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Abstract. In this paper, we introduce the notion of slant lightlike submanifold of a
golden semi-Riemannian manifold and provide a characterization theorem with some non-
trivial examples of such submanifolds. We find necessary and sufficient conditions for integra-
bility of distributions. Finally, we study curvature properties of slant lightlike submanifolds
of golden semi-Riemannian manifolds.

1. Introduction

A submanifold (M, g) of a semi-Riemannian manifold (M, ) is called a lightlike sub-
manifold if the induced metric g on it is degenerate, i.e. there exists a non zero vector
field Y € T'(TM) such that ¢(Y,Z) = 0, for all Z € T'(T'M). In [3], Duggal and
Bejancu introduced the notion of lightlike submanifolds of a semi-Riemannian mani-
fold. The geometry of slant lightlike submanifolds of indefinite Hermitian manifolds
has been studied in [14]. Many authors have studied on lightlike submanifolds in
various spaces [4,15,16]. In [16], the authors found some equivalent conditions for
integrability of distributions. Golden proportion 1 is the real positive root of the
equation 72 —z — 1 = 0 (thus ¢ = # ~ 1.618...) and was described by Kepler
(1571-1630). Inspired by the Golden proportion, Crasmareanu and Hretcanu defined
golden structure P which is a tensor field satisfying P2 — P —1 =0 on a manifold
17 [2].

A Riemannian manifold M with a golden structure P is called a golden Rie-
mannian manifold and was studied in [2,6]. In [6], the authors studied invariant
submanifolds of a golden Riemannian manifold. In [5], the authors investigated the
integrability of golden Riemannian structures. In [10], Poyraz and Yasar studied
lightlike hypersurfaces of a golden semi-Riemannian manifold and proved that there

2020 Mathematics Subject Classification: 53C15, 53C40, 53C50
Keywords and phrases: Golden structure; golden semi-Riemannian manifolds; Gauss and
Weingarten formulae; lightlike submanifolds; curvature-invariant.

175



176 Slant lightlike submanifolds of golden semi-Riemannian manifolds

is no radical anti-invariant lightlike hypersurface of a golden semi-Riemannian man-
ifold. In [10], they also studied screen semi-invariant and screen conformal screen
semi-invariant lightlike hypersurfaces of a golden semi-Riemannian manifold. In [11],
Poyraz and Yasar studied lightlike submanifolds of a golden semi-Riemannian mani-
fold and proved that there is no radical anti-invariant lightlike submanifold of a golden
semi-Riemannian manifolds. In [1], Acet introduced the notion of screen pseudo slant
lightlike submanifolds of a golden semi-Riemannian manifold and also found some
equivalent conditions for integrability of distributions. In [9], Poyraz introduced the
notion of golden GCR-lightlike submanifold of a golden semi-Riemannian manifold
and found some equivalent conditions for integrability and totally geodesic foliation of
distributions. In [12], Poyraz introduced the notion of screen semi-invariant lightlike
submanifolds of a golden semi-Riemannian manifold and found equivalant conditions
for integrability of distributions. He proved some results for totally umbilical screen
semi-invariant lightlike submanifolds of golden semi-Riemannian manifolds.

The purpose of this paper is to study slant lightlike submanifolds of a golden semi-
Riemannian manifold. The paper is arranged as follows. In Section 2, some definitions
and basic results about lightlike submanifolds and golden semi-Riemannian manifolds
are given. In Section 3, we study slant lightlike submanifolds of a golden semi-
Riemannian manifold, with examples and investigate the integrability of distributions.
In Section 4, we study curvature invariant and irrotational lightlike submanifolds of
a golden semi-Riemannian manifold.

2. Preliminaries

Let M be a differentiable manifold. If a (1, 1) type tensor field P on M satisfies the
following equation P2 = P + I, then P is called a golden structure on M, where T is
the identity transformation. Let (M,g) be a semi-Riemannian manifold and P be a
golden structure on M. If P satisfies the equation

g(PUW) =g(U.PW), (1)
for all U,W € I'(T M), then (M, g, P) is called a golden semi-Riemannian manifold
[13]. Also, if P is integrable then we have [2]

YuPW = PVyW. (2)

Now, from (1), we get
g(PU, PW) = g(PU,W) +g(U,W), (3)

for all U,W € T'(TM).

We denote real space forms with constant sectional curvatures ¢, and ¢, by M, and
My, respectively. Then similar calculations of semi-Riemannian product real space
form [17], the Riemannian curvature tensor R of a locally golden product space form
(M = Mp(cp) x My(cq),3, P) is given as follows

) (11— ¢)Cp — ey

R(X,Y)Z =(- N oy, 2)X —g(X, 2)Y
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+9(PY,Z)PX —g(PX,Z)PY} (4)
(1 - ¢)Cp + wcq
4
+3(Y, Z2)PX —g(X,Z)PY},

where ¢ = 1+2\/5 ~ 1.618...) is Golden proportion and X,Y,Z € I'(TM).

