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APPROXIMATION OF GENERALIZED PALTANEA AND
HEILMANN-TYPE OPERATORS

Sandeep Kumar and Naokant Deo

Abstract. In this paper, we study the approximation on differences of two different pos-
itive linear operators (generalized Paltanea type operators and M. Heilmann type operators)
with same basis functions. We estimates a quantitative difference of these operators in terms
of modulus of continuity and Peetre’s K-functional. We represent the rate of convergence,
using modulus of continuity and Peetre’s K-functional. Also, we represent Heilmann-type
operators in terms of hypergeometric series.

1. Introduction

In order to discuss the approximation properties of linear positive operators the rate of
convergence is one of the important characteristics. Several methods and techniques
have been applied to investigate and estimate the rate of convergence of positive linear
operators. Motivated by an article of Acu and Rasa [1], we establish some quantitative
results on the difference of generalized Paltanea type operators (1) and Heilmann
type operators (4). In our estimation positive linear functionals in quantitative form
play an important role. So, we are ready to obtain some information about the
rate of convergence of the quantitative difference of these positive linear operators.
Recently, the difference of positive linear operators have been discussed by many
researchers [2,3,5,7,8,11].

For f € C7[0,00) = {f € C7[0,00) : f(t) = O(t"),~y > 0}, Verma [15] defined the
following generalization of Paltédnea type operators based on certain parameter A > 0
in the following way:

Li\z,c (f,.T) = Z ﬂn,m(xac)r}'[n,m(fa 1:)7 (1)
m=1
where Hpm (f, x) = /OO @;\Lw(t, o) f(t) dt + Uy 0(x, ) f(0), (2)
0
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In.m (T, €) :%s@(m)( );

' n,c
nA

—nAt mA—1 _
T e (nAt) , c=0

(I)g,m(t C) = T (LA + m)\) cmApmA=1

T(mA)T <M> (L ct) e tmr’
C

e " c=0
and n.elZ) = ’ n ’
#n.c() {(l—l—caz)_c, ceN,

ceN,

where {@n(2)}52, is a sequence of continuous functions defined on [0,8], b > 0
and for each n € N, m € N° := N U {0} satisfies that ¢, . is monotone with
(=1)™ppc(x) > 0 for z € [0,00) and ¢, (0) = 1.

Lastly, there exists an integer ¢ such that ! ()= ngogff_)c (), n > max{0, —c};
x € [0,b]. It can be verified that the operators L} .(f,z) are well defined for
feC7]0,00).

Moreover, for A = 1, the operators (1) reduce to the Srivastava-Gupta opera-
tors [14]. For ¢ = 0, A > 0, we obtain a modified operators due to Paltanea [12]. And,
for ¢ =0, A =1 operators (1) reduce to Phillips operators [6,13].

It can be easily observed by simple computation of (2) that:

< y o L(mA+r) 1
/O N (Lot dt = Ty T (i) (3)

For r = 0, we get / ‘bi,m (t,c) dt = 1.
0

In 1988, M. Heilmann [10] considered a sequence of continuous functions defined on
the interval [0, 00). This sequences is defined as follows:

nc f? Z 1971 ’I'VL n7n(f7 )7 (4)

where Tom(f,z)=(n—c / D () f(E) dt. (5)
For z € [0,00), Uy m(z) = (—=1)™ fn, o (x), where
(1I—x)" for the interval [0,1] with ¢ = 1,
on(r) = e for the interval [0, 00) with ¢ = 0,

(1+cx)= for the interval [0,00) with ¢ > 0.

By simple calculation, we obtain
(m+r)T(% —r—1)

Tnm(f,2) = cmT(2 —1)

In this article we consider only two cases: ¢ > 0 and ¢ = 0.
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2. Basic results

In this section, we discuss some lemmas which will be used in the main results.

LEMMA 2.1. Fore,(t) =t", r & NU{0} the moments of operators (1) are:
Lf‘w (eg,x) =1;

A _ nA .
Ln,c (617 x) _nA_va
A 1 2,2
Ln,c (62,{13) :m[n(n-l-c)/\ ZT +7’L)\(1+A)1'],
1
L;\l’c (e3,x) = (=) (=20 (mA—30) [N\ (2¢*+-3en+n?)2®

+3nA% (c+n) (14+N) 22 +n A (1+3A+\2x);

1
(nA—c)(nA—2¢)(nA\—3c)(nA—4c)
+6(2c¢2+3nc+n?) (n+cA) N2 22 4+-(c+n) (TeA?4+n(114+180)) \22?
F(eX3Hn(6-+11AF6A%)) Ax].

