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HARNACK ESTIMATES FOR THE POROUS MEDIUM EQUATION
WITH POTENTIAL UNDER GEOMETRIC FLOW

Shahroud Azami

Abstract. Let (M, g(t)), t € [0,T) be a closed Riemannian n-manifold whose Rieman-
nian metric g(t) evolves by the geometric flow 2 g;; = —2S,;, where S;;(t) is a symmetric
two-tensor on (M, g(t)). We discuss differential Harnack estimates for positive solution to
the porous medium equation with potential, g—‘t‘ = AuP + Su, where S = ¢/ S;; is the trace
of S;j, on time-dependent Riemannian metric evolving by the above geometric flow.

1. Introduction

There are many results about the Harnack estimates for parabolic equations. The
study of differential Harnack estimates and applications for parabolic equation origi-
nated in the famous paper [11] of Li and Yau, in which they discovered the celebrated
differential Harnack estimate for any positive solution to the heat equation with po-
tential on Riemannian manifolds with a fixed Riemannian metric. Afterwards, this
method played an important role in the study of geometric flows, for instance, Hamil-
ton proved Harnack inequalities for the Ricci flow on Riemannian manifolds with
weakly positive curvature operator [7] and mean curvature flow [8], see also [3, 5].
Also, many authors have obtained recently a differential Harnack estimate for solu-
tions of the parabolic equation on Riemannian manifold along the geometric flow, for
instance, Fang in [6] proved differential Harnack estimates for backward heat equation
with potentials under an extended Ricci flow and Ishida in [10] studied differential
Harnack estimates for heat equation with potentials along the geometric flow.

Let M be a closed Riemannian manifold with a one parameter family of Rieman-
nian metric ¢g(t) evolving by the geometric flow

%gij(%t) = —25;;(z,1) (1)
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16 The porous medium equation with potential under geometric flow

where 5;; is a general time-dependent symmetric two-tensor on (M, g(t)). For exam-
ple, (1) becomes Ricci flow whenever S;; = R;; is the Ricci tensor, where it introduced
by Hamilton [9].
In [4], Cao and Zhu obtained Aronson-Bénilan estimates for the porous medium

equation (PME) with potential

% = AuP + Ru (2)
along the Ricci flow, where R is the scalar curvature of M. Differential equation (2) is
a nonlinear parabolic equation and has applications in mathematics and physics. For
p > 1 differential equations PME describe physical processes of gas through porous
medium, heat radiation in plasmas [15]. Motivated by the above works, in this paper,
we consider equation of type (2) with a linear forcing term

% = AuP + Su (3)
under the geometric flow (1), where S = g% S;;, A is the Laplace operator with respect
to the evolving metric g(t) of the geometric flow (1) and prove differential Harnack
estimates for positive solutions to (3). Notice also that for any smooth solution u
of (3) we have

0 ou adu ou
—_— = —_ _— = —_— = = A p = U.
at(/ wdp) ot dp+u 5 /M(at Su) dp / uPdu =0

For p = 1, (3) is simply the equation %1; = Au + Su, for which differential Harnack

estimates for positive solution have been studied in [10]. Suppose that u is a positive
solution of (3) and v = %ul’*l. Then we can rewrite (3) as follows

ov

5= (p— D)vAv + |[Vv]? + (p — 1)Sw. (4)
To state the main results of the current article, analogous to definition from Miiller [13]
we introduce evolving tensor quantities associated with the tensor S;;.

o)

DEFINITION 1.1. Let g(t) be a solution of the geometric flow (1) and let X = X'52 €

X (M) be a vector field on (M, g(t)). We define

I(S,X) =(RY — SY)X;X;,  H(S,X) :%f % -2V, SX" + 25V X, X,
D(S) :%‘f — AS —2|S;|*,  E(S,X) =D(S) +2Z(S, X) +2(2V"'S;; — V,;9)X7.

2. Main results

The main results of this paper are the following.