+ (- {g(PY,Z)X —g(PX,Z)Y

A submanifold (M™,g) immersed in a semi-Riemannian manifold (Hm—m,g) is
called a lightlike submanifold [3] if the metric g induced from g is degenerate and the
radical distribution RadT M is of rank r, where 1 <r < m. Let S(TM) be a screen
distribution which is a semi-Riemannian complementary distribution of RadlT M in
TM, that is TM = RadTM @upin, S(TM).

Consider a screen transversal vector bundle S(T'M~), which is a semi-Riemannian
complementary vector bundle of RadTM in TM+*. Since for any local basis {&;} of
RadT M, there exists a local null frame {N;} of sections with values in the orthogonal
complement of S(TM*) in [S(TM)]* such that g(&;, N;) = &;; and g(N;, N;) = 0, it
follows that there exists a lightlike transversal vector bundle ltr(T M) locally spanned
by {N;}. Let tr(T M) be complementary (but not orthogonal) vector bundle to T'M
in TM|p. Then

tr(TM) =ltr(TM) ®opin S(TM™*),  TM|y = TM @ tr(TM),
TM| s =S(TM) ®opin, [RadTM @ ltr(TM)] Sopen, S(TML).
The Gauss and Weingarten formulae are given as
VxY =VxY +h(X,)Y), VxV=-AyX + VLV, (5)
for all XY € I'(TM) and V € I'(tr(T'M)), where VxY, Ay X belong to I'(TM)
and h(X,Y), ViV belong to I'(¢tr(TM)). V and V! are linear connections on M
and on the vector bundle tr(T'M), respectively. The second fundamental form h is a
symmetric F(M)-bilinear form on I'(TM) with values in T'(tr(T'M)) and the shape

operator Ay is a linear endomorphism of I'(TM). From (5), for any X,Y € I'(T M),
N € T(ltr(TM)) and W € T'(S(TM)), we have

VxY =VxY +h (X,Y) + 1% (X,Y), (6)
VxN =-AxX + V4N + D* (X,N), (7)
VxW =—AwX + VW + D' (X, W), (8)

where h/(X,Y) = L (h(X,Y)), h*(X,Y) = S (h(X,Y)), D(X, W) = L(VLW),
D%(X,N) = S(ViN). L and S are the projection morphisms of ¢tr(T'M) on ltr(TM)
and S(T M), respectively. V! and V* are linear connections on ltr(T'M) and S(T M=)
called the lightlike connection and screen transversal connection on M, respectively.
Also, by using (5), (6)-(8) and metric connection V, we obtain
g(h*(X,Y), W) +g(Y, D' (X, W)) = g(Aw X, Y),
g(D*(X,N),W) =g(N, Aw X).

Now, denote the projection of TM on S(T'M) by S. Then from the decomposition
of the tangent bundle of a lightlike submanifold, for any X, Y € I'(T'M) and ¢ €
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I'(RadT M), we have

VxSY = Vi SY +h*(X,8Y), Vx&=-A;X + V¥
By using above equations, we obtain g(h!(X, SY), &) = g(AZX, SY),g(h*(X,SY),N) =
9(ANX, SY), g(h'(X,€),€) = 0, Az& = 0.
It is important to note that in general V is not a metric connection on M. Since
V is a metric connection on M, by using (6), we get (Vxg)(Y,Z) = g(h'(X,Y), Z) +
g(hN(X,2),Y), for all X,Y,Z € T(TM).

DEFINITION 2.1 ([8]). A lightlike submanifold (M, g) of a semi-Riemannian manifold
(M,g) is said to be irrotational if Vx¢ € T'(T'M) for any X € I'(TM) and ¢ €
I'(RadT M).

Gauss equation for lightlike submanifold of semi-Riemannian manifold is given
in [3]:

R(X,Y)Z =R(X,Y)Z+Anx.2)Y —An v,z X+ Ane (x.20Y = Anev.2) X
H(Vh)(Y, 2)—(Vy h') (X, Z)+ DX, B*(Y, 2)) D\ (Y, h*(X, ) (9)
Vb)Y, 2)—(Vy h¥)(X, Z)+D* (X, W (Y, 2))~D*(Y, h(X, 2),
for any X, Y, Z e I'(TM).

3. Slant lightlike submanifolds

In this section, we study slant lightlike submanifolds of golden semi-Riemannian man-
ifolds. First, we give the following lemmas which will be used to define slant notion
on the screen distribution.

LEMMA 3.1. Let (M,g) be a g-lightlike submanifold of a golden semi-Riemannian
manifold (M,q) of index 2q. Suppose that PRadT'M is a distribution on M such that
RadTM N PRadTM = {0}. Then Pltr(TM) is a subbundle of the screen distribution
S(TM) and PRadT M N Pltr(TM) = {0}.

