Now by using (6), (7), and (¢2) repeatedly, we have

(@, ™ (@, 2)) < d(@p—1, F™ 7@, 2)) < d(Yn,—2, F™ (2, 7))

<< d(d(ynkq*lv Fnkil_l(zvx))) < d(xnk—1ank71(xv Z))v
which implies {d(zn,, F™(x,z2))} is a decreasing sequence that converges to its glb
(say) s. Suppose s > 0, then lim,, o0 d(@n, , F™* (z, 2)) = limy oo d(Tn,_,, F™ 1 (2, 2))
= s, and since ((t,s1) < ((t, s2) whenever t < s; < s5, we have

0< C(d(xannk (33, Z)),d(l’nk 1 Fnkil(x Z)))

S C(d(xannk (xv Z))7 d(x'rlk 1’Fnk ! (J? Z)))

However, by (¢3), it follows that lim sup,,_, ., C(d(mnk,F" x,z)), d(mnk L Fe1(z, 2))
< 0, which is not possible. Therefore lim,, o0 d(Zy, , F™ (z,2)) =

Similarly, we prove that limy,, ,co d(Yn,, F™ (z,)) = limp,, o d(xmk S (2, 2))
= limy, 00 A(Ymy, ™ (2, 2)) = 0, which in turn implies lim,, oo d(zp, F™(2,2)) =0
and limy, o0 d(2y, F"(x,2)) = 0.

Now by using (8) and (9), instead of (6) and (7), it can be easily derived that
lim, oo F(z,2) = 2 = lim,,—, 00 F™(z, 2). By triangular inequality, we have d(z,y) <
d(z, F™"(z,2)) + d(F"(z,2), F"(2,2)) + d(F"(z,z),y), then by letting n — oo in the
above inequality we have d(z,y) = 0 and therefore 2z = y. Thus (z,z) is a coupled
fixed point of F.

Suppose (u,u) is another coupled fixed point such that  and u are comparable;
then by using (4), we have ((d(F(x,x), F(u,u)), max{d(z,u),d(x,u)}) > 0, which
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implies ¢(d(z,u),d(z,u)) > 0. Using (¢1) and ({2) it follows that d(x,u) = 0 and
hence = u. Suppose u, x are not comparable. Then by our assumption there exists
z € X such that either z,u < z or x,u = z. Without loss of generality, let z,u =< z;
by mixed monotone property we have,

F(z,z) 2 F(z,2) and F(z,u) = F(z, z),
F(u,z) 2 F(z,2) and F(z,z) = F(z, z),
F(x,z) X F(z,2) and F(x,z) = F(x,2),
F(u,u) < F(z,u) and F(u,u) = F(u,z).
Thus it follows that
F'"(x,2) R F"(2,2) =2 F"(z,u),
F"(u,z) X F™*(z,2) 2 F"(z,x),
F*(x,2) X F™"(z,z) X F"(z,x),
F"(u,z) < F”(u,u) j "(u, ).

C(d(F™(z,2), F™(2,u)), max{d(F" (x,2), F" ' (z,u)),

d(F" 1 (z,2), F" " (u, 2))}) 2 0, (12)
C(d(F™(z,2), F™(u, 2)), max{d(F" (x, 2), F" ' (z,u)),

d(F" Y (z,2), F" Y (u, 2))}) >0, (13)
Cld(F™(z, ), F"(x, 2)), max{d(F" ! (z,z), F"(z, 2)),

d(F"H(z,2), F""}(2,2))}) 2 0, (14)
Cd(F™(z,x), F"(z,z)), max{d(F" (z,z), F" " !(x, 2)),

d(F" Nz, x), F"" 1 (2,2))}) 2 0, (15)
C(d(F™(u,u), F™(u, 2)), max{d(F" " (u,u), F" ! (u, 2)),

d(F" Y (u,u), F"1(z,u))}) >0, (16)
C(d(F™(u,u), F"(z,u)), max{d(F"*(u,u), F" ! (u, 2)),

d(F™H(u,u), F"~ 1 (2,u))}) > 0. (17)

From (12) and (13), we get lim,, oo d(F"(x, ), F™(2z,u)) = 0. Using (14), (15), (16)
and (17), we can see that
lim F*(z,z) =2z and lim F"(x,z) =z lim F"(z,u) =wand lim F"(u,z)=u.

