MATEMATICKI VESNIK

MATEMATUYKN BECHUK research paper
74, 1 (2022), 26-34 OPDUTMHAIHU HAayYHU DA
March 2022

NEARNESS STRUCTURE ON TEXTURE SPACES

Senol Dost

Abstract. Textures are point-set setting for fuzzy sets, and they provide a framework
for the complement-free mathematical concepts. This paper is the first of a series of two
papers on the theory of nearness spaces. This paper aims to give a new perspective for
nearness structure from the textural point of view. It is proved that nearness spaces are
embeddable into texture space which is connected with nearness structure.

1. Introduction

In mathematics, one of the ways to deal with problems that are topological by nature
is the conceptualization approach. Here, the aim of the approach is to find topolog-
ical concepts that can be expressed with basic topological arguments. A distinctive
example of this is the “near/far away” concept which is a natural extension of ge-
ometry and has an important place in topology and the fields related to topology.
Topology characterizes the nearness between a point and a set by using the concept
of closure concept. For a metric space (X,d), if D(A, B) = 0, then A is near to B
where D(A, B) = inf{d(a,b) | a € A,b € B}, for all A,B C X. In this case, the
closure of A is cl(A) = {z € X | D(A,{z}) = 0}. Proximity is achieved through the
axiomatic of the nearness between two sets. Further, the notion of nearness spaces
were introduced by Herrlich in [13] attempts to characterize of an arbitrary collection
of sets, and can be used as a unifying framework for various topological structures
such as uniformity and proximity [8,9,14,17].

Texture theory is point-set setting for fuzzy sets and hence, some properties of
fuzzy lattices (i.e. Hutton algebra) can be discussed based on textures [1-3,5]. Di-
topologies on textures unify the fuzzy topologies and classical topologies and bitopolo-
gies without the set complementation [6,7]. Further, the notions of uniformity and
metric which are related to topology in the complement free textural context was
introduced in [11,16]. On the other hand, the notion of proximity to the point free
setting of textures was defined in [12,18].
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The aim of this first paper is to introduce nearness structure for texture spaces, and
to prove that it is a more general structure than the nearness in the sense of Herrlich.
It is believed that the adaptation of this concept will have important consequences
for concepts such as uniformity and proximity with related textural context which are
planned to be discussed in some future article.

2. Texture spaces

This section is devoted to some fundamental definitions and results of the texture
theory from [1-3,5,6].

DEFINITION 2.1. Let U be a set and U C P(U). Then U is called a texturing of U if
(T1) e Uand U € U,

(T2) U is a complete and completely distributive lattice such that arbitrary meets
coincide with intersections, and finite joins with unions,

(T3) U is point-separating.
Then the pair (U, U) is called a texture space or texture.

For u € U, the p-sets and the g¢-sets are defined by
P, = ﬂ{A ceUlue A}, Qu= \/{A eU|u¢ A}, respectively.

Note that p-sets and g-sets form a powerful duality in the texture theory, so that
many concepts in this theory are defined based on these sets.

Complementation

A mapping oy : U — U is called a complementation on (U,U) if it satisfies the
conditions oy (oy(A)) = Afor all A € U and A C B = oy(B) C oy(A) for all
A, Bel.

EXAMPLE 2.2. (i) For any set X, (X,P(X),n), n(Y) = X \Y for Y C X, is the
complemented discrete texture representing the usual set structure of X. Clearly,
P, ={z}, Q, =X\ {z} forall z € X.

(ii) Let L = (0,1], £ = {(0,7] | » € [0,1]} and A((0,7]) = (0,1 — 7], r € [0,1].
Clearly (L, L, \) is the Hutton texture of (I,/), where I = [0, 1] with its usual order
and ' =1—r for r € I. Here P, = Q, = (0,r] for all r € L.

(iii) For I =[0,1] define J = {[0,¢] | t € [0,1]} U{[0,¢t) | £ € [0,1]}, ¢([0,¢]) =[0,1 —¢)
and ¢([0,t)) = [0,1 —¢], t € [0,1]. (I,7,¢) is a complemented texture, which we will
refer to as the unit interval texture. Here P, = [0,¢] and Q; = [0,¢) for all ¢t € L.