Proof. Since, by hypothesis, PRadTM is a distribution on M such that PRadT M N
RadTM = 0, we have PRadTM C S(TM). Now we claim that ltr(TM) is not
invariant with respect to P. Let us suppose the contrary. Choose £ € T'(RadT M)
and N € T'ltr(TM) such that g(N,&) = 1. Then from (3), we have 1 = g(§,N) =
G(P¢,PN) — g(P¢,N) = 0, due to P¢ € I'S(TM) and PN € Tltr(TM). This is
a contradiction, so ltr(TM) is not invariant with respect to P. Also PN does not
belong to S(TM=), since S(TM=) is orthogonal to S(TM), g(PN, P¢) must be
zero, but from (3) we have G(PN, P¢)=g(P¢, N)+g(N, €)#0, for some ¢ € TRadT M,
this is again a contradiction. Thus we conclude that Pltr(TM) is a distribution on
M. Moreover, PN does not belong to Rad(TM). Indeed, if PN € T'Rad(TM), we
would have P2N = PN + N € T'(PRadTM), but this is impossible. Finally, let
PN € T(PRadTM), we obtain P2N = PN + N € T'(PRadTM + RadTM), this



A. Yadav, S. Kumar 179

is not possible. Hence ]5]\[ does not belong to PRadTM. Thus we conclude that
Pltr(TM) C S(TM) and PRadT M N Pltr(TM) = {0}. O

LEMMA 3.2. Let (M,g) be a g-lightlike submanifold of a golden semi-Riemannian
manifold (M,g) of index 2q. Suppose PRadTM is a distribution on M such that
RadTM N PRadTM = {0}. Then any complementary distribution to PRadTM &
Pltr(TM) in S(TM) is Riemannian.

Proof. Let M be an m~dimensional ¢-lightlike submanifold of an (m 4+ n)-dimensional
golden semi-Riemannian manifold M of index 2¢. From Lemma 3.1, we have PRadT M
NPItr(TM) = {0} and PRadTM & Pltr(TM) € S(TM). We denote the complemen-
tary distribution to PRadT M @& Pltr(TM) in S(TM) by D. Then we have a local or-
thonormal frame of fields on M along M {&;, Ni, P&, PN;, Xo, Wo}, i € {1,2,...,q},
a€{3¢+1,....m}a € {qg+1,...,n}, where {§;} and {NV;} are lightlike bases of
RadT M and ltrT M, respectively and {X,} and {W,} are orthonormal bases of D
and S(T M), respectively.

Now, from the bases {&1,...,&, Ni,..., Ny, P&y,..., P&, PNy, ..., PN} of
RadTM & ltrTM & PRadT M & Pltr(T M), we can construct an orthonormal bases
{U1,...,Uzq, V1, ..., Vaq} as follows:

U, \[(£1+N1) 7(51 Ni)
Us :E(& +Na), Us = 7(52 —N2)
Ut =6+ No)s Uzg = (6 = Ny)
Vi :%(Pgl + PNy, Vo= %(Pfl _ PN
Vi _%(ng +PNy), Vi = %(sz _ PN)

Vag—1 :\%(Pfq + PNg), Vg = %(qu — PNg).

Hence, span{&;, N;, P&, PN;} is a non- degenerate space of constant index 2g.
Thus we conclude that RadT' M &ltr(T'M)® PRadT' M @ Pltr(T M) is non-degenerate
and of constant index 2¢ on M. Since index(TM) = index(RadTM & ltr(TM) &
PRadT M & Pltr(TM)) + index (D @®open S(TM™L)), we have 2¢ = 2¢ + index (D +
S(TM™)). Thus, D@ open, S(TM™) is Riemannian, i.e., index (D @ gper, S(TM ™)) = 0.
Hence D is Riemannian. O
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DEFINITION 3.3. Let (M, g) be a ¢-lightlike submanifold of a golden semi-Riemannian
manifold (M, ) of index 2q such that 2¢ < dim (M). Then we say that M is a slant
lightlike submanifold of M if the following conditions are satisfied:

(i) PRadTM is a distribution on M such that RadTM N PRadTM = {0},

(ii) there exists a non-degenerate orthogonal complementary distribution D on M
such that S(TM) = (PRadTM & Pltr(TM)) ®ortn D,

(iii) the distribution D is slant with angle 6(# 0), i.e. for each € M and each non-
zero vector X € (D),, the angle 8 between PX and the vector subspace (D), is a
non-zero constant, which is independent of the choice of x € M and X € (D),.

