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FIXED POINTS OF ALMOST SUZUKI TYPE Z,-CONTRACTIONS
IN S-METRIC SPACES

G. V. R. Babu, P. Durga Sailaja and G. Srichandana

Abstract. In this paper, we introduce almost Suzuki type Zs-contractions and prove the
existence and uniqueness of fixed points of such mappings in complete S-metric spaces. Our
results generalize Theorem 1 from [N. Mlaiki, N. Yilmaz ézgﬁr, Nihal Tag, Mathematics, 7
(583) 2019, 12 pages] and Theorem 3.1 from [S. Sedghi, N. Shobe, A. Aliouche, Mat. Vesnik,
64 (3) (2012), 258-266]. We give illustrative examples in support of our result.

1. Introduction and preliminaries

In 2008, Suzuki [19] defined a new generalized Banach contraction and proved the ex-
istence and uniqueness of fixed points for this contraction in compact metric spaces.
After this several authors have extended and generalized the result of Suzuki [19]
in different directions [1,5,13]. In 2015, Khojasteh, Shukla and Radenovié¢ [12] in-
troduced simulation functions and Z-contractions which generalize the Banach con-
traction. Following this domain of research, many authors introduced Z-contractions
involving simulation functions and proved fixed point results on various types of met-
ric spaces. For more works on this, we refer to [2,4,7,11,16,20].

DEFINITION 1.1 ([12]). A mapping ¢ : [0,400) x [0,4+00) — R is called a simulation
function if it satisfies the following conditions:

(¢1) €(0,0) =0;
(¢2) C(t,s) <s—tforallt,s>0;

(Cs) if {tn}, {sn} are sequences in (0, +00) such that lirf t, = lir_irrl sp, > 0, then
n—-—+0o0 n—-+00
lim sup ¢ (ty, $n) < 0.

n—-+o00
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We denote the set of all simulation functions by Z. The following are examples of
simulation functions.

EXAMPLE 1.2 ([4,12]). Let ¢ : [0,400) x [0,400) — R be defined by:
(i) C(t,8) =As—t for all t,s € [0,+00), where A € [0,1).

(ii) ¢(t,s) = 35 —t for all ¢, s € [0, +00).

(iii) (t s) =s—kt for all t,s € [0, +00), where k > 1.

(iv) C(t,s) = tfor all ¢, s € [0, +00).

(v) ( s)=s— gp( ) —t for all s,t € [0, +00) where ¢ : [0, +00) — [0, +00) is a lower
semi continuous function such that ©(t) =0 if and only if ¢ = 0.

In 2012, Sedghi, Shobe and Aliouche [17] introduced S-metric spaced and studied
their properties. The following are preliminaries on S-metric spaces.

DEFINITION 1.3 ([17]). Let X be a nonempty set. An S-metric on X is a function
S : X3 — [0,+00) that satisfies the following conditions: for each z,y,2,a € X

(S1) S(x,y,2) =0if and only if x =y = z and

(82) S(z,y,2) < S(x,z,0) + S(y,y,a) + 5(2,2,a).

The pair (X, S) is called an S-metric space.

Throughout this paper, we denote the set of all real numbers by R, the set of all
natural numbers by N.

EXAMPLE 1.4 ([17]). Let (X,d) be a metric space. We define S : X3 — [0, +00) by
S(z,y,2z) =d(z,y) +d(z, 2) + d(y, z) for all z,y,z € X. Then S is an S-metric on X
and S is called the S-metric induced by the metric d.

EXAMPLE 1.5 ([9]). Let X = R and S(z,y,2) = ly+2z—2z|+|y—z| for all z,y,z € X.
Then (X, S) is an S-metric space.

EXAMPLE 1.6 ([18]). Let X = R. Then S(z,y,2) = |z —z| + |y — 2| for all z,y,z € R
is an S-metric on R. This S-metric is called the usual S-metric on R.

LEMMA 1.7 ([17]). In an S-metric space, we have S(z,z,y) = S(y,y, ).

LEMMA 1.8 ([9]). Let (X,S) be an S-metric space. Then S(z,z,z) < 2S5(z,x,y) +
Sy, v, 2)-

DEFINITION 1.9 ([17]). Let (X,.S) be an S-metric space.