n—oo n—oo n—oo n—oo

By triangular inequality, we have d(u,z) < d(u, F"(z,u)) + d(F"(z,u), F"(x, 2)) +

d(F"(x,z),z), then by letting n — oo in the above inequality we have d(z, u) 0

and therefore © = u. Thus (z,x) is a unique coupled fixed point as desired. 0

COROLLARY 3.3. Let X and F be as in Theorem 3.2. Instead of (4) assume that
d(F(z,y), F(u,v)) < k(max{d(z,u),d(y,v)}) for all x = u, y < v, (18)

where k € [0,1). Then F has a unique coupled fized point.
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Proof. If we let ((t,s) = ks —t in Theorem 3.2, then we are done. 0

COROLLARY 3.4. Let X and F be as in Theorem 3.2. Instead of (4) assume that
d(F(z,y), F(u,v)) < ¢ (max{d(z,u),d(y,v)}) forallz=u, y2v,  (19)

where ¢ : [0,00) — [0,00) is a increasing function with 0 = ¢(0) < ¢(t) < t and
lim, 4+ ¢(r) < t for each t > 0. Then F has a unique coupled fized point.

Proof. If we let {(t,s) = ¢(s) —t in Theorem 3.2, then the proof follows. U

COROLLARY 3.5. Let (X, d) be a complete metric space and F : X* — X be a mapping
satisfying the contractive condition (4) or (18) or (19) for all z,y,u,v € X. Then F
has a unique coupled fized point.

Note that the additional condition stated in Theorem 3.2 is only a sufficient one.
That is, F may possess a unique coupled fixed point, even in the state where the
additional assumption fails. We prove our claim through the following example.

EXAMPLE 3.6. Let X = [0,1] be a space equipped with usual metric and let us define
a relation on X denoted by ‘=<’ as follows:

“¢ <y if there exists ¢ > 1 in R such that z = qy”.

Further, we write < y if there exists ¢ > 1 in R such that x = qy and write x = y
if for ¢ =1 it is = qy. We claim this defines a partial order. As the reflexivity and
antisymmetry of the relation follows trivially it ren=mais to show that the relation is
transitive. For if x < y and y =< z, then there exist q1,g> > 1 such that x = ¢,y and
Yy = @2z, which in turn implies z = ¢1(g22) = (q1g2)z as desired.

Here note that the condition: “for any given (z,y) and (z,t) in X2, there exists
(u,v) in X2 such that x,z = u and y,t < v” fails. For if we let (z,y) = (0,0) and
(2,t) = (1,1), then it is not possible to find a (u,v) in X? such that 0,1 = u and
1,0 < v.

Now, let F' : X2 — X be the continuous function defined by F(x,y) = 2573
and let ¢ be the simulation function defined by ((¢,s) = % — t. Then it is easy to
verify that both F and ( satisfy the hypothesis of Theorem 3.1 and (0, 0) is a coupled
fixed point of F. In Particular, (0,0) is the only coupled fixed point of F. For, if
there exists a coupled fixed point (x,y) # (0,0) of F, then the equations MW =z

and = y must possess a solution in [0, 1], which is not possible.

y
y+2x+2

Subsequently, we give some nontrivial examples to verify the validity of Theo-
rem 3.2. We start with an example in which both (CF1) and (CF2) are true, followed
by the one in which (CF1) fails.

EXAMPLE 3.7. Let X = [0, 1] with usual order and usual metric. Let F: X? — X

be a continuous function defined by F(z,y) = ﬁyﬂ and let { be a simulation
function defined by ((t,s) = ;35 —t. Then it is easy to verify that I and ( satisfy

the hypotheses of Theorem 3.2 and (0, 0) is the unique coupled fixed point of F'.
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ExaMPLE 3.8. Let X = [0, 1] be equipped with usual order and usual metric. Let
F: X% - X be a function defined by
fo<z<3 0<y<l1
Flz,y)=q2 2 .
1f§<x§1, 0<y<l1.
Here note that F' is not continuous at (%7 %) Let ¢ be a simulation function defined

by ((t,s) = 2 —t. Then it is easy to see that I and ¢ satisfy the hypothesis of
Theorem 3.2 and (0, 0) is the unique coupled fixed point of F'.

wlR N8

We skip the example, the one in which (CF2) fails, since Example 3.6 shows the
same. For in Example 3.6 if we let 2, = 1 for all n € N, then it is clear that {z,}
is an increasing sequence that converges to 0 and % # 0 for all n. Next we give some
remarks to assert that, the Corollaries 3.3 and 3.4 of Theorem 3.2 are generalizations
of the results in [2,15,18].