This constant angle 6 is called the slant angle of distribution D. A slant lightlike
submanifold is said to be proper if D # {0} and 6 # 0, 5.
From the above definition, we have the following decomposition

TM = RadTM ®opip, (PRadTM & Pltr(TM)) ®open, D. (10)
Now, for any vector field X tangent to M, we put
PX = PX + FX, (11)

where PX and FX are tangential and transversal parts of PX respectively. We
denote the projections on RadT'M, PRadT M, pltr(TM) and D in TM by Py, P,
P and P, respectively. Similarly, we denote the projections of tr(T'M) on ltr(TM)
and S(TM~) by Q; and Q- respectively. Thus, for any X € ['(TM), we get

X =PI X+PX+PX+PX. (12)
Now applying P to (12), we have
PX =PP,X + PP,X + PP;X 4+ PP, X, (13)
which gives
PX =PP,X + PP,X + PP3X 4+ PP, X + FP,X, (14)

where PPy X = KPPy X+KyPPy X, PP3X = LiPPsX +LyPP; X and PPy X (resp.
FP,X) denotes the tangential (resp. transversal) component of PP, X. Thus we get
PP, X € T(PRadT M), K,PP,X € T(RadT M), KPP, X € T(PRadT M), L1 PP;X €
L(tr(TM)), LsPP3X € T(Pltr(TM)), PP,X € I'(D) and FPX € T(S(TM%)).

Also, for any W € I'(tr(T'M)), we have W = QW + Q2W. Applying P to it, we
obtain PW = PQ1W + PQ.W , which gives
PW = PQ:W + BQoW + CQ,W, (15)

where BQ2W (resp. C'Q2W) denotes the tangential (resp. transversal) component
of PQaW. Thus we get PQ1W € T'(Pltr(TM)), BQaW € T'(D) and CQ.W €
L(S(TM1Y)).

Now, by using (2), (6)-(8), (12)-(14), (15) and identifying the components on
RadTM, PRadTM, Pltr(TM), D, ltr(TM) and S(T M), we obtain

Pi(VxPPY)+ P (VxPPY) + PI(VxLoPPsY) + P (Vx PPY)

. (16)
= Pi(Appy X) + Pi(Ay pp,y X) + K1 PPV Y,
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Py(VxPPY) + Py(VxPPY) + Py(VxLoPP3Y) + Py(Vx PP,Y)

= Py(App,y X) + Pa(Ap pp,yX) + KoPPVXY + PPVY, (a7)
P3(VxPPY)+ P3s(VxPPY) + Pg(VX~L215P3Y) + ~Pg(VXPP4Y) a8
= P3(App,y X) + P3(Ay pp,yX) + LaPPsVxY + PRY(X,Y),

Py(VxPPY)+ Py(VxPPY) 4 Py(VxLyPPsY) + Py(Vx PPY) 19)
= Py(App,y X) + Pa(AL pp,y X) + PPyVxY + BQah*(X,Y),

h{(X,PPY) + h'(X, K\ PP,Y) + h'(X, Ko PPyY) + hY(X, PP,Y) 20)
+ WX, LyPPY) = L1 PPsVxY — V. L PPY — DY(X,FP,Y),

B (X, PPY) + h*(X, K1 PP,Y) + h*(X, Ko PP,Y) + h* (X, PP,Y) + h*(X, 1)

LyPP3Y) = FP,VXY + CQuh*(X,Y) — V4 FPY — D*(X, L, PPsY).

EXAMPLE 3.4. Let (RS, 7, ]5) be a golden semi-Riemannian manifold, where metric g
is of signature (—, —, +, +, +, +, +, +) with respect to the canonical basis {9x!, dx?,
023, 0z*, 025, 02,027, 028} with (a!, 22,23, 2%, 2%, 25,27, 28) being standard coordi-
nates of RS.

Take }5(8:21, oo, 028) = (1 — )02t p0x?,¢p0x3, (1 — )0z, 0z, »0x®, (1 —

)07, (1 — 1)02®), where ¢ = %‘/5 and (1 —1) =1 2‘/3 are the roots of equation

22 — 2 —1 = 0. Thus, P2 =PpP4] and Pis a golden structure on RS. Suppose
M is a submanifold of R given by z! = wu +u? — 3, 2?2 = u' — Yu? + Yud,
3
x
8

= ul +yYu? + Pud, 2t = Yu' —u? — B, 2% = Yud, = Yu’, 27 = (1 — YP)u?,

= (1 — ¢)u’. The local frame of TM is given by {Zl,ZQ,Zg,Z4,Z5}, where
Zy = 0zt 4 022 + 02 +00x*, Zy = 0zt —1p0x? +1p0x> — 0z, Z3 = —0x' +0z? +
Yox® — Oxt, Zy = p0x® + (1 —)0z" and Zs = 1025 + (1 — 1)028.