(i) A sequence {z,} C X is said to converge to a point z € X if S(zy,2n,z) = 0
as n — 4oo. That is, for each ¢ > 0, there exists ng € N such that for all n > ny,
S(Zn,xn, ) < € and we denote it by ngr-&r-loo Ty = X.

(ii) A sequence {x,} C X is called a Cauchy sequence if for each € > 0, there exists
ng € N such that S(z,,, 2, 2m) < € for all n,m > ng.
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(iii) An S-metric space (X,S) is said to be complete if each Cauchy sequence in X
is convergent.

LEMMA 1.10 ([17]). Let (X, S) be an S-metric space. If {xn} is a sequence in X that
converges to x, then x is unique.

LEMMA 1.11 ([6]). Let (X,S) be an S-metric space. Let {x,} and {y,} be two se-
quences in X and {x,} converges tox in X. Then liIJIrl S(Tn, T, yn)= hIJIrl Sz, x,yn).
n——+00 n——+00

DEFINITION 1.12 ([17]). Let (X, S) be an S-metric space. A map F': X — X is said
to be a contraction if there exists a constant 0 < K < 1 such that

S(Fz,Fz,Fy) < KS(x,z,y), foralz,yeX. (1)

THEOREM 1.13 ([17]). Let (X,S) be a complete S-metric space and let a map F :
X—X be a contraction. Then F has a unique fized point u in X.

LEMMA 1.14 ([8]). Let (X,S) be an S-metric space and {x,} be a sequence in X such
that limy,— 4 oo S(Xp, T, Tni1) = 0.

If {z,,} is not a Cauchy sequence, then there exist an ¢ > 0 and two sequences
{my} and {ni} of positive integers with my, > nyi > k such that S(Tm,, Ty, Tn,) = €
with S(Tm,,—1, Tmy—1, Tn, ) < €. Also, we have the following:

(i) Hm S(Tpm,,Tm,,Tn,) =€ (i) lm S(Tpm,—1,Tm,—1,%n,) =€
k—+oco k—+oco

(i) lm S(Tm,, Tmy, Tnp—1) =€ () lm S(Tm,—1, Tmp—1, Tnp—1) = €.
k—+oo k——+oo
For more works on S-metric spaces we refer to [3,6,8,9,17,18].
In 2019, Mlaiki, Yilmaz Ozgiir and Nihal Tag [14] introduced Z,-contraction by
using simulation functions and proved the existence and uniqueness of fixed points of
such mapping in complete S-metric spaces.

DEFINITION 1.15 ([14]). Let (X, S) be an S-metric space and T': X — X. If there
exists a ( € Z such that

C((S(Tz, Tz, Ty), S(x,z,y)) = 0 (2)
for all x,y € X, then T is called a Z,-contraction with respect to (.

THEOREM 1.16 ([14]). Let (X,S) be a complete S-metric space and T : X — X. If
T is a Zs-contraction with respect to ¢, then T' has a unique fized point a € X, and
for every xo € X the sequence {x,} converges to a, where x, = Tx,_1 for alln € N.

Motivated by the works of [10,13-15], in Section 2 of this paper, we introduce
almost Suzuki type Zs-contraction mappings and prove the existence and uniqueness
of fixed points of such mappings in complete S-metric spaces. Our results generalize
the fixed point theorems of Mlaiki, Yilmaz Ozgiir and Nihal Tag [14] and Sedghi,
Shobe and Aliouche [17]. We draw some corollaries and give examples in support of
our results.
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2. Main results

In the following we define almost Suzuki type Zs-contraction with respect to a simu-
lation function.

DEFINITION 2.1. Let (X, S) be an S-metric space and T : X — X. If there exist a
¢ € Z and L > 0 such that

L5(r,2, Ta) < S(,y,2) implies ((S(Ta, Ty, T2), S(a, 5,2+ LN(x,9,2)) > 0, (3)

for all z,y,z € X, where N(z,y,2) = min{STx,Tz,x),S(Tz,Tx,y),S(Tz,Tx, z),
S(Tx,y,z)}, then T is called an almost Suzuki type Z,-contraction with respect to .