LQ,C (e4,2) = [(2+nc)(2¢+n) (3c+n) Nz

Proof. From (2), we have

L _mA _ omA(mA+L)
Hn,m(eo) =1; Hn,m(el) T e Hn,m(€2) —m,
mA(mA+1)(mA+2) mA(mA+1)(mA+2)(mA+3)
Hn,m(€3) = ; 7'[n,'rn(e4) = .
(nA—c)(nA—2c¢)(nA—3c) (nA—c)(nA—2c¢)(nA—3c)(nA—4c)
In view of these equalities, we get the required result. O

LEMMA 2.2. The moments of operators (5) with e, (t) =t", r € NU {0} are:
Mn,c(eO; l‘) :]—7

M, c(e1;2) :n—IZC [nz+1];

M, c(e2; ) :m[(cn—i—nQ)xZ—l—élcnx—i—Z};

M,y (es; ) = (n2—56n+1602)(n—4c) [n(2¢*4+-3en+n?) 23 +9n(c+n)z?+18nz+6);
M, c(es;) = L n(6c+11?n+6en’+n3)xt

(n2—=5en+6¢%)(n—4c)(n—5¢)
+16n(2c¢2+3cn+n?) 2 +72n(c4+n) 2 +96nx+24| .

Proof. From the equation (6), we obtain

1 1 2
Tn,m(eOax) :1; Tn,m(elax) = mt 3 Tn,m(e%x) = w
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(m4+1)(m+2)(m+3) (m+1)(m+2)(m+3)(m+4)
Tom ) = i Tom ) = .
m(e3, ) (n—2¢)(n—3c)(n—4c) m(e4, ) (n—2¢)(n—3c¢)(n—4c)(n—>5c¢)
Using these equalities, we get the required result. U

3. Hypergeometric form

The hypergeometric series and the confluent hypergeometric series are defined as:

oFy(a,b;c; ) = Z me and 1Fi(a,byx) = (b()an);:n!xmv

m=0 m=0

respectively, where the Pochhammer symbol (n),, is defined as:
M) =nn+1)(n+2)(n+3)...(n+m—1).

LEMMA 3.1. Forn >0 and r > 1, we have
L(r+1) F(% —r—1)

n
M) = == gy 2l (st mea)

~—

and (6) and the Pochhammer symbol (n);, we have

In.m (2, €) /OOO (E)m __ ()™ t" dt

m! (1+ct)ectm

n [ee] c?n-i—r
ﬁn,m(x,c)(c)ml/o ((t) :

Proof. Using the equations (4

M8

Mn,c(er; .’E) :(n - C)
0

3
I

M8

=(n—c)

— m! ¢ 1+ ct)etm
> (B)m 1 n
:(n—c)mzz:oﬁn,m(x,c) - Crﬂﬁ(r—l—m—l—l,z —r—1)
(2 —r—1) n= (T 1D cx \"
- ¢ @ 7 1 o
o T(T-1) (1+cz) 7nz::0 m!(1)y;, \1+cx
rr+1)IE-r—-1 n
= ( - ) (lf(" Y )2F1 (Z,fr;l;fc:z:> . O

4. Difference of operators

Let Cp [0,00) be the class of bounded continuous functions defined on [0, 00) with
the norm || - || = sup,¢jg,o0) |f (#) | < 00. In order to present the main results, we need
some useful notation.

For i € N, let e;(x) = 2%, # € [0,00). Let H be a positive linear functional defined
on a subspace B of the closed space C[0,00), such that G(eg) = 1, b := H(e;) and
pl = H(ey —bHeg)", r € N.
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Let us consider the operators (1) and (5). We have the following quantitative
general results.

REMARK 4.1. From the generalised Paltanea type operators (1) we have
Hom(f)=f (@) , such that H,m(eo) =1, b*mm :=H, (1)
n

and Pl = Hy e — Brmeq)”, 1€ N,
By simple calculations, we obtain
T'(mA+1 1 mA
Hn,m(el) = ( ) =

L(m)\) mA—c nA—c’
2
'u/;ln,nz :Hn,m (617an’m60)

mA \° 9 mA m2X2c+mA(nA—c)
= — —2 = M
Hnm <62+ (n)\—c) Ty c) (nA—c)2(nA—2c) ’

Hon,m
Hy

H’n,m (el_an’m 60)4
1

= (n)\—c)4(n)\—26) (77)\—36)(71)\—46) |:—6m)\(c—n)\)3—|—3m402)\4(5c+n/\)

+6k3cA3(—5c2+4an+n2A2)+3k2A2(c—m)2(7c+np)] .

REMARK 4.2. From the Hielmann type operators (5), we have Y, ,,,(eg) = 1, bTnm =

Thm(er) = ZL—EIC By simple calculations, we obtain

2
Yo m T 2 cm +nm+n—c

" =Tnm —bmm = 5
H2 ’ (el eo) (n—2¢)2(n—3c)

M}n’m - (n—20)2(n_SCi(n—élc)(n—{Sc) [302m4(4c+n)+6cm3n(4c+n)

+3m*n(—2¢*+8cn+n?) f6m(072n)n2+3(—4C3+902n780n2+3n3)} .