Hence, RadTM = span{Zl} and S(TM) = span {ZQ, Zs3, Zy, Zs}. Now ltr(TM)
is spanned by N1 = 2(1+w2 ( POzt — Ox? +6I +90z*) and S(TM+) is spanned by
Wi = (1 —)0z® — oz’ = (1 —)02% — 928, Tt follows that PZ; = Zs and
15N1 Zo and distribution D = span {Zy, Zs} is a slant distribution with slant angle
6 = arccos(—= VT ). Hence M is a slant 1-lightlike submanifold of RS.

EXAMPLE 3.5. Let (RS, 3, P) be a golden semi-Riemannian manifold, where metric g
is of signature (+, —,+, —, +, +, +, +) with respect to the canonical basis {dx!, 922,
8%3,8x4,6x5,3x6,3x7,8x8} and (z', 22 2% 2% 25 25 27, 2%) representing standard
coordinates of RS.

Take P(@xl, oo, 028) = (YOt 02, (1—)023, (1—1p)dx?, (1—1)02°, 0x®, (1—
¥)0x",1028), where 1) = HT\/B and (1 —1) = 1*2‘/5 are the roots of equation z2? —
2—1=0. Thus P2=P+ 7T and Pis a golden structure on R§. Suppose M is a
submanifold of R§ given by ! = u! +yu? —vyu?, 22 = vt +ypu?+ypu?, 23 = Ypul —u?+
u?, ot = Yut —u? —ud, 2° = Yut, 25 = (1—y)ut, 27 = Yud, 2% = (1,77[})”5_ The local
frame of TM is given by {Z1, Zs, Z3, Z4, Z5}, where Z; = 0z + 022 + 03 + ¢0x?,
Zy = Y0zt +1p0x2 —0x® —0x*, Z3 = —p0xt +1p0x>+0x> —0z*, Z4 = 0x®+(1—1)0z5
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and Zs = 10x" + (1 — 1)0z8.

Hence, RadTM = span{Z} and S(T'M) = span {Zs, Z3, Zy, Zs}. Now, ltr(TM)
is spanned by N1 = — gy (=02t + 92® — 992° + ¢92*) and S(TM™) is spanned
by Wi = (1 — ¢)dz® — 1dz®, Wy = (1 — )dx” — da8. Tt follows that PZ, = Z,
and PN, = Zs and distribution D = span {Zy, Z5} is a slant distribution with slant
angle 6 = arccos(1/1/6). Hence M is a slant 1-lightlike submanifold of RS.

THEOREM 3.6. Let (M, g) be a q-lightlike submanifold of a golden semi-Riemannian
manifold (M,q) of index 2q. Then M is a slant lightlike submanifold of M if and

only if
(i) PRadTM s a distribution on M such that RadTM N PRadTM = 0,
(ii) the screen distribution S(TM) split as S(TM)=(PRadTM&Pltr(TM))Soren D,

(iii) there exists a constant A € [0,1) such that P2X = A(PX +X), for all X € T(D).
Moreover, in this case A = cos? 0 and 0 is the slant angle of D.

Proof. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian man-
ifold (M,g). Then the distribution PRadT'M is a distribution on M such that
RadTM N PRadTM = 0 and S(TM) = (PRadTM & Pltr(TM)) ©ortn D.
Now for any X € I'(D) we have |PX| = |PX| cos, which implies
|PX]
|PX|
29 — |PX|*? _ g(PX,PX) _ g(X,P’X)
TPX|2 T g(PX,PX)  g(X,P?X)’
9(X, P2X) = cos? 0 g(X, P2X). (23)
Since M is a slant lightlike submamifold,yos2 0 = A(constant) € [0,1) and therefore
from (23), we get g(X, P2X) = \g(X, P2X) = g(X,A\P2X) = g(X,\(PX + X)),
which implies

cosf =

(22)

In view of (22), we get cos which gives

g(X, P*X — \(PX + X)) =0. (24)
Since P2X —A\(PX +X) € I'(D) and the induced metric g = g|px p is non-degenerate
(positive definite), from (24), we have (P2X — A(PX + X)) = 0, which implies
P2X = \(PX + X), (25)
for all X € T'(D). This proves (iii).
Conversely, suppose that conditions (i), (ii) and (iii) are satisfied. From (iii), we
have P?2X = A\(PX + X), for all X € I'(D), where \(constant) € [0,1). Now,

cosp IPX,PX) _g(X,PPX) _ g(X,P2X) _ g(X,\(PX + X))
"~ |PX||PX|  |PX||PX| |PX||PX| = |PX||PX]
_gXAPX+ X)) Ag(XJ52X) _ A9(15X,15X)
|PX||PX| |PX||PX| |PX||PX|
From the above equation, we get cosf = /\}1;%}. Therefore, this with (22) gives

cos? = \(constant). Hence (M, g) is a slant lightlike submanifold. U
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COROLLARY 3.7. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian
manifold (M,q) with slant angle 0; then for any X,Y € I'(D), we have
(i) 9(PX,PY) = cos?0 (9(X,Y) + g(X, PY)),

(ii) g(FX,FY) =sin?0 (¢9(X,Y) + g(PX,Y)).