The following theorem is the main result of this paper.

THEOREM 2.2. Let (X, S) be a complete S-metric space and T : X — X be an almost

Suzuki type Zs-contraction with respect to ( € Z. Then for any xg € X, the sequence

{x,} defined by x,, = Txp—y for alln=1,2,... is Cauchy in X, lir_~r_1 Tp =u (say)
n—-+0oo

m X and u is a unique fized point in X.

Proof. Let g € X and the sequence {x,} be defined as =, = Tz, for all n =
1,2,3,.... If vy, = xpy+1 = Ty, for some ng, then x,, is a fixed point of 7.
Therefore, we assume that x,, # 11, .., S(@n, Tn, Tpy1) > 0, for all n > 0.

STEP 1: We prove that lim S(x,,zp,Zn41) = 0.

n—+o0
We have %S(zn,xn,Txn) < S(xp, T, Txn) = S(Tp,Tn,Tni1), hence from the
inequality (3), we have
0<(¢(STxn, Txpn, Txn+1),S(Tn, Tn,Tnt1) + LN(Tp, Tpy Trg1))- (4)
Here
N(Zp, Ty Tpp1)=min{ S (Txy, Txpn, 2n), S(TTpn, Tn, Tpi1), S(TTp, Ty Try1) }
=min{S(Tn+1, Tnt+1, Tn), S(Tn+1, Tnt1, Tnt1), S(Tnt1, Tn, Tnt1) =0
From the inequality (4) and by using ({2), we get
0 < ¢(S(Tnt1,Tnt1, Tnt2), S(Tn, Tn, Tng1)) < S(Tn, Tn, Tng1) = S(Tnt1, Tng1, Tny2)
which implies that
S(Tnt1s Tnt1s Tntz) < S(@p, Tn, Tpy1), foralln=0,1,2,... . (5)
Therefore, the sequence {S(xy, Tpn,Tnt1)} is decreasing and converges to some r > 0.
Assume that r» > 0.

Let t,=S(nt1, Tnt1, Tntz) and $,=S(Tpn, Tn, Tnt1). Since lim t,= lim s,=r>0,
n—-+o0o n—-+o00
by using the inequality (3) and the condition ((3), we get that
0 <limsup ¢(S(Znt1; Tnt1, Tnt2), S(Xn, Tny Tnt1)) <0,
n—-+o0o
a contradiction. Therefore r = 0, i.e.
lim S(zp,Zn,Tpy1) =0. (6)

n—-+o0o
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STEP 2: We prove that {x,} is a Cauchy sequence.

If {z,, } is not Cauchy, by Lemma 1.14 there exist an € > 0 and sequences of positive
integers {my} and {n;} such that my > ny > k such that S(zp,, Tm,, Tn,) > € and
S(Xmp—15 Tmp—1, Tny,) < € satisfying (i)-(iv) of Lemma 1.14.

Now suppose, if possible, there exists a k > ki such that
1

gs(xmkflaxmkflvxmk) Z S(xmkfla xmkflawnkfl)' (7)

On letting k — 400 in the inequality (7) and using Lemma 1.14 (iv), we get that e < 0,
which is a contraction. Therefore %S(xmk_l,xmk_l,xmk) < S(Tmp—1sTmp—15Tng—1)s
for all £ > k1. Now, we have

N(xmk—h xmk—la xnk—l)

- min{S(Txmk_l, Txmk—la xmk—1)7 S(Tﬂjmk_l, T'rmk—17 xnk—1)7

= min{S(l‘mk ) ‘fL‘mk ) xmk71>7 S(-'I;mk b mmk bl wnkfl)a S(xmk b) xmk717 xnk71>}
By letting k — +o00 and by using the inequality (6), we get

kggl-loo N(xmk—laxmk—hxnk—l) = 0. (8)

/ /
Let t),=S(Zmy , Ty Tny) a0d =S (Trmp—1, Timp—1, Trpo—1) F LN (Zmp—1, Tinp—1, Trg—1)-