REMARK 3.9. 1. If F satisfies (1), then it satisfies (18). But the converse is not true.
For example, let k = $ and let F : [0,1]% — [0, 1] be a function defined by F(z,y) = £.
Then F satisfies (18). But by letting (x,y) = (1,0) and (u,v) = (0,0), it is easy to
see that there is no k € [0,1) such that (1) is true.

2. If F satisfies (2), then it satisfies (19). But the converse is not true. For example,
in Example 3.7 take ¢(s) = ;35. Then (19) holds. But if we let (z,y) = (1,0) and
(u,v) = (0,0), then (2) fails.

3. If F satisfies (3), then it satisfies (18). But the converse is not true. For ex-
ample, let k& = 0.98 and let F : [0,1]2 — [0,1] be a function defined by F(x,y) =
Sin2($+y)ffos@+y)+3. Then F' satisfies (18). It can be seen clearly that there exist no

k,l € (0,1) with k41 < 1 so that (3) is true.

4. Applications

In this section we prove the existence of unique solution for a system of impulsive frac-
tional stochastic differential equation with finite delay. First we give some definitions
and results which are already available in the literature.

DEFINITION 4.1 ([9]). The Caputo derivative of at least n-times differentiable function

t n
f:]0,00) = R is defined by “ D¢ f(t) = F(ain) ({ (tji(s))((,?fifn,n —-l<a<n.

LEMMA 4.2 ([4]). Let N(t) be a Poisson process with intensity A and f be continuous.
¢ ¢

Then E [ff(s)dN(s)} =M/ f(s)ds.
0 0

LEMMA 4.3. [4, Ité Isometry] Let W (t) be a Wiener process. Then

B| [ f(s)aW ()| = B [ [1£(5)|Pds.
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L0, F,{Fi 10, P H, ) = £%(Q,H) is a Banach space of all measurable, square
integrable, H-valued random variables with norm |[z(t)||%. = E|z(t,w)|, where
E(h) = [qh(w)dP. 2 = C([—a,0],£*(Q,H)) is a Banach space of all continuous
maps from [—a, 0] into .Z2(£2, H) which satisfy sup E||¢(t)||? < oo with norm ||¢||z =
SUPe(—d,0] E||¢(t)]|Z. To consider the impulsive effects in the system; consider a
Banach space &1 = BY([—a,T], £?(Q,H)) of all continuous functions from [—a,T]
to .£2%(Q, H), which are continuously differentiable on [0, 7] except for finite number
of points ¢; € (0,T),i=1,2,...,m, at which 2/(¢]") and 2/(¢; ) exist so that z/(t; ) =
a'(t;), such that [|z]ls, = supic(om Z;:O{Eﬂmj(t)nﬁ},x € ABr. Now consider the
following coupled system of impulsive fractional stochastic differential equations with
finite delay.

Dpa(t) =1 (1, 2(0), (0), Gl (D), 1)) + o0, 2(0),9(0), Galt), (1) ot
(20,900, G0,y ) T e (0,71, 141 (20)

CDPy(t) =t ylt), 2(0), Glylt), (1)) + o(t,y(2) 2(0), Gy (t) 2(1))) Tl
30,20, 60, 20) DDt e 0,1, 141 (21)
#(1) = (1) = 6(0), #'(8) = /(1) = ¥(0), 1 € [0,0], (22)

Alx(ts),y(ti)) = Li(x(t;),y(t), Al'(t),y' () = Qi(x(ty ), y(t;)),i=1,...,m.
where ©D denote Caputo derivative, o € (1,2), W (t) is a wiener process, N (t)
poisson process with intensity A, G* = sup;cjoy J$k(s)ds < 0o and G(xz(t),y(t

I3 k(s) (M) ds. In addition consider the following assumptions.
(A1) 2(0) = y(0) = ¢(0) and 2'(0) = y'(0) = ¥(0) on [~a,0].