Proof. From (1), (11) and (25), we obtain (i). Moreover, we get (ii) from (1), (11)
and (i). Hence, the proof is complete. O

THEOREM 3.8. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian
manifold (M,g). Then RadT M is integrable if and only if }
(i) PL(VxPPY)— P (VyPP,X)+ P,(VxPPY)— P,(VyPP,X) = PP [X,Y],

(ii) P3(VxPPY) — P3(VyPP,X) = h'(Y,PP,X) — h'(X, PPY),

(iii) Py(VxPPY) = Py(Vy PP, X) and h*(X, PPY) = h*(Y, PP, X), for all X,Y €
I(RadTM).

Proof. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian man-
ifold (M,g). Let X,Y € I'(RadTM). From (16) and (17), we have P;(VxPP,Y) +
Py(VxPPY)—PP,VxY = PP,VxY, which gives P,(VxPP,Y)— P, (Vy PP, X)+
Py(VxPPY)—Py(Vy PP, X)— PP [X,Y] = PP,[X,Y]. From (18) and (20), we get
Py(VxPPY)+h (X, PPY)-Ph{(X,Y) = PP3V Y, which implies P3(Vx PP,Y)—
P3(Vy PP, X) 4+ hi(X,PPY) — h/(Y,PP,X) = PP[X,Y]. From (19), we have
Py(VxPPY) = PP,V xY+BQyh*(X,Y), which gives P;(VxPP,Y)—Py(Vy PP, X)
= PPy[X,Y]. In view of (21), we have h*(X,PPY) = CQsh*(X,Y) + FP,VxY,
which gives h*(X, PP,Y) —h*(Y, PP, X) = FP,[X,Y]. This concludes the proof. [

THEOREM 3.9. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian
manifold (M,g). Then PRadT M is integrable if and only if
(i) Po(VxPPY)— Po(VyPP,X) = KsPP,VxY — K3 PP, Vy X,

(ii) Ps(VxPPY) — P3(Vy PPy X) + h'(X, K1 PP,Y) — h{(Y, K1 PP, X)) =
— WX, K2 PPyY) + hi(Y, Ko PPy X),

(iii) Py(NxPPY) = Py(Vy PP, X) and h*(X, K1 PPR,Y) — h*(Y, K1 PP, X) =
B (Y, KaPPyX) — b8 (X, Ko PPyY), for all X,Y € T(PRadTM).

Proof. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian man-
ifold (M,g). Let X,Y € T'(PRadT'M). From (18) and (20), we have P3(VxPP,Y) —
PRY(X,Y)+h (X, K1 PP,Y)+h (X, Ko PP,Y) = PPV x Y, which gives P3(Vx PP,Y)—
P3(Vy PPy X)+h (X, K1 PP,Y)—h (Y, K1 PP X )+ (X, Ko PPyY ) —hH (Y, Ko PPy X)) =
PP3[X,Y]. From (17), we get Py(VxPPY) — KyPP,VxY = PP VxY, which
implies Py(VxPP,Y) — Py(VyPP,X) — KsPP,VxY + KyPP,Vy X = PP [X,Y].
From (19), we have Py(Vx PP,Y) = PP,V xY +BQ2h*(X,Y), which gives Py(Vx PP,Y)
—Py(Vy PP,X)=PPy[X,Y]. Inview of (21), we have h*(X, K; PP,Y)+h*(X, Ko PP,Y)
= CQxh*(X,Y) + FP,VxY, which gives h*(X, K1 PP,Y) — h*(Y, K, PP, X) + h* (X,
KyPP,Y) — h*(Y, K, PP,Y) = FP,[X,Y]. This concludes the proof. O
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THEOREM 3.10. Let (M, g) be a slant lightlike submanifold of a golden semi- Riemannian
manifold (M, g). Then ]5lt7"(TM)~ is integrable if and only if

(i) Po(VxLoPPY) — Po(Vy LoaPP3X) — Po(Ap ppyX) + P2(Ap pp,xY) =
KoPP,VyxY — KoPPVy X,

(ii) P\(VxLoPPsY) — Py(VyLaPP3X) + Py(VxLaPP3Y) — Po(Vy LaPP3X) +
Pl(ALlﬁ'PgXY) - PI(ALlﬁpst) + PQ(ALlij;;XY) - P2(AL115P3YX) = PP [X, Y],

(iii) Py(VxLaPP3Y) — Py(VyLoPP3X) = Py(Ay ppyX) — Pi(Ap pp,xY) and
D*(X,L1PP3Y)—D*(Y,L1PP3X) = h*(Y, LyPP3X)—h*(X, LyPPsY), for all X,Y €
D(Pltr(TM)).