By using Lemma 1.14 and the inequality (8), we obtain that lim # = lim s}=e>0.
k—+o0 k—+o00

Now, by the inequality (3) and by ((3), we have

0<lim sup C(S(xmk y Ly, s mnk)7 S(mmkflv Tmy—1, xnk/*l)—’—LN(xmk*l? Tmy—15 wnkfl))<07
k—+oco

a contradiction.
Therefore, {z,} is a Cauchy sequence. Since (X, S) is a complete S-metric space,

there exists a u € X, such that lim =z, =u.
n—-+oo

STEP 3: We now prove that u is a fixed point of T
Suppose that Tu # u. Then S(u,u, Tu) > 0. We now prove that either

1
(2) gS(mn,xn,an) < S(xpn,Tn,u), or

1
(b) 55($n+1,$n+17$n+2) < S(Tpg1, Tny1, u) (9)
hold for each n = 0,1,2,.... On the contrary, suppose that %S(xmmn,xnﬂ) >

S(n, Ty, w) and £ (Tni1s Tng1s Tngz) = S(Tpi1, Tny1, u) hold for some n. Therefore,
39 (Tny Tn,yu) < S(Tn, Ty Tig1) = S(@nt1, Tnt1, Tn) < 28 (@ng1, Tng1, w) + S(Tn, Tn, u),
which implies that S(x,, Zn, u) < S(pt1,Tnt1,u). From the inequality (5), we have
S(Tpt1s Tnt1s Tntz) < S(@p, Tn, Trit)
< 2S(xn, Zn,u) + S(Xnt1, T, ) < S(Tnt1, Tnt1s Tnt2),
a contradiction. Therefore (9) holds.
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Suppose that (a) holds, i.e. $5(xpn,n, T%,) < S(@n, Ty, u) and from (3) we have
0 <C¢(STxn, Taxn, Tu),S(Tpn, Tn,u) + LN (T, Tpn,u)). (10)
Here
N(xp, Tp,u) = min{S(Txn, Txn, ), S(Txn, Trpn,u), S(TTy, Tn,u)}
= min{S(Tn+1, Tn+1, Tn), S(Tnt1, Tnt1, u), S(Tnt1, Tn,u)}.
On letting n — +o0, we have nll)rfm N(zp, Tpn,u) = 0. From (10), we have
0 <limsup {(S(znt1, Tnt1, Tw), S(@n, Tn,u) + LN (Tp, T, u))
n—+o00

< limsup(S(xn, n,u) + LN (2, Zn,u) — S(Tpni1, Ty, TU))

n——+oo

= limsup(S(Zn, Tn,u) + LN (2, Tp,w)) — liminf S(zp41, Tny1, Tu) = —S(u, u, Tu),

n—+00 n—+o0

Hence S(u,u,Tu) =0, i.e., u=Tu.

Now suppose (b) holds, i.e. $S5(2pi1, Tni1, Tons1) < S(Tn41,Tns1,u) and from
the inequality (3) we have

0<¢(STxnt1,Txns1,Tu),S(Xpt1, Tnt1,u) + LN (Tpi1, Tnr1,u)), (11)
where
N(zpi1, Tnt1,w) = min{S(TTpi1, TZni1, Tng1), S(Tpi1, Tpy1,u), S(TTpi1, Tpy1,u)}
= min{S(zp+2, Tnt2, Tnt1), S(Tnt2, Tni2, w), S(Tni2, Tni1,u)}.

On letting n — 400, we have 1ir4r_100 N(Zp+1,Tnt1,u) = 0. From the inequality (11),

n—
we have

0 < limsup ((S(znt2, Tnt2, Tu), S(Tng1, Tni1,u) + LN (Tpi1, Tnyr,u)

n—-+oo

< limsup(S(pn+1, Tnt1, )+ LN (Tpt1, Tnt1, 4)—S(Tnt2, Tnta, Tu))=—5(u, u, Tu).

n——+oo

Hence S(u,u,Tu) =0, i.e., u = Tu. Thus, u is a fixed point of T

STEP 4: We now prove the uniqueness. Suppose that z,y € X are two fixed points
of T such that x # y. Clearly, %S(x, x,Tz) < S(x,z,y). Then by using the inequal-
ity (3), we get

