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Abstract. In this paper, we characterized the matrices of operators that transform the
generalized Cesaro sequence space to the convergence sequence space in Banach spaces. Our
results generalize the characterization of the sequence space in Ly, 1 < p < oo.

1. Introduction

Let X and Y be Banach spaces and A = (A,;) be an infinite matrix of operators
from X into Y. The investigation of characterizations of the class of matrices of oper-
ators that transform an X-valued sequence space into a Y-valued sequence space has
been carried out by several authors (e.g., [6,7]). Bagar et al. in [1] investigated ma-
trices transformation on some sequence spaces related to strong Cesaro summability.
Related to the characterization of matrices of operators, Yilmaz and Ozdemir [13] ex-
amined the Koéthe-Toeplitz duals of some vector-valued Orlicz sequence spaces. The
Kothe-Toeplitz duals for the sequences in a generalized Orlicz space are examined
in [4]. In [11], Malkowsky and Velickovi¢ determined S-duals on some new sequence
spaces. The duals and matrices transformation on some spaces related to Cesaro
sequence space were also discussed in [10].

Given the generalized Orlicz space Lg associated with an Orlicz function ¢, the
space of all sequences in Ly is denoted by w(Ly). For any v € Ly and m = 1,2,.. .,
let e™u denote a sequence in Ly with e = w if K = m and e}' = 0 for k # m. Here,
6 denotes the zero vector in Ly. If v = (vy) is a member of w(Ly), then the notation
Son Apguy is also written as A, v.

Let ¢ be an Orlicz function that satisfies the Ag-condition. We define the following
spaces:

Woo = { (w) €wlz): Jim 55 [ otun(o) =0},
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98 Operators on the Ly-valued Cesaro sequence spaces

Wy = {(ur) € w(Lgy) : (ur — up) € Wy 4 for some ug € Ly},

Woo7¢:{(uk)€wL¢:supNZ/¢uk <oo}

NeN

Let ¢(Y') denote the space of all convergent sequences in a Banach space Y and
let W € {Wo 4, Wy, Weo,o}. In this paper, we give the characterization of the class
(W, c(Y)), i.e. the class of all matrices that transform the spaces W to the space ¢(Y).
Based on the characterization, we then determine the class (W, ¢(Y)) for ¢ = | - |7,
1 <p<oo.

2. Preliminaries

The symbols N and R denote the set of all natural numbers and the set of all real
numbers, respectively. Let ¢ : R — [0,00) be an Orlicz function, that is, ¢ is even,
continuous, convex, ¢(x) = 0 if and only if z = 0, and lim,_, o ¢(x) = co. The
complementary to the Orlicz function ¢ is a function ¢ such that |zy| < ¢(x) +¥(y),
for every x,y € R. For any Orlicz function ¢, the function ¢ defined by ¥(y) =
sup{|y|z—¢(x) : £ > 0} is an Orlicz function complementary to ¢. An Orlicz function
¢ is said to satisfy the Ag-condition if there is a K > 0 such that ¢(2z) < K¢(zx)
for each & > 0 (see e.g., [5]). We denote by ¢! the inverse function of the Orlicz
function ¢ in the non-negative values argument.

Let (¢,1) be a pair of complementary Orlicz functions and E a bounded closed
subset of R. We denote by Ly the space of all Lebesgue measurable real valued
functions u on E such that | [, u(z)v(x) dz| < oo for every v with [, ¥ (v(z)) dz < co.
Furthermore, Ly is a Banach space with respect to the Orlicz norm

||u||¢=sup{ [ utwlgte)de] s ot < 1,
B
where py(u) = [ (u(x))dz (see, e.g., [5,12]).
By the Luxemburg norm on Ly we mean a function || - [|(4) on Lg such that

lull(gy = inf{t > 0 : pg(u/t) < 1}. Tt can be shown that [Jul|s) < [ullg < 2||ull(4)
for all u € Ly, that is || - |4 and || - [|(4) are equivalent. Furthermore, if the Orlicz
function ¢ satisfies the Aj-condition, then pg(u/[|ul(s)) = 1 (see, e.g., [5])

If the Orlicz function ¢ satisfies the As-condition, it can be shown that there exists
a constant ¢ > 0 such that

