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Abstract. We investigate the scalability of K-frames and derive a characterization for
scalable K-frames. We investigate whether or not a particular K-frame is scalable, as well
as the existence and uniqueness of scalings. Using the concept of trace of an operator, we
analyse the possible scalings, if a given K-frame is scalable. In C", we look at the scalability
of K-frames independently.

1. Introduction

Frames in Hilbert spaces were introduced by R. J. Duffin and A. C. Schaffer while
working on nonharmonic Fourier series. Later Daubechies, Grossmann and Meyer
gave a strong place to frames in harmonic analysis. Frame theory have wide range of
applications in signal processing, sampling theory, coding and communications etc.
Both orthonormal bases and frames in separable Hilbert spaces can be used to express
any vector in the Hilbert space. However, the advantage of frames over orthonormal
bases is their redundancy. Some particular types of frames have been suggested in
theory for various applications. One such frame is K-frame. Notion of K-frames were
introduced by L. Gavruta, to study atomic systems with respect to bounded linear
operators. K-frames are more general than frames. The span limit of K-frames is
restricted to R(K). Scalability of frames was introduced in [6].

In this paper we study about the scalability of K-frames. Recent studies on
K-frames show that Parseval K-frames can be used to manage data loss in signal
communication. So the construction of Parseval K-frames is desirable and scaling
is the easiest way for this construction. In this paper we deal with K-frames which
can be scaled to Parseval K-frames and tight K-frames and we term such K-frames
as scalable K-frames and A-scalable K-frames, respectively. We prove some of the
results related to scalable K-frames. Also we give characterization result for scalable
K-frames.
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226 Scalable K-frames

Throughout this paper H is a complex separable Hilbert space, B(H) the space
of all linear bounded operators on H. For K € B(H), we denote by R(K) the range
of K and D(K) domain of K and Tr (K) denotes the trace of K. J#™*™ denotes the
space of all n x n Hermitian matrices. Let M and N denote the index sets with m
and n elements, respectively.

2. Preliminaries

This section contains some basic definitions and results about frames and K-frames
which are required in the next sections. For a detailed study of frames and K-frames
we refer to [4,5].

DEFINITION 2.1 ([4]). For a separable Hilbert space H, a sequence {fy}nen C H is
said to be a frame for H if there exist A, B > 0 such that Al[z[|? <> [z, fn)|* <
B||z||?, for all z € H. The scalars A and B are called lower and upper frame bounds.
If A = B then we call it an A-tight frame and if A = B = 1 we call it a Parseval
frame.

DEFINITION 2.2 ([5]). Let K € B(H). We say that {f,}nen C H is a K-frame for
H if there exist constants A, B > 0 such that A||K*z||? <}, [z, fo)]* < Bllz|?,
for all x € H. Again A and B are called lower and upper K-frame bounds.

If the equality Y, o [(z, fn)|* = A||K*z||? holds then we call it an A-tight K-
frame. If the equality Y-, . |(z, fn)[* = [[K*z|* holds then we call it a Parseval
K-frame.

Let {fn}nen be a frame or K-frame. Then we can define two operators as fol-
lows. The mapping Tr: H — [2(N) defined by Tr(f) = {{f, fa)}nen is called
the associated analysis operator. The adjoint operator Th: [2(N) — H defined by
Tr({cntnen) = X cnCnfn is called the synthesis operator. From the properties of
Tr, it follows that the frame operator Sp: H — H defined by Spf = TT* =
Y onen{fs fn)fn, for all f € H is a bounded and positive self-adjoint operator on H.
If {fn}nen is a frame, then S is invertible. But in the case of K-frames, S is not
invertible on H, in general. However, S is invertible on R(K).

THEOREM 2.3. {fn}nen is a Parseval K-frame for H if and only if S = KK*,
KK*f =% .c/(f fi)fi, for all f € H.