THEOREM 2.1. Let g(t), t € [0,T) be a solution to the geometric flow (1) on a
complete Riemannian n-manifold M satisfying
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for all vector fields X and each time t € [0,T). Suppose u is a smooth positive solution
to equation (3) withp > 1 andv = Z%up’l. Then for any d € [2,00), on the geodesic
ball Q, T, we have

Vo2 v, S d 2n(p —1) | E1vmax
D L A Es), 5
v v t_l—i—n(p—l)( p? ) (5)

where B, = (p2n+%\/k1p+%)cl(p—1), Ey, = \/E(k2+k3)2+1 and ¢y, ca are absolute
positive constants.

When p — oo, we can get the gradient estimates for the nonlinear parabolic
equation (3).

COROLLARY 2.2. Let g(t), t € [0,T) be a solution to the geometric flow (1) on a
complete Riemannian n-manifold M satisfying

E(S7X) Zov H(SaX) 207 RZCZ —(’I’L—l)kl, —kQQSSi;j §k3g7 S207
for all vector fields X and each timet € [0,T). Suppose u is a bounded smooth positive
solution to equation (3) with p > 1 and v = p’%lup_l. Then for any d € [2,00), we
have

2 —
v v v t~ 14+n(p-1)

where By = \/C3(ka + k3)? + 1 and cy is absolute positive constant.
As an application, we get the following Harnack inequality for v.

THEOREM 2.3. With the same assumption as in Corollary 2.2, if d > 2, then for
any points (z1,t1) and (x2,t2) on M x [0,T) with 0 < t1 < ta we have the following

estimate
to, a r n(p—1)

) < to) (=) 2

v(z1, ) < (s, 2)(7&1) xp g, — + T+np—1)
where Fy is the constants in Corollary 2.2 and I’ = inf, f:f(S + |%|2) dt with the
infimum taking over all smooth curves y(t) in M, t € [t1,t2], so that y(t1) = 21 and

Y(t2) = xo.

E)(ta — t1)), (7)

Our results in this article are similar to those of Cao and Zhu [4] in the case
Sij = Rij.

3. Examples

3.1 Static Riemannian manifold

In this case we have S;; = 0 and S = 0. Then D =0, H(S,X) =0 and Z(S5, X) =
RIX; X ;- Thus the assumption in Theorems 2.1, 2.3 and Corollary 2.2 can be replaced
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3.2 The Ricci flow

The Ricci flow was defined for the first time by Hamilton as follows
0
279 = —2R;;.
In this case we get S;; = R;; and S = R the scalar curvature. Along the Ricci flow

we have

OR 9 ;

i AR+ 2|Ric|*, 2V'R; —V,R=0.
Therefore, Z(S,X) = 0, D(S) = 0, £(5,X) =0, H(S,X) = 28 + & _ 2V, RX" +
2R X; X;.

Notice that for any vector field X = X 8% on M, if ¢(t) is a complete solution
to the Ricci flow with bounded curvature and nonnegative curvature operator then
from [7] we have H(S,X) > 0, that is ¢g(¢) has weakly positive curvature operator.
Hence, the assumption in Theorems 2.1, 2.3 and Corollary 2.2 hold.

3.3 List’s extended Ricci flow

Extended Ricci flow was defined by List in [12] as follows
%gij = —2R;; +4V, [V, [,
ar =Af (9(0), 1(0)) = (g0, fo),
where f : M — R is a smooth function. In this case, S;; = R;; — 2V,;fV;f and
S =R —2|Vf|%. Along the extended Ricci flow we have
oS -
5= AS + 2| Ric|* + 4|Af)?, 2V'Sy — VIS +4AfV,f =0.
Therefore, we obtain Z(S,X) = 2(Vx f)* > 0, D(S) = 4|Af[?, £(S, X) = 4|Af —
Vxfl?>0.