/ olau(x))dr < cp(a), foreach a>0 and |ully <1 (1)
B

(see [4]). In [3], we showed that the space Wu 4 is complete with respect to the
Luxemburg norm

||u||=inf{t>0 sup—Z/ < ><1}

Furthermore, Wy is a closed subspace of W 4.
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Let B(Lg,Y) be the collection of all bounded linear mappings from Ly into YV
and Y* denote the continuous dual of Y. We also write (f,y) = f(y) for f € Y*
and y € Y. The adjoint of T' € B(Ly,Y) is an operator 7% € B(Y™, L}) such that
(f,Tu)y = (T* f,u) for all f € Y* and u € Ly. The notations U and U* represent the
sets {u € Ly : |lul|lp <1} and {f € Y* : || f|] < 1}, respectively. Recall that for every
y €Y, y+#0, there exists f € U* such that ||y||ly = f(y).

Let (T}) be a sequence in B(Ly,Y) and f € U*. Since for each k, T}’ f € LY, then
there exists uy € U such that

T3 fIF < 2/T5 fuxl- (2)

Let (ax) be a sequence of real numbers and uy, as is (2) for each k € N. It is clear

that the sequence (vy) with
v = |ax|sgn (T}, fur)uk (3)
is a sequence in L.

On Ly, 1 < p < oo, by taking ¢(z) = [z[?, it is well known that ¢(||ul|(4)) = pe(u),
but in the Orlicz space, this property is not always satisfied even if the Orlicz function
¢ satisfies the Ao-condition (see [2]). However, if we restrict on the terms of W 4,
we have the following result.

LeMMA 2.1 ([4]). If an Orlicz function ¢ satisfies the Aa-condition and (ux) € Woe 4,
then there exists ¢ > 0 such that ¢(||uk|e) < cpp(ur), VkeN.

Let w denote the space of all sequences in R and let the Orlicz function ¢ satisfy
the As-condition. To discuss our results, we will need the following spaces.

v = { (@) € Jim ]lka¢<ak>—o},

we = {(ax) € w: (ar — ag) € wo,4 for some ay € R},

N
1
Woo, ¢ = {(ak) €w:sup Zd)(ak) < oo}.
Nen IV =
In the case of ¢(z) = |z|?, 1 < p < 00, we write wg,p = Wo p aNd Woo, ¢ = Woo p-
Let (ax) be a sequence of real numbers. The notation ) ay stands for the sum
of all a with 2" < k < 2"+1. For our discussion that follows, we rewrite the results

from [9] in the following version.

LEMMA 2.2 ([9]). Let 1 < p < oo, % + % =1 and (by) be a sequence of real numbers.
The following statements are equivalent.

(i) > pey |billak| < oo, for each (ay) € wqp.

(1) >y |brllak| < oo, for each (ar) € woo p.

i) S°°° or/p b)Y < 0.
( ) Z’I”—O (27"' | )
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3. Main results

We begin this section by proving the following three theorems, that will be useful for
proving our main results.

THEOREM 3.1. Let ¢ be an Orlicz function that satisfies the Ag-condition and Ay €
B(L4,Y) for each k € N. The following statements are equivalent.
(a) Y poq Aguy is convergent for each (ur) € Wo 4.

(b) >ore lak|||Affl < oo for each (ak) € wo,4 and for each f € U*.
Proof. Assume (a) is true and let (ay) € wo,¢ and f € U*. Define the sequence (vg)

where vy, is as in (3) with A} in the place of T}'. Following (1), there exists ¢ > 0
such that

L ¢ 1 e

whenever N — oo, i.e. (vg) € Wy 4. Hence, Y ;- | Agvy is convergent, and it implies
that > .-, A} fuy, is convergent. Since Y oo Affor, = > oy |ak||Af fugl, then we
have

Y lanll 43 fl <2 laxl|Af fur| < oo.
k=1 k=1

Thus, (a) implies (b).
Assume (b) is true and take any (uy) € Wy . By Lemma 2.1, it is easy to see
that (|jux|l¢)ken € wo,6, and hence > | A% fll|uxll¢ < oc. Since

1Y Aully = ’<f, > Agug)
k=m k=m

, for some f € U*

<O NS Al =) A fuel <Y AR F Il g,
k=m k=m k=m

then || Y p_,  Apuklly — 0 as m,n — oo. By the completeness of Y, D77 | Apuy is
convergent. Hence, (b) implies (a). 0

THEOREM 3.2. Let ¢ be an Orlicz function that satisfies the Ag-condition and Ay €
B(L4,Y) for each k € N. The following statements are equivalent.
(a) Y poq Aguy is convergent for each (ur) € Wo 4.