THEOREM 2.4 ([3]). Let K € B(H) and {e;}icr be an orthonormal basis for H, then
Tr(K) = ZieI<Kei,ei>.

DEFINITION 2.5 ([6]). A frame {f,}nen for H is said to be a scalable frame for H
if there exist non-negative scalars {a, }nen such that {a, f, }nen is a Parseval frame
for H.

THEOREM 2.6 ([2]). Given a set of points {f;}jem C R™, andy € con{f;}, then there
exists a subset J C M such that y € con{f;}jecs and {f;}jes is affinely independent.
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THEOREM 2.7 ([2]). Given a collection of unit norm vectors { f;}jenm in C*, {f;i f;* }iem
s linearly independent if and only if it is affinely independent.

DEFINITION 2.8 ([2]). Given a collection of vectors {f;}jem € R? we define their
affine span as aff{f;}jen = {D_;cp¢if5 + 2jenr ¢ = 1} and we say that {f;}jem
is affinely independent if f; & aff{f;},+; for every j. We define their convex hull as
con{fjtjem = {2 jenrcifiici =03 cn ¢ =1}

DEFINITION 2.9 ([6]). Diagonal operator D, in [2(N) corresponding to a sequence
a = {an}neny C Kis defined by Dy{v,}nen = {anvn}nen-Do (possibly unbounded) is
a self-adjoint operator.

DEFINITION 2.10 ([1]). A sequence {ay}nen is said to be semi-normalized if there
exist a,b > 0 such that a < a,, <b for all n.

DEFINITION 2.11 ([7]). A sequence {ap}nen is said to be positively confined if 0 <
inf,, ¢, < sup,, ¢, < +00.

3. Scalable K-frames

We commence this section with the following definitions.

DEFINITION 3.1. A K-frame {f, }nen for H is said to be a scalable K-frame for H if
there exist non-negative scalars {a, }nen such that {a, f }nen is a Parseval K-frame
for H.

DEFINITION 3.2. A K-frame {f,}nen for H is said to be a A-scalable K-frame for H
if there exist non-negative scalars {a, }nen such that {a, f, }nen is an A-tight K-frame
for H.

If there exist positive scalars {a, }nen such that {a, f }nen is a Parseval K-frame
for H (or A-tight K-frame), then we say {f,}nen is a strictly scalable K-frame (or
strictly A-scalable K-frame) for H. The following two results help us to identify two
types of scalings.

THEOREM 3.3. Let {fn}nen be a K-frame for H and {an}nen be a semi-normalized
sequence. Then {ap fn}nen is also a K-frame.

Proof. Suppose {fn}nen is a K—frame for H. Therefore there exist A, B > 0
such that A|K*f||? < >y [(f, fa)? < B|f|]?, for all € H. Since {an}nen
is a semi-normalized sequence, there exist a, b > 0 such that Y |(f,anfn)* =

Sonen Gl {fs fa) P < UPB|IfIIP and 3o, oy [(f, anfn)|? > @ A|K*f|?, for all f € H,
where A and B are optimal K-frame bounds for{f,}nen. Hence {a,fn}lnen is a
O

K-frame with bounds A’ = Aa? and B’ = Bb?

THEOREM 3.4. Let {f,}nen be a K-frame for H and {a, }nen be a positively confined
sequence. Then {ay frn}nen is also a K-frame for H.
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Proof. For all f € H we have
Z |<fa an.fn>‘2 = Z a’i|<fa fn>|27

neN neN
nf a2 2 2 2 2 2
(i an)® 31 £l < 32 a3 1F FullP < (supan)® SO fl®
neN neN neN
A(inf a,)?||K* f]]? < Lanfn)? < B(supan)?||f]|*.
(e PSP < 3 0 f) < B 1
Hence {a, fn}nen is a K-frame for H . 0

THEOREM 3.5. Let T € B(H) be an isomorphism. Then a K-frame {f,}nen for H
is scalable if and only if TK-frame {T f,,}nen is scalable.