0<{(S(Tz, Tz, Ty),S(w,2,y) + LN (z,2,y)), (12)

where N(z,z,y) = min{S(Tz,Tz,x),S(Tx,Tx,y),S(Tx,z,y)} = 0. Now, from the
inequality (12), we get

0<¢(S(x,z,y),5(x,2,y)) < S, z,y) = Sz, z,y) =0 (by (¢2)),
a contradiction. Therefore z = y. O

THEOREM 2.3. Let (X,S) be a complete S-metric space. Suppose that there exist
¢ € Z and L > 0 such that

1
35(@ 2, T2)<S(z,2,y) implies ((S(Tz,Tz,Ty),S(z,2,y)+LN(z,z,y))20, (13)
for all z,y € X, where N(z,z,y) = min{S(Tz,Tx,z),S(Tx,Tz,y),S(Tx,x,y)}.
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Then T has a unique fixed point in X.
Proof. Similar to the proof of Theorem 2.2 O

COROLLARY 2.4. Let (X,S) be a complete S-metric space. Suppose that there exist
(€ Z and L >0 and such that

C(S(Tz,Txz,Ty),S(x,x,y) + LN (z,z,y)) > 0, (14)

for all x,y € X, where N(x,z,y) is defined as in the inequality (13). Then T has a
unique fixed point in X.

REMARK 2.5. If L = 0 in the inequality (13), then Theorem 1.16 follows as a corollary
of Corollary 2.4.

COROLLARY 2.6. Let (X, S) be a complete S-metric space andT : X x X — X be a
mapping satisfying the following condition: there exists A € [0,1) such that

1
§S(x,x,Tx)<S(x,x, y) implies S(Tx, Tx, Ty)<AS(z,z,y), (15)
forallz,y € X. Then T has a unique fized point in X.

Proof. If we choose simulation function ¢ as ((¢,s) = As—t, for all s,¢ > 0, where \ €
[0,1) and if L = 0 in the inequality (13) then the inequality (15) is a special case of the
inequality (13) so that, the conclusion of this corollary follows from Theorem 2.3. U

REMARK 2.7. Theorem 1.13 follows as a corollary of Corollary 2.6.

COROLLARY 2.8. Let (X, S) be a complete S-metric space andT : X x X — X be a
mapping satisfying

1
gS(l‘,l‘,T{E) < S(x,y,z) ’melZES S(T'T'aTyaTz) < S(xaywz) - cp(S(:c,y,z)), (16)

for all z,y,z € X, where ¢ : [0,4+00) — [0,4+00) is a lower semi continuous function
with ©(t) = 0 if and only if t =0. Then T has a unique fized point in X.

Proof. We choose ((t, s) as in the Example 1.2 (v) and if L = 0 in the inequality (3),
it follows that the conclusion of this corollary holds by applying Theorem 2.2. O

The following example is in support of Theorem 2.2.

EXAMPLE 2.9. Let X = [§,1]. We define S : X* — [0, +00) by

S(x»yvz):{

We define T': X — X by

0, if r=y=z2

max{z,y, 2}, otherwise.

2
1, if zel[i 1]

We define ¢ : [0,400) X [0,+00) — R by ((t,s) = %s —t, s,t > 0. Then ( is a

simulation function. Let z,y, z € X. We now verify that {(S(Tz, Ty, Tz),S(z,y,z)+
LN(z,y,2)) > 0 whenever £5(z,z,Txz) < S(z,y, 2).

1 11
5, if z€[5,35)
_ )32 1 1
T.’L‘—{ 1
2



G. V. R. Babu, P. Durga Sailaja, G. Srichandana 137

Case (i) Let z,y,z € [% We assume without loss of generality that z < y < z. We
have £5(z,x,Tx) = £S(z,x,3) = ¢ <z = S(x,y,2). In this case S(Tx,Ty,Tz) =0
so that the inequality (3) holds tr1V1ally for any L > 0.