(b) > po, Apug is convergent for each (uy) € Wi.

Proof. Since Wy 4 C Wy, then (b) implies (a).

For the converse, assume that (a) is true and let (ux) € Wy. Let ug € Ly such
that (ur — ug) € Wo,g, then > po | Ap(ur — up) is convergent. Since the function
¢ satisfies the As-condition, then there exists p > 1 such that ¢(z) < c|z|P, for
some ¢ > 0 [12, Corollary 5, Chap. II]. It implies wg, C wo,¢. Let (ar) € wop.
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By Theorem 3.1, 3277 |ax|||Aff|l < oo. Hence, S00,27/P(3" || A f| )Y < oo,
1/p+1/q=1 (see [8]). For any € > 0, let vy € N be such that
0o ; 1/q c
2 (LIALfI) <
222 el +1

For each m,n > 27,

n n
1Y Aguolly =1(f. Y Apuo)|, for some f € U*
k=m k=m

n n 0o 1/q 1 1/p
< Y Miful< Y 14islluole < 3 27 (S 14A1) (5 Xl
k=m k=m T r

r=ro

00 1/q
<3 o (Z IIAZfllq) luollo < e.

T=To

Since Y is complete, then 2;021 Ajyug is convergent. Therefore

Z Akuk = Z Ak(uk — U()) + Z AkUQ
k=1 k=1 k=1

is convergent. Thus, (a) implies (b). U

THEOREM 3.3. Let ¢ be an Orlicz function that satisfies the Ag-condition and Ay, €
B(Lg,Y) for each k € N. The following statements are equivalent.
(a) Y poy Aguy is convergent for each (uy) € Weo 4.

(b) 3202 lakl AL fll < oo for each (ak) € woog-

Proof. The proof that (a) implies (b) is analogous to the proof of Theorem 3.1, by
replacing (ai) € Weo,¢ in the proof of Theorem 3.1.

For the converse, take any (ux) € Woe 4. Since (||ugl|) € woo,¢, then by (b) we
have Y72 | [|Af flllluk]| < co. Since Y is complete, then Y - | Aguy is convergent. U

Now, we are in the position to describe the characterizations of matrix operators.
The first characterization is given in the following theorem.

THEOREM 3.4. Let ¢ be an Orlicz function that satisfies the Ag-condition and Ay, €
B(Lg,Y) for each n,k € N. Then A = (Apk) € (Wo,e,c(Y)) if and only if
(a) for each u € Ly, there exists Ay € B(Lg,Y) such that Apru—Agu as n—o00, and

(b) supen, rev+ 2oper [Anpflllar] < oo, for each (ax) € wo,p.

Proof. Let A € (Wo,4,c(Y)) and take any u € Lg. Then efu € Wy 4 for any k € N.
Hence, A(eFu) € c¢(Y), i.e. lim, o0 Ay (eFu) = lim, . A,,u exists. Since for each
n € N, Ay, € B(Ly,Y), then by Banach-Steinhaus’s Theorem, the mapping Ay, :
Ly — Y where Ap(u) = lim,,—, o Ani(u), belongs to B(Lg,Y). Thus we have (a).
For proving (b), let (ax) € wo ¢ and n € N. For each k € N and f € U*, we have
Ay f € L. Define the sequence v = (vg) as in (3) with Ay, in the place of 7};. By
using (1), it is easy to show that (vi) € Wp 4, and hence Av € ¢(Y). Let M be a real
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number such that sup,, || >, Ankvklly < M. Since for any natural number s and
J €U (0 Amon) < IS0y Avvelly < 155, Ancvnlly, then we get
Sorey lanl A% fur)] = D gy A fok) < 1Y req Ankvilly < M, and this together
with (2) yields (b).