Proof. Suppose { fn }nen is a scalable K-frame. This implies that > [(f, anfa)l? =
| K= f|]?, for all f € H. Consider, >, . [{franTfa)l? = > pen (T franfn)* =
|K*T*f||? = |(TK)* f||?, for all f € H. Hence {T'f, }nen is a scalable TK-frame.
Conversely, suppose that {Tf,}nen is a scalable TK-frame. This implies that
>onen {franT fu)P=|(TK)* f||?, for all f € H. It follows that > . (T*f, anfn)|?
= ||[K*T* f||?, for all f € H. Thus Y, . (g, anfn)|*> = | K*g||?, for all geR(T*)=H.
Hence {f,}nen is a scalable K-frame. U

If {fn}nen is a scalable K-frame for H, then
ST anK f)12 =Y (K fanfa)? = [|K (K )P = [ (K2)* f]%

neN neN
for all f € H. This implies that {a,K f,}nen is a Parseval K2-frame for H. In
general, {a,K®f,}nen is a Parseval K*Tl-frame for H and hence {K®f,}nen is a
scalable K**t!-frame for H.

If T € B(H) and {f,}nen is a scalable frame for H, then {T'f, }nen is a scalable
T-frame for H. But the converse holds only when T is an isomorphism. That is, if
T € B(H) is an isomorphism and {T f,, }»en is a scalable T-frame for H, then {f, }nen
is a scalable frame for H.

THEOREM 3.6. Let {fn}nen be a scalable K-frame. Then {f,}nen is a scalable
(KK*)z -frame.

Proof. Suppose { f, }nen is a scalable K-frame for H. This implies, >, o [(f, an fn)|* =
|K*f||?, for all f € H. Let S be the frame operator of {c,f,}nen. So we get
(S38%"f,f) = (KK*f,f) and |S% f|> = |[K*f||? for all f € H. Thus we ob-
tain Y-, oy [(f, anfn)? = ||S%*f|\2, for all f € H. Thus {anfn}nen is a Parseval

Sz-frame and hence is a Parseval (KK*)2-frame. That is {f,}nen is a scalable
(KK*)z-frame. U

THEOREM 3.7. Let {fn}nen and {gn}nen be scalable K-frames for H with scalings
a = {antnen and b = {b,}nen, respectively. Suppose the frame operators Top and
Tyr of the scaled frames satisfy T, pToe = 0. Then {an fr +bngntnen is a 2¢2-scalable
K-frame. In particular, {a, fn + bngn tnen is a scalable K-frame.
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Proof. For all f € H we have, ZneN [(fyanfn)|? = || K*f|? and ZneN [{(fy bugn)|? =
| K* f||?. Also, since TypTee =0, we get, >y anbn(f, gn)fn = 0.
Take ¢, = ¢ for all n where ¢ > 0. Then {¢, }nen is a non-negative sequence and

D U F en(anfn + bafa))® =

neN
Z (fs enan fo)]? + Z [{fs enbnful® + Z 2Re(f, cpan fo)(f, cabngn) = 2¢°|| K f|1%.
neN neN neN

Therefore, {a, fn + bngn fnen is a 2¢?-scalable K-frame.
Taking ¢ = %, {anfrn + bngntnen is a scalable K-frame. O

We prove some results which lead us to a characterization theorem for scalable
K-frames.

THEOREM 3.8. Let {fn}nen be a K-frame for H with analysis operator Tr and let
a = {ap }nen be a sequence of non-negative scalars. If G = {an fn}nen is a K-frame
for H then R(Tr) C D(D,) and D,|g(ry) s bounded.

Proof. Suppose {ay, fn}tnen is a K-frame for H and T¢ is the coresponding analysis
operator. Then, for any f € H, Taf = {{f, anfn)}nen = {an{f, fn)}nen = D Trf.
Thus T = D,Tr and R(Tr) C D(D,).