3.4 Miiller coupled with harmonic map flow

Let (N,h) be a fixed Riemannian manifold. The harmonic-Ricci flow on M was
introduced by Miiller in [14] as follows

29ij = —2Rij + 2a(t)VifV; f,

o =7ol. (90).£(0) = (90, fo)
where 7,f is the tension field of the map f : M — N with respect to the metric
g(t) and «(t) is a positive non-increasing real function with respect to ¢. In this case,
Sij = Rij —a(t)V;fV,f and S = R — a(t)|V f|?. Along this flow we have
oS da(t -
5 = AS +2|Ricl? + 2a(t)|r, 1* - (%)\WF, 2V Sy — VS + 2a(t)7, fV.f = 0.
Therefore, we obtain

I(8,X) = at)V' [V fX;X; = a(t)(Vx f)* 2 0,
da(t)

D(S) = 20(t)|mef1* — (5, 2V SP,
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Oa(t
and £(5.) = 20)fry 1 - Vs~ (220 g2

Thus, £(S5,X) > 0 holds if «(t) > 0 ia a non-increasing function. Notice that,
to the best our knowledge, it is still unknown whether H(S,X) > 0 is preserved
under harmonic-Ricci flow in particular case of extended Ricci flow under suitable
assumptions.

4. Proofs of the results

In this section, we suppose that « is a smooth positive solution to the equation (3)
and v = ﬁup’l. In order to prove the main results, we need the following lemmas
and proposition.

LEMMA 4.1. Let (M, g(t)) be a complete solution to the geometric flow (1) in some
time interval [0,T]. Suppose that v is a positive solution of (4),

0
=——(p—1)vA
L= (1o (5)
2
and PV e gy S
v vt
Vol? S d
:—b(p—1)Av+(1—b)%—b(p—l)S—i—(l—b)Z—;. (9)
Then for any constants b, d we have
1 _ iy
L(F) =2pV;FV,v — [bT +p—1] (%—f — 2V, 8V + QS”Viijv)
ij ij 2 be 2, (0—2) 2
—2(p—1)(RY — 8)V,vV,v —2(p— 1)|V 'U+§S7;j| + 5 (p — 1)|S;;]
1, 201-b)S 2d
+(P—1)(1—b)D(S)—gF —[p-1)5 - A E]F
(1—1b)% 52 |Vol|? 1—b|Vo* 2 S
_ Y o4(1— -z 1=
p o TS T A L
1-bdS d ;
2— ——Z 4 — —b(p—1)(2ViSy — f. 1
+ b %o + o b(p )( V'Su — ViS) Vv ( O)
Proof. First of all, we have the following evolution equations, under the flow (1),
&(Av) =25V;Vju+ A(v) — g Ja(Ffj)Vkv (11)
%W\Q =25V, vV v + 2V, Vv (12)
gij%rfj =—gM(@2V'Sy - V.9). (13)
Then from (4), (11) and (13) we get

0

57 (A) =25V, Vv + (p — 1)vA%v + (p — 1)(Av)? + 2(p — 1)V (Av) Vi
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+ A|Vo? + (p — 1)A(Sv) + (2V'Sy — V1S) V. (14)
Using the Bochner-Weitzebnbock formula 3 A|Vv[? = V;(Av)Viv+|V2v[2+RY V0V v,
we obtain
L(Av) =2pV,;(Av)Viv + 289V, Vv + (p — 1)(Av)? + 2|V?0|* + 2R V0V ju
+ (p— DWAS +2(p — 1)V;:8V0 + (p — 1)SAv + (2ViSy — V,S)Viw (15)
On the other hand, again (4) and (12) imply that
L(|Vv]?) =25V, uV v+ 2(p — 1)| Vo> Av + 2V, |Vv|* Vo + 2(p — 1)vV; SV
+2(p —1)S|Vv|? = 2(p — 1)v|V*0|* = 2(p — 1)vRY V0V jv. (16)
It follows that

2 2
(¥ Vol

L(v) +2(p = DVi(

9
Wi + ;S”VZ-UV v+2(p—1)

v v|2

)V

2 4
VP 5, 4 19

_1 2y _ Vol
) =—L(Vo) - =5

2
:2pV¢(|VU|
v

+2(p— 1)ViSVv+ (p— 1)—8 —2(p — 1)|V?0|?
—2(p— 1)RYV,vV 0. (17)

Also, we obtain

2 2

From (9), (15), (17) and (18) we get
[Vol? s
v

L(F) =1 = b)L( ) = b(p = 1)L(Av) = b(p — 1L(S) + (1 = b)L(—) — L(

v

|

=2pV,;FVv + T(@ 2V, SVv +289V,0V,0) — 2(p — 1)|V2v]?

ot
- )(b% + (1= b)AS — 2V,SV'0 + 2R7V,0V0)

2
—2b(p — 1)Sijvivjv —b(p—1)2(Av)2 +2(1 —b)(p—1) |V;| A
2 4
[Vol” ¢ ng
v v

—b(p—1)2SAv+ (1 -b)(p—1)

[Vol?