3):
Z,

Case (ii) Let #,y,2z € [,1]. We assume that z < y < 2. We have 1S(z,2,Tz) =
1S(z,2,1) = § <z = S(z,y,2). In this case S(Tx,Ty,Tz) = 0 so that the inequal-
ity (3) holds trivially for any L > 0.

Case (iii) Let € [1,%) and y,2 € [,1]. We assume that y < 2. We have
2S(x, 2, Tx) = $S(x, 2, 3) = ¢ < 2= S(z,y,2).
S(Tw, Tz, 7) =S(2, 2,2) = 14 S(Tz, Ta,y) = S(, 2,y) =
T,1T,r)= 272,.’1} _27 Z,1x,Y)= 2,27?] =Y
11 1
S(Ta:,TJ;,z) S(§7§7Z):Z7 S(Tx,y,z):S(i,y,z):z
1 1

1
N(z,y,z) :min{i,y,z} =3 and S(Tx, Ty, Tz) = 5(5,17 =1
We consider

1
C(S(Tx, Ty, TZ)7S(9€, Y,2) + LN(z,y,2) = 5(S(x,y,2) + LN(x,y,2)) = S(Tx, Ty, Tz)

2
N(z,y,2)) — S(Tz, Ty, Tz) =
In this case, the inequah (3) holds for any L > 4.

1 1
§(L(§)) —1>0, for any L > 4.

Case (iv) Let z,y € [1,2) and z € [3,1]. We assume that 2 < y. We have
%S(a@x,Tx) = %S(w,m, %) =

11 1 11 1

ST T == —_, — = — — —_ — —

(T, To,2) =S(5. 5,2) = 5 S(Tw,Ta,y) =S(5.5.9) = 5
11 1

S(T.’L‘,TI’,Z) 25(5,572:):2 S’(Tx,y,z) :S(g?yvz)zz
1 1 1

N(z,y,z) :min{i,z =3 and S(Txz, Ty, Tz) 25(5,1, 1)=1.

In this case, we have ((S(Tx,Ty,Tz),S(x,y,z) + LN(z,y,2)) > 0 for any L > 4
(similarly as in Case (iii)). The inequality (3) holds for any L > 4.

Case (v) Let z,z € [f,4) and y € [1,1]. We assume that z < z. We have
18(z, 2, Tx) = 18(33 z,3) =1t <y=5(z,y,2)
11 1 11
S T T :S —, = = — T T — —_ = o .
(T'z,Tz,z) =5(3, 5,2) = 33 STz, Tz,y) =5(5, 5,9) = ¥;
11 1 1
T T = _— - = - = —_— = .
S( x? x? Z) 5(27 2)Z) 27 S(Tx7 y’ Z) 5(27y7 Z) y
1
N(z,y,z) = mm{ ,y} = - and STz, Ty, Tz) =1.

Similarly as in Case (iii), the mequahty (3) holds for any L > 4.

Case (vi) Let z € [1,4) and z,y € [5,1]. We assume that z < y. We have
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%S(x,z,Tar) = %S(m,z,l) = % <y=S(x,y,2).

S(Tx,Tx,x) =S(1,1,2) = 1; S(Tx, Tx,y) =S(1,1,y) = 1;
S(Txz,Tx,z) =S(1,1,2) = 1; S(Txz,y,z) =5(1,y, z) so that
N(z,y,z) =1 and STz, Ty, Tz) =1.

‘We consider

(ST, Ty, T2),8(,,2) + LN(2,y, ) = 5(S(2,y, ) + LN(2,9,2)) = 8(T2, Ty, T2)

1 1
2§(LN(x,y,z)) - S(Tx, Ty, Tz) = §(L(1)) —12>0, for any L > 2.
In this case, the inequality (3) holds for any L > 2.

Case (vii) Let y € [§,1) and z,z € [4,1]. We assume that z < z. We have

18(z,z,Tx) = 38(z,2,1) = £ < z = S(z,y,2).

S(Tz, Tz, xz) =5(1,1,2) = 1; STz, Tx,y) =S(1,1,y) = 1;
S(Tx,Tx,z) =5(1,1,2) = 1; S(Tx,y,z) =S(1,y,2) =1 so that
N(z,y,z) =1.