For the sufficiency, let (u;) € Wy and f € U*. By (b), > po; [|A%, flllak] < oo,
for each (ax) € wg 4. Following Theorem 3.1, Z:i1 Apruy is convergent for each n.
Further, we will show that Au € ¢(Y).

Let u € Ly be arbitrary. Then, by (a) we have |A}, f(u) — A f(uw)| = [(f, (A —
Au)| < I (Ank — Ap)ully — 0 as n — co. For any k € N, let f, € U* such
that | Agug|ly = |(fr, Agur)|. First, we will prove that > .o, |A%, fr(ux)| converges
uniformly in n.

For each k € N, let My, = sup,,cy |A%, fe(ur)|. Then there exists n(k) € N such
that My < [A] ) fr(ur)] + - Since (|Jug|l¢)ken € wo,g, then by (b) we have

- 1
EN@<ZOA o]+ 55 ) < 3 (Mnandelllonls + 5 ) <o
k=1
Since | A%, fu(ur)| < My, for each k, then by the Weierstrass Test, Y ro | |A¥, fi(ux)|

converges uniformly in n. Furthermore,

>l Avurlly = 1A; fi(wr)| = nli_{goz | ALk fie(ur)] < oo,
k=1 k=1

and hence, by completeness of Y, >~ | Aguy, is convergent Finally,

> (Ank — Ag)us < ZH nk — Ag)uklly = Z| — A fi(ug)| =0

k=1

whenever n — oo, i.e. llmn_>oo Zk:l RT— Zk:l Akuk. Thus, (A,u) € ¢(Y) for
each (ug) € Wo,4. Hence, A = (Api) € (Wo,4,c(Y)). O
We also observe the following characterization.

THEOREM 3.5. Let ¢ be an Orlicz function that satisfies the As-condition and A,y €
B(L4,Y) for each n,k € N. Then A = (Ank) € Wy, c(Y)) if and only if

(a) for each k there exists Ay, € B(Ly,Y) such that Apru — Agu as n — oo for each
u e L¢,

(b) subness rer S50 43S llaxl < 05, for each (ax) € wo,q,
(¢) $uDners rev S (AL — A7) fllar] < oo, for each (ar) € wos.
Proof. Since Wy 4 C Wy, then (a) and (b) are clear by Theorem 3.4. Further, we are
going to prove (c).

Let (ax) € wo,¢, f € U*, and s € N. Define the sequence (vi) as in (3) with T}
replaced by Ay, — Ag. It is clear that (vy) € Wy. So, it implies sup,, ,en [|(An
Apm)v|ly < M for some real number M. Since (f, (Anr—Ag)vk) = |ak| (A% —A%) fuk]

for every k, then
S

D larll(Ae = A ful = 10D (Ane = Aww)| < ||Z Ap)vglly-
k=1

k=1
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Further, by (a) we have

Z (Apk — Ak) (8 Z (Ank — Apk) Uk
k=1 Y k=1
So, >y larl|(Ax, — Af) fux| < M and (c) holds.

For sufficiency, let (ug) € Wy. Following (a), for every f € Y* and u € L, we have
I(f, (Ank — Ap)w)| < | FIII[(Ank — Ar)ully — 0 as n — oo, ie. lim, oo A%, f(u) =
A} f(u). Let us write

Z Appuy, = Z Apuy + Z(Ank — Ap)(up —uo) + Z(Ank — Apg)uo,
=1 =1 =1 =1

where ug € Ly such that (up —ug) € Wy 4. We will examine that every term in the
right-hand side is convergent.

For any k, let fi € U* such that ||Aguk|ly = |Affx(uk)|. It has been shown in
the proof of Theorem 3.4, that the assumption (b) implies that >y, [A%, fi(us)]
converges uniformly in n. Hence, this result together with (a) yields

> il = 3 1AL ()l = Jim 2 450 ()

S

= lim
m—ro0

Y

S Z [Avef I urlly < oo

By the completeness of Y, it implies Zk:l Akuk is convergent.

For any k, let vy = ux — ug. By (c) and using the similar way as in the proof of
Theorem 3.4, we can prove that Y po ; |(A%, — Af) fr.(up —uo)| is uniformly convergent
in n. Hence,

> I Ank — Ag) (e — ug ||Y—Z| — Ap) fr(ur — uo)|
k=1

converges to 0 as n — oo.