(A2) Let ay,az, by, ba, 1, co be positive constants and let f, g, h : (0, T|xBxBxH — H
be nonlinear continuous functions.

E||f(t7 (bl? ¢2) m)_f(tawlaw27x)”]%ﬂ <a maX{||¢1—¢1||2@,7 H¢2—1/J2H2@,}+G2H$—y”]%1
Bllg(t, ¢1, ¢2,2)—g(t, b1, ¥, 2)|[f < by max{[lg1 1%, [|62—vall%, }+ballz—yllf

E|h(t, é1, ¢, @) =h(t, 1, v, 2)lliy < e max{llgr—vnllZ, . |62 —v2l| %, }eale—yli
for every z,y € H, t € (0,T] and ¢1, ¢2, 11,192 € B.

S

[~

)

(A3) Let Ij,Qy : H x H — H be continuous functions and there exist positive con-
stants L; and Lg such that

B|Ix(w,y) = Iu(u, ) |G < Ly max{E|lz — ullf, Elly — v}
E|Qx(x,y) — Qu(u,v) || < Lo max{El|z — ullf, Elly - vlf}-

THEOREM 4.4. Let

T2a * * 2 *
k= 5(mL; +mT?Lo) + 5 <a1 + asG N (b1 + b2G*) + A (c1 + G ))

(T'(a))? a? T(2a —1)
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If the system of impulsive fractional stochastic differential equations satisfies (A1), (A2),
(A3) and if k < 1, then the system has a unique solution.

Proof. We know that the solving of the system of impulsive fractional stochastic differ-
ential equations (20)—(22) is equivalent to the solving of following integral equations.
If t € (0,t4],

(t =)V f(s,2(s), y(s), Gla(s), y(s)))ds
= 5){Ng(s,x(s), y(s), Gla(s), y(s)))dW (s)

) Vh(s, a(s),y(s), G(z(s), y(s)))dN (s)

¢(0) + ¢ (0)t +

‘H 2
R
SO

~

8
—~
=

I

+

=

2

+

—

=
— O
—

~

|

V2l

Q

= 5) T f(s,y(5), 2(s), Gly(s), 2(s)))ds
(t =) Vg(s,y(s), 2(s), Gy(s), 2(s)))dW (s)

- 8)(a71)h(8, y(s)’ :L'(S)7 G(y57 :L’(s)))dN(S)

¢(0)

+
<

(0)t

_|_
—
Er—t
—
—~
~

<
—~
~
=
I
+
—
-
O —+O—~o

Q
—~~
~

+
8
S

+
E
M~3
=

¢(0) (2(t5),y(t5)) + Qs (2(t5), y(t5)) (¢ — 1))

.
—

~

)TV f (s, a(s),y(s), Gl (s), y(s)))ds
(t =) Vg(s,2(s),y(s), G(x(s), y(s)))dW ()

= 5)Vh(s, 2(s),y(s), G(x(s), y(s)))dN (s)

-+
g
Z
—~
~
I
w

_|_

=

\/H L
O+ O — O —

_|_
:
=
Z
—~
~

Q

M-~
=

¢(0)

+
<

(0)t + (), 2(85)) + Qi(y(t;), 2 (7)) (¢ — 1))

(t =)D f(s,9(5),2(s), G(y(s), 2(s)))ds

(t =) Vg(s,y(s), 2(s), G(y(s), (s)))dW (s)
=)@ Dh(s,y(s), 2(s), G(ys, 2(5)))dN (s).

Define a function F : 8% — % as follows.
For t € (0,11],

<
—

_|_
- <.
A‘H Il
Z

?]

_|_
—
E\H
O+ O — O —

-+
-
-
Z
<

80) + D0} + sy [0 = )= 15, 2(6),u(5), Gla(s),y(s))ds
Fla(t),y(t) = by (0= 9D 5,2(6),5(5), Gl (s), ()W ()
by [0 = 5)( D (s.2(), (), Gl (5), () )N )
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for t € (ti,ti+1],i: 1,2,...,m

7

$(0) +4(0)t + ;[Ij (@), y(t5)) + Qs (x(t; ), y(t; ) (¢ — ;)]

X 7y t = 0 S TS S a

+r Of(t — )@= Dn(s,2(s), y(s), G(x(s), y(s)))dN (s).