In this case, we have ((S(Txz,Ty,Tz),S(x,y,z) + LN(z,y,2)) > 0, for any L > 2
(similarly as in Case (vi))

Case (viii) Let z,y € [},3) and & € [5,1]. We assume that y < z. We have
%S(m,x,Tx) = %S(x,x, 1) = 2 < S(x,y,2). Here N(z,y,2) = 1. In this case,
we have ((S(Tz,Ty,Tz),S(z,y,2) + LN (z,y,z)) > 3(L(1)) =1 > 0, for any L > 2.
Therefore T satisfies all the hypotheses of Theorem 2.2, with L = 4, and 1 is the
unique fixed point of T

wim B

The following example is in support of Theorem 2.3.

EXAMPLE 2.10. Let X = [1,2]. We define S : X* — [0, 00) by

s( ) 0, if r=y==z
x? 7Z = .
Y max{x,y, z}, otherwise.

Then (X, S) is a complete S-metric space. We define T': X — X by

T — 2l if ze(3,1)
2, if x€[1,2).

We define ¢ : [0,00) x [0,00) — R by ((t,s) = s — 3t, s,t > 0. Then ( is a sim-
ulation function. Let z,y € X. We now verify that ¢(S(Tx,Txz,Ty),S(x,z,y) +
LN(z,z,y)) > 0 whenever %S(x,x,Ta:) < S(z,z,y).
Case (i) Let ,y € [5,1) with < y. Here S(z,z,Tz) = 25 and S(z,2,y) =
y. Clearly, %S(x,x,Ta:) < S(z,z,y). In this case, S(Txz, Tz, Ty) = % and
N(z,y,z) = 25, Then
C(S(Txz, Tx,Ty),S(z,z,y) + LN(z,x,y)) = S(x,z,y) + LN (z,z,y) — 3S(Tz, Tz, Ty)

2z 41 2y +1
) = 3(

=y+ L( )>0 forany L > 4.
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Therefore, in this case, the inequality (13) holds for any L > 4.

Case (ii) Let z,y € [1,2]. We have 1S(z,z,Tz) = £5(z,2,2) = 2 < S(z,2,y). In
this case S(T'z, Tz, Ty) = 0 so that the inequality (13) holds trivially for any L > 0.

Case (iii) Let = € [3,1) and y € [1,2]. We have :S(z,z,Tz) = + max{25H z} <
S(x,x,y). Here S(Tx, Tz, Ty)=2; S(Tx,Tm,m):%;rl; S(Tx, Tx,y)=y; S(Tx,z,y)=y

and N(z,z,y)=min{25 y}=22EL We consider

C(S(Te, T, Ty), (2, 2,) + IN(r,9) =y + L(T0) ~ 3(2) > 0

for any L > 9. Therefore, in this case, the inequality (13) holds for any L > 9.

Case (iv) Let # € [1,2] and y € [3,1). We have S(z,z,Tz) = 2 < S(z,z,y) and
N(z,z,y) = 2; We consider ((S(Tx,Tz,Ty),S(z,z,y) + LN(z,z,9)) = = + L(2) —
3(2) > 0 for any L > 3. In this case, the inequality (13) holds for any L > 3.

Therefore T satisfies all the hypotheses of Theorem 2.3 with respect to ¢ with
L =9 and 2 is the unique fixed point of T'.

Here we observe that T does not satisfy the inequality (1). For example, choose
T = %, Yy = %, we have S(z,z,y) = % Now, S(Tz, Tz, Ty) =2 £« KS(z,z,y) for any
K < 1. Hence T does not satisfy the inequality (1). So we conclude from Remark 2.7
that Theorem 2.3 generalizes Theorem 1.13.

Further, we observe that T does not satisfy the inequality (2) for any (. If we
choose x = %, y= % in the inequality (2), then we have ((S(Tz, Tz, Ty), S(z,z,y)) =
((2,3) < 3— 2 < —1, acontradiction.

Thus the inequality (2) fails to hold for any . Hence by Remark 2.5, it follows
that Theorem 2.3 is a generalization of Theorem 1.16.
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