Proof. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian mani-
fold (M, g). Let X, Y € I'(Pltr(TM)). From (16) and (17), we have P|(Vx Lo PP3Y )+
Py(VxLaPP3Y) = Pi(Ap ppyX) = Pa(AL ppyX) — PPiVxY = PP,VxY, which
gives P{(VxLoPP3Y) — Pi(VyLaPP3X) + Py(VxLoPPY) — Pa(VyLoPP3X) —
f?l(ALlﬁpgyX) + Pi(AL, pp,xY) — P2(AL~115P3YX) + P(Ap, pp,xY) — P~P1 (X,Y] =
PPQ[X7Y] From (17), we get PQ(VXLQPPSY) - P2(AL1PP3YX) - KQPPQVXY =
PP\VxY, which implies Py(VxLyPPsY) — Py(VyLoPP3X) — Pa(A ppyX) +
Py(Ap pp,xY) — KaPPyVxY + K;PP,VyX = PPX,Y]. From (19), we have
Py(VxLoPPY) — Py(Ap ppyX) = PPYVXY + BQoh*(X,Y), which gives
Py(VxLoPP3Y) = Py(VyLyPPsX) = Py(A; ppyX)+Pi(Ap pp,xY) = PPyX,Y].
In view of (21), we have D*(X, L1 PPsY)+h*(X, LyPP3Y) = CQzh*(X,Y)+FPVxY,
which gives D*(X, L1 PPsY) — D*(Y, Li PPsX) +h*(X, Ly PP3Y) — h*(Y, Lo PPs X ) =
FP,[X,Y]. This concludes the theorem. U

THEOREM 3.11. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian
manifold (M,g). Then D is integrable if and only if ~

(i) Po(VxPPY)— Po(Vy PPy X) — Po(App,y X) + P2(App,xY) = KoaPPVXY —
KoPP,Vy X,

(ii)) Py(VxPPyY)— P, (VyPPyX)—Pi(Arp,y X)+ Pi(Arp,xY )+ P (VxPPY) —

Py, (Vy PP, X) — Py(App,y X) + Po(App,xY) = PP [X,Y],

(iii) P3(VxPPY)— Ps(VyPPyX)— Py(App,y X)+ Ps(App,xY) + h'(X, PPY) —
h{(Y,PP,X) = —D!(X, FP,Y) + D\(Y, FP,X), for all X,Y € I'(D).

Proof. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian man-
ifold (M,g). Let X,Y € I'(D). From (16) and (17), we have P (VxPPY) —
Pl(AFp4yX) + PQ(V)(PP4Y) - PQ(AFP4YX) - PP1VXY = PPQVXY, which giVBS
Pl(VXPP4Y) - Pl(VyPP4X) — Pl(AFP4yX) —J— Pl(AFP4XY:) + PQ(VXPP4Y) —
Pg(VyPP4X) - Pg(AFp4yX) + PQ(AFP4XY)~_ PP1 [X, Y] = F)I:)Q[)(7 Y] From (17),
we get P(VxPPY) — Py(App,yX) — KoPPVxY = PPVxY, which implies
Py (VxPPY) — Po(Vy PPy X) — Po(Arpp,y X) + P2(App,xY) — Ko2PPV Y +
Ky;PP,Vy X = PP [X,Y]. From (18) and (20), we have P3(Vx PP,Y)—P3(App,v X)—
PhY(X,Y)+h (X, PP,Y)+DYX,FP,Y) = PP;VxY, which implies P3(Vx PP;Y)—
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P3(Vy PPy X)—P3(App,y X)+Ps(App,xY)+h! (X, PPyY )—h!(Y, PP, X )+D' (X, FP,Y)
~DYY,FP,X) = PP;[X,Y]. This concludes the proof. U

THEOREM 3.12. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian
manifold (M G). Then the induced connection V is a metric connection if and only if
(i) PP,V xPY + K,PP,VxPY = P,VxPY,

(ii) LaPPsV x PY + PhY(X, PY) = PsVxPY,
(iii) PP,V x PY+BQah*(X,PY) = PN xPY, for all XeT'(T M) and Y €T'(RadT M).

Proof. Let (M, g) be a slant lightlike submanifold of a golden semi-Riemannian man-
ifold (M,g). Then the induced connection V is a metric connection if and only
if RadTM is parallel distribution with respect to V [3]. For all X € I'(TM) and
Y € I(RadT M), we have VxY = PVXPY VxPY. From (6), (12), (14) and (15),
we obtain VXY PP1VXPY + KlPPQVXPY + Ko PPV PY + LiPP3Vx PY +
LyPP;V x PY + PPN x PY + FP,NV x PY + Phl(X, PY) 4+ BQ,h*(X,PY) +
CQqh*(X, PY)—P,Vx PY — P,V x PY —PsV x PY — P,V x PY —h} (X, PY)—h*(X, PY).
On comparing tangential components of both sides of above equation, we obtain
VxY = PP1VXPY+K1PPQVXPY+K2PP2VXPY+L2PP3VXPY+PP4VXPY+
Phl(X PY)—i—BQQhé(X PY) P,V xPY — P,V x PY — PsV x PY — P,V x PY, which
completes the proof. O

4. Curvature properties of slant lightlike submanifolds

In this section, we study curvature properties of slant lightlike submanifolds of golden
semi-Riemannian manifolds.