Now let v € R(TF) so that v = Tgf for some f € H.

Consider, | Dv|| = DT f|| = | Tafl| < Al fI? < ATz oll < Az Te ||~ [Jo])-
Thus, D,|R(TF) is bounded. O

THEOREM 3.9. Let {fn}nen be a K-frame for H with analysis operator Tr and let
a = {an }nen be a sequence of non-negative scalars. Then the following conditions are
equivalent.

(i) G = {anfn}nen is a K-frame for H.

(ii) There exists a diagonal operator D, in 1*>(N) such that R(Tr) C D(D,) and
Da|r(1) s bounded and R(K) C R(D,T%).
In particular, the frame operator of G = {an fu}nen is given by Sg = THD*Tp.

Proof. Suppose G = {anfn}nen is a K-frame for H. Then R(Tr) C D(D,) and
D,|r(1) is bounded by Theorem 3.8. Since {an fn}nen is a K-frame, we have

A2 < S 1 ranf) P = S lan(f, )P = land(f. ) nen |2 = [ DaTefIP.
neN neN

Using Douglas Majorization Theorem, we get, R(K) C R((D,Tr)*).

To prove the converse, let v € R(Tr). Then v = Trf for some f € H. Since
D,|R(TF) is bounded, we have, ||D,v|| < «f|v]|, for some o > 0 and for all v
R(Tp). Thus [ DoTr f||* < || Tr I < of|Tr|?[ fII* and we get 37, o [(f, anfu)
B||f]|?, where B = «||Tr|?. Also since R(K) C R(D,T}), we get A|K*f|?
D onentSs anfn)|?. Hence, {a, fn}nen is a K-frame for H. Moreover, S¢ = Tg T
(D Tr)*(D,Tr) = TED?*T.

O IAIA M
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THEOREM 3.10. Let {fn}nen be a K-frame for H with analysis operator Ty and let
a = {an}nen be a sequence of non-negative scalars. Also assume that inf,en || frn|l > 0.
Then the following conditions are equivalent.

(i) G = {anfn}nen is a K-frame for H.
(i) D, is bounded and R(K) C R(D,T}).

Proof. Suppose that {a, fn}nen is a K-frame. Then there exist A, B > 0 such that
A|K*fII? < X en (s fa)I? < BJIf||?, for all f € H. From the right inequality we
get D, is bounded and from the left inequality we get R(K) C R(D,T}).
Conversely, suppose D, is bounded and R(K) C R(D,T}). Then using Theo-
rem 3.9 we get {an fn}nen is a K-frame for H. O

THEOREM 3.11. Let {f,}nen be a K-frame for H. If {fn}nen is a scalable K-frame
for H, then there exists a non-negative diagonal operator D in 1?(N) such that KK* =
T3D?Tr.

Proof. Suppose {fn}nen is a scalable K-frame for H. This implies that there exists
a = {an}nen where a,, > 0 such that {a,fn}nen is a Parseval K-frame. Then by
Theorem 3.9 frame operator of {a, fn}nen is S = TpD?Tr. But frame operator of
Parseval K-frame is KK*. Thus we obtain Ty D*Tp = KK* where D = D,. U

REMARK 3.12. Using Theorem 3.9 it is clear that, if there exists a semi-normalized
diagonal operator D,, in [?(N) such that KK* = T3 D?Tr, then {f, }nen is a scalable
K-frame for H.

THEOREM 3.13. Let {fn}nen be a K-frame for H such that inf,cy ||fa]] > 0. Then
the following conditions are equivalent.
(i) {fn}nen is a scalable K-frame.

(ii) There exists a non-negative bounded diagonal operator D in 1*(N) such that
KK* = T:D*Tp.

Proof. (i) = (ii) holds from Theorem 3.10 and Theorem 3.11.