+(1-0)
2

- (1 —b)(p — 1)i —b(p —1)(2V'S; — V;8)Viv + t%

Since AS = 22 —2|S;;|> — D(S) and

—blp— 1)2(Av)2 +2(1-0)(p—1)
IWI4

2
EAU —b(p—1)2SAv

s a-ne-ns

+(1—b)(p—1)|V of? S+ (1—b)

Vo2 - §_§2
— —bp- DS+ (1-b)> 2

+(1-b)

- 2( F(1-p)s
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1—b|Vo|? |Vol? S
-2 F 1 1 1—-0)—
P (F—(1-b) ot -1S-(1-b)—+ -)
Vol? S d
+(@-1)S(F-(1 b)| ;" +b(p—1)S—(1—b) )
v Vol* v 52
+-bp- 1) ;" S+ (1 b>‘vg' (1—b)| ”‘ CEDICESIES
1., 2(1-b)5  2d (1—b)252 \vu|2
===l -1 ——F—~ bt]F ; +(1-b) S
1—b|Vol*  d2 S —bdS
+ b v?2 _btj_d(p_l) +2 b to
we have
b, 88 ; i
L(F) =2pV; FVU—{—T(E 2V, 5V + 289V, vV ;v)

a5 : ’
= (= 1)(5; —2ViSV'o + 2R7VwV;0) +2(p = 1)(1 - b)|S; [

. 1
+(p—1)(1 = b)D(S) —2(p — 1)|V*0|* — 2b(p — 1)SV,; Vv — gF2
\Vv|2 1—b|Vol
+

2(1-b)S 2d (1-b)8%
L e V2 e b o2
d? S 1-bdS d i .
e d(p — 1)? + ZTEE ta -~ b(p —1)(2V'Sy — ViS)V'o
The equation (10) follows directly from here. O

DEFINITION 4.2. Suppose that g(t) evolves by (1). Let S be the trace of S;; and
X=X 8‘21 be a vector field on M. We define

& (S, X) = (b—1)D(S) + 2Z(S, X) + b(2V'S,; — V;5) X7

where b is a constant.

PROPOSITION 4.3. Let g(t), t € [0,T) be a solution to the geometric flow (1) on a
closed Riemannian n-manifold M satisfying
&(S,X) >0, H(S,X)>0, Ric>—(n—1)ki, —kog<5; <ksg, S>0,
for all vector fields X and each timet € [0,T). Suppose u is a smooth positive solution
to the equation (3) withp > 1 and v = %upfl. Then for any b € [2,00) and d > b,
on the geodesic ball Q, v, we have
Vo2 S d E1vmax

—b——0b-1)—— - <ba
v v ( )v t ( P>

n(p— 2 2
where o = AU, By = (2 + Y52 + Dealp — 1), By = vealka + k)® +
2(bb—2) (ko +k3) + 1 and Eg = n(ky + k3)(b — 2)\/@'

Proof. Let x,29 € M and d(z, xo,t) be the geodesic distance x from xy with respect
to the metric g(¢). Choose a smooth cut-off function (s) defined on [0, +00) with
Y(s) =1for 0 < s <1, 4(s) =0for 1 <sandp(s)>0for 3 <s <1 such that

+E5) +E67 (19)