(iv) For textures (U, U) and (V,V), UKV is product texturing of U x V' [5]. Note that
the product texturing U® 'V of U x V consists of arbitrary intersections of sets of the
form (AxV)U(U xB), A€ Uand B € V. Here, for (u,v) € UxV, P, ) = P, x P,
and Q(u,v) = (Qu X V) U (U X Qv)
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Ditopology

A pair (7, k) of subsets of U is called a ditopology on a texture (U, U) where the open
sets family 7 and the closed sets family k satisfy

U, 0er, U Der

Gl,GQET:>G1ﬂG2€T, K, Krerx = KiUKs €k

Gieriel = \/Gier, Kieriel = (Ki€r.
i€l i€l

Hence a ditopology is essentially a “topology” for which there is no a prior: relation
between the open and closed sets. For A € U we define the closure cl(A) and the
interior int(A) of A under (7, k) by the equalities
cd(A)=({K er|AC K}, andint(A) = \/{G e 7| G C A}.

Usually the family 7 is called a topology, and the family « is called a cotopology.

If o is a complementation on (U,U) and k = o(7), then (7, ) is called a comple-
mented ditopology on (U, U, o).
Dicovers

Let (U,U) be a texture space. A difamily C = {(A4;,B;) | j € J} of elements of
U x U which satisfies ;. ;, Bj € V¢, 4; for all partitions (Ji, J2) of J, including
the trivial partitions, is called a dicover of (U,U). An important example is the family
P ={(Ps,Qu) | U Z Q,} which is a dicover for any texture (U,U). If € is a dicover,
then we often write LDM in place of (L, M) € D. We recall the following definitions
for dicovers.

(i) Cis a refinement of D if given j € J we have LD M so that A; C L and M C B;.
In this case we write € < D.

(ii) If €, D are dicovers then CAD = {(ANC,BUD) | ACB, CD D} is the greatest
lower bound (meet) of €, D with respect to refinement.

(iii) The star and co-star of C € U with respect to C are respectively the sets
St(e70) = \/{AJ | J e ]70 g B]} € U, and CSt(G7C) = m{Bj | JE jaAj Z O} eu.

3. Nearness in texture spaces

In this section we will introduce the notion of nearness structure in the texture space
theory. Firstly we recall that the definition of nearness space in the sense of Her-
rlich [13].

DEFINITION 3.1. Let X be a set and n={ACP(X)|A#0, X =JA}.

A nearness space is a pair (X, n) if 7 satisfies the following axioms: (1) A € n and
A< Bimply Ben (2) A,Benimply ANB={ANB|Ae€ABeB}ecn.
(3) A € nimply {int(A4) | A € A} € n where int(A) = {z € X | {4, X\ {z} € n}.

This definition leads to the following concepts for texture spaces.
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DEFINITION 3.2. Let (U,U) be a texture space.
(a) Let u be a non-empty set of non-empty dicovers of (U, U). Then p is called
dinearnes structure if it satisfies the following conditions:

(N1) If € < D and C € p, then D € p.
(N2) If € € pand D € p, then CA D € pu, where
CAD={(ANnC,BUD)| ACB,CDD}.
(N3) If € € p, then
(int(A), cL,(B)) | ACB} € p
where A € U, int, A= \/{Pu | VP, Z Qu, {(A,0),(0,P,)} € u}

cly A= ({Qu | VP, £ Qu, {(0, A),(Qu, 0)} € 1}

(b) A triple (U, U, p), where p is a dinearness structure on (U, U), is called dinearness
space.

Note that (int(A),cl(A)) will be used instead of (int,(A),cl,(B)), unless it causes
confusion.

LEMMA 3.3. Let (U, U, u) be a dinearness space and A,B € U. If A C B, then we
have: int(A) C int(B), cl(A4) C cl(B).