Conversely, suppose that there exists a non-negative bounded diagonal operator D
in 12(.J) such that KK* = T5D?Tr. Then for all f € H, (TED?*Trf, f) = (KK*f, f).
This implies |[DTpfI> = [K* f|2 and we get $,c lan(f, ful2 = |5 f[2. Thus
{fn}nen is a scalable K-frame for H. O

4. Scaling sequences-finite K-frames

In Section 3, we have discussed the scalability of K-frames. That is, the existence of
scaling sequence or scalings, so that the scaled frame is a Parseval K-frame. We now
examine the various scaling sequences for a finite K-frame.

The following example from [9] gives a scalable K-frame with more than one
scaling sequence.
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EXAMPLE 4.1. Let H = C3 and {e;, e2, e3} be the standard orthonormal basis
for H. Let K € B(C?), defined by Ke; = e, Kes = e;, Kez3 = es. Then F =
{fi}jes = {Ke1, Kes, Kes} = {e1, €1, ea} is a K-frame for H. Here inf} || f;|| > 0.
Let D : C* — C? be the diagonal operator defined by D({v;}) = {a;jv;};cs where
a; > 0. We have,

Tr*D*Tr(f) :Zaj2<f, Kej)Ke; = (a1% 4+ as®){(f,e1)er + az®(f, ea)ea, and

jed
KK*(f) = K(K"[) :K(Z<f7 Kei)e;) = Z<f7 Kej)Ke; =2(f,e1)er + ([, e2)ea.
jeJ JjeJ

Then using Theorem 3.13, F' = {f;};e is a scalable K-frame if and only if a12+a2? =
2 and a3? = 1 if and only if (a1, as, az) = (1, 1, 1) or (a1, az, a3) = (v/2, 0, 1) or

(a/la az, a/3) = (07 \/ﬁa 1)
The K-frame given above is strictly scalable if and only if (a1, as, a3) = (1, 1, 1).
LEMMA 4.2. Let {fi}iem be a Parseval K-frame for H. Then, Tr (KK*) =3, || fil-

Proof. Let {e;};en be an orthonormal basis for H. Then,

T (KK = Y (KK o) = 30 ( e fifes )

JjeEN JEN ‘ieM
= St itie) = X (5 X thees) = SIAE O
i€M jEN ieM JEN ieM

LEMMA 4.3. Let {fi}icm be a K-frame for H. Then, Tr (KK*) = Y.,/ (Kgs, fi),
where {g;} is a K-dual of {f;}.

Proof. Let {g;} be a K-dual of {f;}. We have

Tr (KK*) = Z<KK*€]',€]‘> = Z <K(Z<ejfi>gi)7ej>

jEN JEN \ ieMm
=3 e fi)(Kgive) =Y <K9z‘7 Z(fi,€j>€j> = (Kgi, f)- O
jEN i€M ieM JEN ieM

THEOREM 4.4. Let {f;}iem be a scalable K -frame with scaling sequence {c¢; }ienr. Let
5= icMm ¢;2. Then the following statements hold.

(i) If || fill = p for all i, then the other possible scalings are non-negative sequences
{di}ien such that ), ), d;? = s.

(ii) If vectors of {fi}iem are of non-uniform norm then {c;};en is the unique scaling

of {fi}iem-

Proof. (i) Since { f; }icns is a scalable K-frame with scaling {¢; }iear, we have {¢; f; }iem
is a Parseval K-frame. Then by Lemma 4.2,

Tr(KK*) =Y lefil> =p* Y > =p* Y _ .

icM i€M
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This implies that any other scaling {d; }zEM such that {c;d;}icn is a Parseval K-
frame, should satisfy the condition } ., d;” = s.

(i ) We have, Tr (KK*) = ..\ cfole. If {d;}icar is any other scaling so
that {d;f;}ien is a Parseval K-frame, then we get Tr (KK*) = Y., ¢*[|fil* =
Yiem di2||fi||2. This implies that ¢;2 = d;* and hence ¢; = d; for all i. Therefore,
{ci}tien is the unique scaling of {f;}icns- O
REMARK 4.5. From part (ii) of Theorem 4.4, it is clear that, if {f;};ca is a non-
uniform norm K-frame, then it can have at most one scaling.