22 The porous medium equation with potential under geometric flow

fclw% < ¢'(s) <0and —cy < 9" (s) < ¢y for some absolute constants ¢y, co > 0. For
any fixed point g € M and any positive number p > 0, we define ¢(z,t) = w(r%’t))
on Q, 1 = B(zo,2p) x [0,T7) C M x [0,+00), where B(xo,2p) is the ball of radius
2p > 0 centered at xzg and r(x,t) = d(z,zo,t). Using an argument of Calabi [2],
since 1(s) is in general Lipschitz we can assume everywhere smoothness of ¢(z,t)
with support in Q, 7. By the Laplacian comparison theorem in [1], the Laplacian of
the distance function satisfies Ar(z,t) < (n — 1)+/|k1| coth(2+/|k1|p), for all z € M,
d(z,zo) < 2p. From the definition of ¢, a direct calculation shows that

VP _ WPV _ e

¢ dpp? T p¥ and
W Ar |V c1 c1 c1/ | k1| ¢
AP = > ——(n— 1Dk th(2+/ |k - > — - —.

On the other hand, along the geometric flow (1), for a fixed smooth path v : [a,b] — M

whose length at time ¢ is given by d(vy) = f;} |7'(5)|g(t) ds, where s is the arc length
along the path, we have

ad('y) o b / -1
5 —/a 17 (8) ] g4y (X, X) ds,

where X is the unit tangent vector to the path v. —kog < Si; < ksg results that
— (k2 + k3)g < Sij < (k2 + k3)g, hence sup,, |Si;|* < n(k2 + k3)?. Now, we get
oo W' or 9
—=——=— [ 5;(X,X)ds < ko + k3)~.
5 = 3551 = 3 ] Sa¥X)ds < VEalks + by

Suppose that t¢F achieves its positive maximum value at (vg,tp). Then at (zq,tg),
we have V(t¢F)(zg,to) = 0, %(WF)(xo,to) >0, L(tdF)(xg,t9) > 0. Suppose that

y:@Jr%,Q:tqby,z:%+%+b%,E:thZ,thenF:ysz,tqu:gjfbiand
from Lemma 4.1 we get

L(F) =2pViFViv — [b%}l +p—1] (%f — 2ViSV'0 4 259V 0V jv)
—~2p— (R — 9V 0 —20p — DIV + 05
+ (b _22)2 (p—1)|Si> + (p— 1)(1 = b)D(S) — %FQ
—[p-1)S - 2(1b_b)§ -~ %]F— b; L (- 1)b(b_2)y§
- 1%22 —d(p— 1)? + 2%%% + % —b(p —1)(2V'S;y — V,8)V'w.

Therefore,
toL(tdF) =tp*F + t*¢pp F + t2¢* L(F) — (p — 1)t?pvFA¢ — 2t*(p — 1)pvV,;¢V'F
=(§ — bZ) + 1 (§ — bZ) — (p — DtAS(G — bZ) — 2t°(p — 1)pvVipV'F

[bfl

+ 2pt2p>V; FV 0 — t2 ¢ ——tp- 1H(S, Vo) — 2(p — 1)t2¢*| V0
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b b—2)2 1
25,2+ O gty - b2
2008 2d,.5 .. b—1_, (Gb-=1)0b=2) 5_
[(p—1)S o Tt e Y 3 to=7

1—
—d(p— 1tp*S + 2det¢>2§ —12¢%(p — 1)&(S, Vv)
v

d b—1
-5 (d- b)p? +t¢2(T +p—1)8S.
On the other hand, we have

Ja
p

t2¢°VFV'v = —t2¢FV;¢V'iv < t20F|V,0||Viv| < 7 (tov)? (§ — bZ),

C1\/k1 C1 ~ -
C1

—2(p — Dt2voV,;¢pV'F = 2(p — 1)t2v|Vo|*F < 2(p — 1)t0vp—2(jj — bZ),

2(17 - 1)75%(752 b 2

= (p = DtgvAd(y — b2) < (p — Dtov(

and —2(p — Dt2* |V + gsij|2 < —

2B  F b1 |Vv\2+b—2 Cb-1 8\’
B n bp—1) blp—1) w 2 bp—1)v

2
_ 2(gj—bé—l—(b—l)g—b(b_Q)(p—l)tquS) .

C Pn(p—1)
Thus 0 Sto(bﬁ(tong)

avhi e
2p 4p?