We have to prove that the above integral equations have unique solution. It is enough
to prove F has unique coupled fixed point. Let (z(t),y(t)) and (u(t),v(t)) be two
different elements in &; x B;. Let

E=E| g(f = 8)" T S (s,2(5), y(5), G(a(5),5(5))) — f(s,u(s), v(s), G(u(s), v(s)))]ds|[
Ex=E| Oj(t = 5)*g(s, 2(5),y(s), G(x(s), y(s))) = g(s,uls), v(s), G(u(s), v(s)]AW (s) %

Es=E| Oj(t = 5)* 7 (s, 2(s),y(5), G(2(s), y(5))) — h(s, u(s), v(s), G(u(s), v(s)))|dN (s)]*

A=E|L(2(t7),y(t7)) = Li(u(ty), o(t7) I

Bi=E|Qi(x(t; ), y(t;)) — Qi(u(ty ), v(t; DI, i=1,2...,m

M=max{[z(t) — u(®)||%,, [ly(t) = v(t)]%,}-

Suppose ¢ € (0,t1], then we have E|F(x(t),y(t)) — F(u(t),v(t))|F < W(El +
E5 + FE3). Now we have to calculate E,

Ey <E|| (fj(t = 8)" TN ds|PE|| f (s, 2(s), y(s), Gla(s), y(5)) — f(s,u(s), v(s), G(u(s), v(s))|*
S%{al max{||z(s) — u(s)[%, ly(s) — v(s)lI%} + a2l G(x(s), y(s)) — Gu(s), v(s))lliz}
S% {a1 max{sup Bllx(s) — u(s)|F, sup Elly(s) — v(s)ll}

+CL2|| gk(tv s).’E(S) — U(S) —2'_ y(S) — U(S) dS”]%I}

2c pre’

T
Sﬁ(alM “+2 G*M) = 7(a1 + GZG*)~

For calculating Fs, using Lemma 4.3 we have
By SEOf It =) g (s, 2(s), y(s), G(x(s), y(s))) — g(s,u(s), v(s), G(u(s), v(s)))]lfids

T2a—1M
<
T 2a-—1

(by + b2G™).
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For calculating Fs, using Lemma 4.2 we have
Ey §A2E0j 1t = )27 hs, 2(s), y(s), Gla(5), 4(s))) — h(s,uls), v(s), G(u(s), v(s)))][fids

<)\2 T2a71M
- 200 — 1

Thus we have
E||F(x(t),y(t)) — F(u(t), v(t))|1f <

Suppose t € (t1,ta].

(c1 + c2GY).

372\ a1 + asG* i (b1 + bQG*) + )\2(01 -+ CQG*)
T@P2 \ a2 T@a—1) :

BIFG0,(0) = Fl(t) o)l <5 +5BENE - )P + s (B + Bt Fo)
2 5T2 M a1 + asG* (b1 + bQG*) + )\2(01 + CQG*)
S+ Lo + e (5 + )

Suppose t € (tm, tm+1]-

BIIF (1), y(6)~F(u(t), o(0) |3 < 5BS" Art5E S BiB[t—til ot o By Fo-t B)

=1 1=0 <F(a))2
572 )\ a1+asG* (b1+b2G*)+)\2(01+CQG*)
< 2 )
< S(mLrtmT Lo) M+ mrwss ( o2 T(2a-1)

Thus we get || F'(z(t), y(t))—F(u(t), v(t))l|Z, < kmax{||z(t)—u(t)l|Z, ly(t)—v(t)]Z,},
for all x(t), y(t), u(t) and v(t) € By, where

512 a1 + asG* (bl + bQG*) + )\2(01 + CQG*) 1
E ( a2 T(a—1) ) =
By Corollary 3.5 with contractive condition (18), F' has a unique coupled fixed point
in #r. Thus the given system of impulsive fractional stochastic differential equation
has a unique solution. O

k=5(mL; +mT?*Lg) +
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