From (4) and (11), we get the Riemannian curvature of locally golden product
space form (M = Mp(c,) x My(cq), 5, P) as
(1 —9)ep —eyg

2V5
+3(PY,Z2)FX —§(PX,Z)PY —g(PX,Z)FY}
+ (_ (1 — ¢)Zp + T/JCq
+3(Y,2)FX —g(PX,2)Y —g(X,Z)PY —g(X, Z)FY},

for any X,Y,Z € T(TM).

Also, from (9) and (26), we obtain the equations of Gauss and Codazzi for the
submanifold M, respectively as

R(X,Y)Z =(— Ha(Y.2)X —g(X,Z2)Y + g(PY,Z)PX
(26)
{g(PY,Z)X +3(Y, Z)PX

R(X,Y)Z :(—W){g(x Z)X—g(X, Z)Y+g(PY, Z)PX —g(PX, Z)PY}
(- Y 5 by, 2)x — 5(PX, 7)Y

gV, Z)PX —g(X, Z)PY + Ay, 0y X — Apx, )Y }
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and
(VY. 2) = (Tyh)(X,2) = (- S0 (g(Py. 2)p X 0
(1= ¥)ey + e,

~g(PX, Z)FY} + (-
for any X,Y,Z e T(TM).

2 L8%) (5(v, 2)FX — (X, 2)FY},

DEFINITION 4.1. A lightlike submanifold M of a semi-Riemannian manifold M is
called curvature-invariant lightlike submanifold if

(Vxh)(Y,Z) = (Vyh)(X,Z) =0, (28)
for all X,Y,Z € T'(TM).

THEOREM 4.2. There is no curvature invariant slant lightlike submanifold in any
semi-Riemannian locally golden product space form (M = Mpy(c,) x My(c,)) with

Cp,Cq 7# 0.

Proof. Suppose that (M, g) is a curvature invariant slant lightlike submanifold of
a semi-Riemannian golden product space form (M = M,(c,) x My(cq), g, P) with
¢p,¢q # 0. Since M is curvature invariant, then from (27) and (28), we have

(1*7/’)%*@5‘311 - B
(U= b gy, )X - g(PX. 2)FY) »
(A ey Gy gypx - g(x, 2)FY) =0,

4
for any X,Y,Z e (T M).
Let X e I'(D), Y € TRadTM and Z € I'Pltr(T M) then from (29), we get

1— _
A =Wa—veypy (30)
2V
Also, let X € T(D), Y € TPRadTM and Z € TPltr(TM); then from (29), we obtain
(1- "/})Cp — ey (1- 1p)cp + ey

= T O FX 4+ (——F—F—)FX =0. 31

(et px (-, (1)
From (30) and (31), we get ¢p, ¢, = 0. This completes the proof. O

PrOPOSITION 4.3 ([7]). Let (M,g) be an irrotational q-lightlike submanifold of a
semi-Riemannian manifold (M,q). Then we have the following equation

9(R(X,Y)Z, ) =0, (32)
forall XY, Z e T(TM) and £ € TRadT M.

THEOREM 4.4. Let (M, g) be an irrotational slant lightlike submanifold of a locally
golden product space form (M = My(cp) x My(cq),q,P). Then c,,cq = 0.

Proof. Suppose that (M, g) is an irrotational slant lightlike submanifold of a locally
golden product space form (M, q). Taking scalar product with & of (4) and using (1),
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we get

JRX,V)Z,6) =(— L= =V by yg(x, Pe) — g(PX, 2)3(Y, Pe))

2v5 (33)
(1 - 1/))011 + ¢Cq

+(- 1 {g(Y, 2)g(X, P¢) —9(X, 2)g(Y, PE)}.
From (32) and (33), we obtain
(- U=~V 5 py, 2)5(x, PE) — (PX. 2)5(Y. P}
0 2 ey o
+ (- (Y, 2)3(X, PE) — 5(X, 2)5(Y. P} = 0.
Putting X € TPltr(TM), Y € TRadT'M and Z € TPltr(TM) in (34), we obtain
(A —v)ep —veq,
(et o (33)
Putting X € TPltr(TM),Y € TPRadTM and Z € TPltr(TM) in (4.10), we obtain
_(1*7/’)Cp*¢cq _(1*¢)Cp+7/)cq _
(-0t Gl g (36)
From (35) and (36), we get ¢p, ¢ = 0, which completes the proof. U
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