<(§ — b2) + toy/ca(ka + k3)*(§ — b2) + (p — Dtov( )G —bZ)

C
ro(p— 1)tov%(§ —b3) + zp\/;1

7% (tov) # (§ — b3)

=y (1794 0= 0= 72 - oo
 o)2
B e

Notice that (r + s)? > r2 + 2rs results in

2
—bgn(jl)(g—bz+<b—1)g—b(b;2)<p—1>t0¢5)
2, Ab—1) . 20-2) o
g—m(y—bz)2—my(y—bz)+ o todS (g — bZ).

Hence

0 <(§ — b2) + to/z(ka + k3)2(§ — b2) + (p — tov(S
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+2p = Diov 55 - 09) + 2L (to0) (5 02) — (5 - 09"

Ab=1) 2= o (b—2)? .
Py = 1)y(y bZ) + ——t0dS(y — b2) + ———(p — 1)t5¢"3
~ s 4(b — 1) ~ \/a~l 1 Cl\/E C1 c1
<(7 — [ S = 2 _
<09 |~y + 2V o)+ (O 4 4 25— Dt
o 2, 2(00—-2)
+ (7 — b2) |toy/ca(ka + k3)” + 5 to(ke + k3) +1
(b—2)? 1. .
Tt (p — Dtgn®(k + k3)® — @(9—52)2,
where a = %. For a > 0, the inequality —ax? + bz < % implies that
4b—1) e 1, 1 bpPng
—_— 2 : <———(p—1 .
Ty A g2 (tov)? < 4(bfl)pg(r? Jtov
Therefore,

L b%p’ncy vk 9
< — i —
0 ( bZ) |:< (b 1) 3 + —|—2 > (p l)to’U—FtO\/CQ(kQ—Fk‘g)

2(b—2)
b
If 0 < —az? + bz + ¢ for a,b,c > 0, thenx<§+\/§. Hence

)2
g 22) (b~ DEn?(hs + ka)? — (7~ b2

+ ba

to(ka + k3) + 1} +

L b2 p?ncy vkl o i
_ < 1 c B |
y— bz <ba [(4(1)— 1)p? 2 + 4,02 +2p2> (p — Dtov + toy/ca(ka + k3)
2(b—2 b(p =1
= b )f0<k2+k3)+1} + ton(ks + ks) (b — 2) (Pf)a.

If d(z,z9,7) < p, then ¢(x,7) = 1. Since (zo,tg) is the maximum point for t¢F in
Q, 1, we have 7F(x,7) = (7¢F)(z,7) < (to¢F)(xo,t0), for all € M, such that
d(x,x0,7) < pand 7 € [0,T] is arbitrary Then we have

b2p*ne; vk 2
< — —
F <ba [(4(() 1) % Ly 4 2 +2—= > (p— v+ /ea(ka + k3)

L20-2) <k2+k3>+1] (ks + k) (b — 21/ A2 D2 O

b 2

Proof of Theorem 2.1. In Proposition 4.3, suppose that b = 2. Then inequal-
ity (5) follows from (19).

Proof of Corollary 2.2. If u is bounded on M x [0, T, then assume that p — oo.
Then the inequality of Theorem 2.1 yields (6).

Proof of Theorem 2.3. For any curve ~(t), t € [t1,t2], from (1) = 21 to
v(t2) = z2, we have

v(z2,t2) t2 ¢ /t2 vy Voudy
log ¥2t2) _ 7 @ dt= | L4 X0 gy
o8 v(xy, 1) ¢ dt og v(7(1), 1) PR + v dt
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[Volf _ 11dy2
2 21 dt :

From the inequality xy > —x—; — y; for any x,y, it follows VU.Z—Z > —
Hence,
t b2 Vo2 1 d
log U72:12) 2/ G S T
’U(,T1, tl) t
Corollary 2.2 implies that
t t2 -1 S d 1 d
gv(xz, 2)2/ (- n(p—1) B, Y2
v(z1,t1) t 1+np-1) Q0min 2t 2Umin

B n(p—1) ta g 1 t2 dry
fmeQ(tgftl)f(—) - /t (S + =) dt.

By taking exponents, we arrive at (7).
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