Proof. We prove int(A) C int(B), leaving the dual proof of cl(A) C cl(B) to the
reader. We suppose int(A) Z int(B) Then there exists r € U such that

int(A) £ Q., P. ¢ int(B).
Since int(A) € @, there exists u € U such that P, € @, and {(A4,0),(0,P,)} €
u for all P, € Q,. Now let P, € Q,, for some m € U. Then P, € @Q,, and
{(A,0),(0, Pn)} € p. Since A C B, {(A,0),(0,Pn)} < {(B,0),(0,Py)} € uand so
we have a contradiction P, C int(B). 0

THEOREM 3.4. Let (U, U, 1) be a dinearness space. Then the mappings
int:U—-U, A~ int(4) and c:U—-U, A cl(4)

are interior and closure operators, respectively.

Proof. We prove that cl is a closure operator, leaving the dual proof that int is a
interior operator to the reader.
(i) Firstly, we observe that {(0,0),(Q,,0)} & u for some r € U. Then cl(0) = 0.

(ii) Now we show that A C cl(A). Suppose A Z cl(A). Then we can write A € Q..
P. Z cl(A) for some r € U. Since P. € cl(A), P. € Q, for some u € U such that
{(0,4),(Q,,0)} € u where P, € @, for all v € U. From the definition of dicover,
A Z @Q, is obtained, which is a contradiction.

(iii) Now, we must prove that cl(4) = cl(cl(4)). From (ii), cl(4) C cl(cl(4)). Let
cl(cl(A)) € cl(A). Then cl(cl(A)) € Q., P. < cl(A) for some r € U. So there exists
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u € U such that P. € cl(A) and (0, A),(Q,,0) € p where P, € Q,, for all v € U.
Then we can write (0, A), (Q,0) € u. Now let Py, € Q,-, m € U. Since P,,  Q,, we
have {(0, A), (Qm,0)} € p, and from (N3) condition, {(0,cl(A)), (int(Qm), D)} € p.
So, {(0,cl(A)), (int(Qm), D)} < {(D,cl(A)), (Qm,D)} € p and we have cl(cl(A)) C Q.

which is a contradiction.

(iv) Finally we prove that cl(AUB) = cl(A)Ucl(B). Since A C AUB and B C AUB,
cl(A) Ucl(B) C cl(AU B) by Lemma 3.3. Conversely, we suppose cl(AU B) €
cl(A) Ucl(B). Then cl(AUB) € Q,, P. € cl(A) Ucl(B) for some r € U. Hence,
P, Z cl(A) and P, ¢ cl(B). Because of P. Z cl(A), we have {(0, A), (Q,,0)} € p such
that P. Z @, for some v € U where P, Z Q,, for all v € U.

Likewise, since P, € cl(B), we have {(0, B), (Qv,?)} € u such that P. € Q.
where P, € @, for all v € U. Hence, P,, € Q, and P,, € Q., and so C =
{(0,A), (Qum,0)} € pand D = {(0, B), (Qum, D)} € p. From (N2) condition,

CAD={(0,AUB),(0,4),0 B),(Qm,0)} € n
and so CAD<{(0,AUB),(Qm,0)} € p.
)

Consequently, we have cl(A U B) C @, which is a contradiction.
O

THEOREM 3.5. Let (U,U, p) be a dinearness space. Then the pair (1,,K,) is a di-
topology on (U, U) where

T, ={GeU|int(G) =G}, k,={FelUU|cl(F)=F}.

Proof. We prove that the family , is a cotopology on (U, U), leaving the dual proof
that the family int,, is a topology to the reader. Clearly U € r,. Further, § € £,
since cl(f) = @ by Theorem 3.4.

Let A, B € k. Then cl(A) = A and cl(B) = B. Thus cl(AUB) = cl(A)Ucl(B) =
AU B by Teorem 3.4, and we have AU B € r,.

Let {Kj}jes C fu. By Theorem 3.4, we can write cl(();c;(K;)) € ;s Kj-
Because of cl(K;) = K for all j € J, it is obtained that

m Kj - Kj — CI(KJ) = Kj - Cl(ﬂ KJ) - Cl(ﬂ KJ> - ﬂKJ

JjeJ jeJ jeJ
Consequently, (;c ; K; € k. U
Now we give the relation between the notion of nearness in the sense of Herrlich
and dinearness structure. Firstly, we recall some useful results from [10, Proposition

11.1].