Finally, the sequence (uy), where u, = ug for every k, is in Wy. Therefore, by (c),
Theorem 3.1 and Theorem 3.2, Y 72 | (A, — Ax)ug converges to 0 as n — co. Hence,
Y peq Aprug converges as n — 0o, L.e. the sequence (3 po; Appur)nen € ¢(Y). O

For 1<p<oo, the function ¢=|-|P is an Orlicz function and satisfies the Ay-condi-
tion. By using Lemma 2.2 and Theorem 3.5, we can prove the following corollary.

COROLLARY 3.6. Let 1 < p,q < oo with 1 5 —I— =1 and A, € B(L,,Y) for every
n,k € N. Then A= (Ank) € (W p,c(Y)) if cmd only if

(a) for each k there exists Ay, € B(Ly,Y) such that Apyu — Agu as n — oo for all
u € Ly,

(b) subnen, reve 32720 277 (X, 1AL 147 < oo, and
(¢) SUbpen, revs X720 277 (2, 11(A5 — AD S0 < oo.

Another main result is given in the following theorem.
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THEOREM 3.7. Let ¢ be an Orlicz function that satisfies the As-condition and Ay €
B(Ly,Y) for every n,k € N. The matriz A = (Anr) € Weo,,c(Y)) if and only if

sup Z |4 flllak] < oo for each (ak) € Weo,p, and for any k € N, u € Ly,
neN, feU

there emsts Ak € B(Lg,Y) such that
(a) lim, oo Anpu = Agu,

(5) suppers sev Yo (A, — Ap) flllax] < oo, for cach (ax) € wos .
(¢) sup ey Y52y [ Apslllar] < oo, for each (ar) € wees.

Proof. For the necessity, let A € (We,¢,¢(Y)) and (ar) € Wi ,¢. Construct the
sequence v = (vy) as in (3) with 7} replaced by A ,. It is clear that (vgy) € W g,
hence Av € ¢(Y'), and therefore there exists M > 0 such that sup,, || >-re; Anrvrlly <
M. Since for each positive integer sand feU",

Z\Ankf ug)|lax| = ZAnkakt_ ZA KUk, f) < ||ZAnk'Uk||Y;

k=1
then by (2), we have sup,, ey e+ 2opey |45 kf||\ak| < 0. The condltlon (a) is clear
by Theorem 3.5 and the fact that Wy C Wy 4. The proof of (b) is similar to the
proof of Theorem 3.4 (b).
To prove (c), first we note that > -, |A¥, f(vx)| converges uniformly in n. It
follows from sup,,cy. er* S one i 1A% flllak| < oo. Hence, we have (c) from:

Z|A flup)|ar] = Z|A f(on)| = lim Z|A Wof (08) |<supHA |y < oco.

For sufficiency, let (uk) € Wu,¢- By Theorem 3.3 and following the hypotheses,
> ne 1 Apkug, converges for each n € N. We will prove that Au € ¢(Y).

For any k € N, let fi, € U* such that ||(Anr — Ar)urlly = [(A), — AF) fiu(ur)l.
By (b), Yoo [(A%, — A7) fe(ug)| is uniformly convergent in n. Hence, by (a) we
get 3200 [(Any — Af)fe(u)| = 0 as n — oo Then 3577 [[(Ank — Ap)uklly =
Yopeq (A%, — A7) fe(ur)| — 0 as n — oco. Therefore, Yoo | Angur — > peq Arug as
n — oo. By Theorem 3.3 and (c), we get that > .-, Apus converges, which means
that lim,, o D peq Ankug exists, ie. (Y pe ) Apgtr)nen € c(Y). 0

As a straight consequence, we have the following corollary.

COROLLARY 3.8. Let 1 < p,q < oo with %—ki =1 and An, € B(L,,Y). Then

1/q
A= (Ank) € Woo,p,c(Y)) if and only if  sup 22’"/” (Z ||A;“lkf||q> < 00,

neN, feu= =
and for any k € N, u € Ly, there exists Ay, € B(L, ) such that
(a) limy, oo Apru = Apu,

(b) SUPpen, per- Sorco 27/ (X, (A, — AR )Y < o0, and
(¢) sup ey 3020277 (X, | ALY < oo
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