REMARK 4.3. For positive linear functionals H,, ,, and Y, ,,,, we estimate
oo
63 = Z ﬁn’m (an,m _ an,.m)z .
m=0
Using Remarks 4.1 and 4.2, we get

= A m+1\7
2=N"u,, (-~ _
2 Z ’ (n)\—c n—20>

m=0

T (A — c)zl(n — 2¢)2 > Pnm (mA(n = 20) = (m +1)(nA — ¢))”
m=0

_ 1 = (0w (cx)™
P27 2wl (T ey

X [2A%(1 = 20)2 — 2ck(—1 4+ 2\)(c — nA) + (¢ —n))?]
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nx(1+ cx +nx)c?(1 — 20)2 — 2nac(—1 + 2\)(c — nA) + (c — n\)?
(nX — ¢)2(n — 2¢)? '

REMARK 4.4. For positive linear functionals H, ,, and Y, ,,, with the help of Re-
marks 4.1 and 4.2, we estimate

1 Hom nom
=5 Z Vn,m (@) ( +M2 )
m=0

_ m2N\2c+mA(nA—c)  em®>+nm+n—c

T2 = O (@) ( (nA —¢)2(nX\ — 2¢) + (n—2¢)%(n — 3c) )
1

~2(nX — ¢)2(n\ — 2¢)(n — 2¢)2(n — 3¢)

X Z O (2) (em? (—11en® A% + nPA%(1 4+ A) + *nA(5 + 16X) — 2¢%(1 + 61%))

m=0

+m (12¢"A + 0 A% (14 A) + 4e’n®A(3 4 4A) — en® A(1 + 110) — 2¢%n(1 + 8X + 6)%))

+(c —n)(c—nA)?(2c — nN))
1
T 2(n—20)2(n — 3¢)(nX — ¢)2(nA — 2¢) [(
+enz(1 4 cx + na)(—11en® A2 + 03 X2 (1 + ) + 2nA(5 + 16)))
—2c*nx(1 + cx 4+ nx)(1+ 6A%)) + nz(12¢*X + n A2 (1 4+ N) +4¢?n?A\(3 + 4)))

c—n)(c—nA\)?(2c —n))

—enteA((1+ 110) — 2¢3n(1 + 8 + 6)\2))].

THEOREM 4.5. Forn €N, let f € Cp, i€ {0,1,2} and x € [0,00). We have
Ly = Myo)(f32)] < [ [le(@) + w(f”61)(1 + () + 2w(f, b2),

1 o0
where  a(x) =5 Z Pm ( P 4 ;LQ ) ,
m=0

:% i Dnm ( yorom +M4”m) and 62 = Z Oy (BHrm — r)z
m=0

Now, we establish quantitative estimates for the difference of generalized Paltanea
type operators (1) and Heilmann type operators (5) with the help of Theorem 4.5.
THEOREM 4.6. Let f' € Cg, i€ {0,1,2} and x € [0,00). Then for n € N, we have

(L = My o) (f32)] < [ lle(@) + w(f”, 61)(1 + a(x)) + 2w(f, b2),

where
1

2(n—2¢)2(n—3c)(nA—c)?(nA—2c)
+enz(1+cx+nz)(—11en® 2403 X2 (14N +2n A (5+160) —2¢® (14+672))

+mc(12c4A+n4A2(1+A)+4c2n2A(3+4A)—cn3x(1+m)—2c3n(1+8A+6A2))} :

a(z) = [(c—n) (c=n))?(2c—nN)
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2 1
o = (n—2¢)*(n—3c)(n—4c)(n—>5¢)(nA—c)*(nA—2¢) (nA—3c¢) (nA—4c)

X [51 n ((n+c)(n+2¢)(n+3c¢)z" +6(n+c)(n+2c) x> +7(n+c)z’+z)

+sonx (1+30m+3nz+202x2+3cnx2 +n2x2) +sgnx(l+cz+nx) +34nm+s5} ,

nx(1+cz+nx)c?(1-2X)2—2cnx(—14+2X) (c—n)+(c—n))?