REMARK 3.6. Let U be a non-empty set. Then
(a) Let €={A; | j € J} CP(U). Then C is a cover of U if and only if {(4,X \ 4) |
A € C} is a dicover of the discrete texture space (U, P(U)).

(b) If a family D = {(A;,B;) | i € I} is a dicover of (U,P(U)) then the families
{A;}ier and {X \ B;}ier are covers of U.
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Now let (U,U) be a texture. The family of dicovers of (U,U) will be denoted
by DC.

THEOREM 3.7. Let (X, n) be a nearness space and DEC be the dicover family of (U, P(U)).
That is, D€ = {€ = {(A;, B;) | i € I} | € is a dicover of (U,U) }. Then the family,

p={CeDC|{A}icren ve {X\Bltici €n}
is a dinearness structure on the discrete space (X, P(X)).

Proof. We observe that p # 0, since {(X,0)} € p.

(N1) Let € € pand D = {(C;,D;) | i € I} € DC. Suppose that € < D and
(A,B) € C. Then there exists (C,D) € D such that A C C and D C B. Here, the
families {C;}icr and {X \ D, }ier are cover of X by Remark 3.6.

So, {A;}ier € nand {X \ B;}ier € 0, and we have D € p.

(NQ) Let C = {(Az,Bl) | 1€ I} e u and D = {(OZ,Di) | 1€ I} € u. Then
A1, Az, B1, By € n where A1 = {A;i}ier, Br = {X \ Bitier, A2 = {Cj}jes and
By = {X\ Dj}jes.

Thus, {ANC | A€ A1,C e As} enand {(X\B)N(X\D)|Be€By,De By} =
{X\(BUD) | Be€B;,D e By} €nand so we have

CAD={(ANC,BUD)|(A,B)e@C, (C,D)e D} e yp.
Let € € p. Since A = {A;}ier € nand B = {X\B;}icr € n, {int,(A) | Ac A} €n
and {int,(X \ B) | X \ B € B} € 5. For some (A, B) € €, we have
int,, A= \/{P. [ VP, £ Qu. {(A.0), (0, P,)} € }
= U{{u} | Vu =v,{(4,0), (0, P,)} € u}
={ul{(4,0),(0,{u})} € p} = {u | {A, X —{u}} € n} = int, (4)
and ol B = |{Qu|YPs £ Qu.{(0, B), (Qu,0)} € u}
= WX\ {u} | Vu=v,{(0,B),(Qu,0)} € u}

= X\ |J{u [ {8, B), (Qu, 0)} € 1}

= X \{u[{X\ B, X \{u}} € n} = X \int,(X \ B) = cl,(B).
Hence X \ cl,(B) = X \ ¢l,(B) = int, (X \ B) and {int,(A4;) | ¢ € I} € n ve
{X\ cl,(B;) | i€ I} en. Consequently, {(int,(A),cl,(B))| AB} € p. O

Now, we will give dinearness structure by using bi-Ry ditopology. Firstly, we
recall [15] that a topological space X is called a Ry, or symmetric, topological space if
G C X isopen set and xz € G, then cl {z} C G. On the other hand, a ditopology (7, k)
on complemented texture (U,U) is bi-Ry if G € 7 and G Z Q,, then cl(P,) C G, or
equivalently, if F' € k and P, € F, then F C int(Q,,) [7].

Note that a topological space (X,T) is Ry if and only if the corresponding di-
topology (T,7T¢) on the complemented discrete texture (X, P(X), 7) which by Exam-
ple 2.2 (i) is bi-Ry [7, Example 3.3].

Let (X,T) be a Ry topological space. Then (X, ) is a nearness space [13] where
n={ACPX)|X =ye,int(A)}. Then we have the following corollary.
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COROLLARY 3.8. Let (X,T) be an Ry topological space and the pair (X,n) be cor-
responding nearness space. Now let (T,T¢) be the corresponding ditopology on the
discrete texture (X, P(X)). Then the family

‘LL:{GEDG‘{Ai}ieje’ﬂand{X\Bi}iGIGT]}
={eeme|X= |J imt(d) and X= |J int(X\B)}

(AL,B,,)EC (Al,Bl)e(:’
={cene|x= (] int(4) ad X= [J X\c(B)}
(A“Bl)e(f (A.L,BL)EG
={eeme|X= |J mt(4) and D= [ (B}
(Ai,Bi)e(? (Ai,B-;)EC

is a dinearness structure on (X, P(X)) by Teorem 3.7.
An approach for complemented texture spaces will be given in the last section.

LEMMA 3.9. Let (U, U,0) be a complemented texture space and C,D € DC. The
following are satisfied.
(i) The family o(C) = {(c(B),0(A)) | ACB} is a dicover of (U, U).
(ii) o(CAD)=0c(C)Ac(D).
(iii) € <D <= o(C) < o(D).
Proof. (i) Let (I, I2) be a partition of an index set I. Since € = {(4;, B;) |€ I} is adi-
cover of (U,U), we can write ();c; Bi € V¢, Ai and o(V,cp, Ai) € o(Nyep, Bi) =
MNicr, o(Ai) € Vicp, o(Bi). Thus o(€C) = {(0(B),0(A)) | ACB)} is a dicover of
U, 0).

(ii) We observe that CAD = {(ANC,BUD) | (4,B) € C,(C, D) € D}, and then

we have
o(CAD) ={(c(BUD),c(ANC)) | (0(B),0(A)) € 0(C), (¢(D),o(C)) € o(D)}
={(e(B)Na(D),a(A)Uc(C)) | (o(B),o(A)) € 0(C),(c(D),0(C)) € o(D)}
=0c(C) Aa(D).
(iii) Let € < D. Then it is obtained that
C<D=V(A,B)eC3IC,D)eD suchthat ACC,DCB
=V(0(B),0(A)) € 0(€),3(c(D),c(C)) € o(D)
such that o(C) C o(A4), o(B) C o(D)
=0(C) < (D). O
THEOREM 3.10. Let (U,U,0) be a complemented texture space and p be a dinearness
structure on (U, U). Set
inty() A=o(clyo(A)) and clypy A=o(int,o(A4)), VAcl
Then we have:
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(i) If (T, kp) is the obtaining ditopology by p, then o(7.) = Kg(y)-

(i) The family o(pu) = {o(C) | € € u} is a dinearness structure on (U, U).

Proof. (i) We observe that
Feo(r,) = o(F)em,
— intu(o(F)) = o(F) = ofint, (o(F))) = o{o(F))

= cl FZF:>F€I€J(H)

o(w)
and F € ko) = clyy F'=F
= o(clgu) F) = o(F) = int, (o (F))) = o(F)
= o(F)er,= F co(r,).

(ii) We show that o(u) is a dinearness structure.

(N1) Let 0(€) € () and D € DCy. Suppose o(C) < D. Then we have D € o (),
since € < o(D) and o(D) € p.

(N2) Tt is clear from Lemma 3.9.

Let C={(4;,B;) |i € I} € pand o(C) = {(o(B;),0(4;)) | i € I,(4;,B;) € C}.
Now we prove that

{(into () (0(Bi)), clo(u) (0(Ai))) | (0(Bi),0(Ai)) € 0(€))} € o(p).

Since C € u, we can write
{(th(AZ),ClH(BZ)) ‘ 1€ .[7 (A“BZ) S G} SN

and, thus, {(o(clu(By)),o(int,(A:))) |t € I,(A;, B;) € C} € o().
Finnaly, by assumption, we have
o(cly By) = inty(,y o(B;) and  o(int, A;) = clyu) 0(A;) € o(p). O

DEFINITION 3.11. Let (U,U, o) be a complemented texture space and p be a din-
earness structure on (U, U). Then the quadruple (U, U, o, ) is called complemented
dinearness texture space if = o(u).

COROLLARY 3.12. Let (U, U, 0, ) be a complemented dinearness texture space. Then
the pair (7., K,) is a complemented ditopology which is obtained by fu.
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