63 =
2 (n—2c)2(nA—c)? ’

and
=3¢? ((3c—n)(4c—n) (5c—n)(—2c+n)* (5eA*+nA®)
+(c nA)*(2c—nA)(3c—n)(de—nA)(dc+n)) ;
=6¢ ((3c—n)(4c—n)(5c—n)(—2c+n)* (=5 A3 +4en A +n?\0)
(c—nX)*(2c—n))(3c—n\)(dc—n))(den+n?)) ;
3 =3 ((3c—n)(4c—n)(5c—n)(—2c+n)* (7* A= 13> nA*+5en* A +n’ \°)
+(c—nA)*(2c—nA) (3c—nA) (de—nA) (—2¢°n+8cn’4+n?)) ;
s1 = ((3c—n)(4c—n)(5¢—n)(—2c+n)* (—6c> A+18¢*nA®—18cn® A3 +6n A1)
+(c—nA)*(2c—n))(3c—nA) (4e—n)) (—6en®+12n?))
55 =3(—4c3+9c¢*n—8cn®+3n3) (c—n\)*(2c—n\) (3c—n)) (de—n)).
Proof. By direct computation, using Remarks 4.1, 4.2 and 4.3. O

THEOREM 4.7 ([9]). It f € Cp[0,00) with f"" € Cg[0,00), then
| (L e = M) (F:2)] < a(@)|[ /]| + 2w (f; B(2))

where

:% Z 19n7m(-’17) (M;{n’m + u;fn,m) ) (Z ﬁn m bHW "= an‘m)2>
m=0

The above theorem can be utilized to estimate the difference between operators (1)
and (5).

Nl

THEOREM 4.8. It f € Cg[0,00) with f” € Cp[0,00), then
| (Lh e = Mae) (f32)] < a(@) | f"]| + 2w (f; B(2)),

where

1
2(n—2¢)%(n—3c)(nA—c)?2(nA—2c) (
+enz(14cz4nz) (—11en N2 4n3 A2 (140) +*n A (5+160) —2¢3 (14+672))

alz) = c—n)(c—nX)*(2c—n))

+nm(1204)\+n4)\2(1+)\)+402n2)\(3+4)\)—cn3)\(1+11)\)—203n(1+8)\+6)\2))} ,

1 2 2
B(x) :m(mc(l—&—caz—&—nx)c (1-2X)*—2nzc(—142X)(c—nA)+(c—nX) )

N
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Proof. Follows directly from Remarks 4.3 and 4.4. 0

5. Estimate with K-functional

In this section, we shall estimate the approximation of operators (1) and (5) in terms
of K-functional. Let wa(f,0) denote the modulus of smoothness of f on the closed
and bounded interval [0,b], b > 0 and defined as:
wy(f,0) = sup  sup |f(z+2h) = 2f(x +h) + f(2)],
0<h<6 z€[0,00)
and Peetre’s K-functional is defined as:

Ko(f;0) = gecimg Oo){llf —gll+6llg"| : g € Cp[0,00)}.

Bl
Let Cp[0,00) = {f : [0,00) — R; fis bounded and continuous}, with the norm
If]l = sup,efo,00) 1f (2)] and W2 = {f € Cp[0,00) : f', f" € Cp [0,00)}.
A relation between the second order modulus of smoothness and Peetre’s K-
functional is given by: Ks(f;0) < Cows (f;0), where Cy is an absolute constant.
Now, we suppose that W2 C D.

THEOREM 5.1 ([4]). Let f € DNCg[0,00) and [’ € Cp[0,00). Then

(2= Mo (i)l < 4 (15 i) ) + 17 luto)

oo

H” m Tn m
where n(z) = Z Unm () (,u2 g™ ) ,
m=0
and ulx) = Z ﬁn’m|b7{n,wl _ an,ml < Z ﬂn,m‘bﬂn’m| + |an7m|-
m=0 m=0

Now, we give an important result in terms of K-functional from Theorem 5.1.

THEOREM 5.2. Let feD N Cp[0,00) and f'€Cp[0,00). For n>max{{,2c}, we have

A - Lo o [ PAL A 2nz) — nae(1+2)) — ¢
(B M) (f52)] < 48 (£ o)) + ) (PAE2EDmoe LEZN =),

where
1

- 2(n—2¢)%2(n—3c)(nA—c)?(nA\—2c¢)
tenz(14-cz4nz) (—11en N2 4n3 A2 (140) +2n A (5+160) —2¢3 (14+6)2))

a(z) [(c—n) (c—n))?(2c—nA)

+na:(12c4/\—|—n4/\2(1+/\)+4c2n2)\(3+4)\)—cn3/\(1+11)\)—2c3n(1+8)\+6x\2))} :
Proof. For feD N Cg[0,00) and n>2¢,nA>c, using operators (1) and (5), we have

o0 s mA m+1
(@) <Y Dnm @) [ T <D (@) (M e QC)
m=0

m=0
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< na n 1+ nx < nA(1 + 2nx) — nex(1 + 2X) — ¢ 7)
n\—c n-—2c (n —2¢)(n\ —¢)

It is obvious that the required result follows from (7) and Remark 4.3. [
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