THEOREM 4.6. Let {f;};jcs be a scalable K-frame for H. Let F denote the collec-
tion of all scaling sequences of {f;}jcs. Let F = {d = {d;}jeq € F : T;T.(f) =
TTy(f) = KK*(f) for each ¢ ={cj}jes € F}. Thus Fy is a convezx set.

Proof. Let A\, ;>0 and A+ =1 and {a;};c, {b;};es € Fa. Consider,
D Qg+ b)) S = D10 Aaif) + (f b 7)1
= KL FP+ DL ubi £ 42D Re(f, daj f5)(F, nb f)
= N||E* 1> + i[> + 22 uRe(f, Y (f. b f5)a; ;)
=NIK*FI? + p? | K fIP + 20 uRe(f, KK* ) = N||[K* FI|? + p® | K f1* + 2] K £

=(a+b)*[|K*fIP| = 1K £
Thus F, is a convex set. O

5. Scalability and K-frames in C"

In this section we deal with K-frames in C". We rely on 5#"*™ to analyse the
scalability of K-frames in C™. We will follow the same setting as in [2]. #"*" is an
n?-dimensional inner product space over R with inner product (P, Q).» = Tr (PQ)
and the induced norm |P||?, = (P, P); | P||*# is the Frobenius norm. We start
with a mapping A : C* — J#™*" given by Af = fI* where fI* is the outer product
of f with its conjugate. Let {f;};cam be a K-frame for C". Under this setting the
K-frame operator for {f;}jen is given by S =3,/ il

THEOREM 5.1. A K-frame {f;}jem in C" is a scalable K-frame if and only if there
exist non-negative scalars {a;}jen such that 3 . a;fif;" = KK*.

Proof. Since {f;}jem in C" is a scalable K-frame, {b;f;};em is a Parseval K-frame
for some collection of non-negative scalars {b;};cas, so that

Z b fi(bif;)* Z b fJfJ = Z a; fifi"
jEM jeM JEM
where a; = ij.
To prove the converse, suppose { f; };ear in C™ is a K-frame such that ZjeM a;jfifi*
= KK*. From Theorem 3.4, it follows that {,/a;f;}jen is also a K-frame for C".
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Therefore, K-frame operator is given by S = ZJEM Vaifi(yaifi)* = ZjeM ajfifi" =
KK*. Thus, {\/a;f;};jenm is a Parseval K-frame and hence { f;}jear in C" is a scalable
K-frame. U

THEOREM 5.2. Let {f;}jem be a K-frame in C" such that ||f;|| = 1 for all j. The
following statements hold.

(i) {fj}jem is a scalable K-frame if and only if ———

*

KK

||K*||2 € con {fjf] }JEM
1

(it) If a KK* € con{f; f;"}jem, then a = T

KK*
(i1d) If > e nr ajfifi" = e then 3 ;cpraj = 1.

Proof. (i) Suppose that {f;};cn is scalable K-frame in C". This implies that there

exist {a;}jen where a; > 0 for all j such that {a;f;};en is a Parseval K-frame and

its K-frame operator is KK* = Z]EM a;?f;f;". Consider,

I P =5 K =(KK D=(Y a;*fi ;" In)= Y a;°(f. fi)= D a;”.
JjEM jeEM jeM

EjeM an

Thus, =M 7
[ K+][2

=1.
2
s
Since a; > 0, for every j € M we get, Z]EM ijfj* € con{f;f;*}jen and thus

KK* .
HK*HQ € Con{fjfj }jEM-

KK* . .. . KK*
W S COH{fjfj }jEM' This 1mphes, —y =

(L[]
> jen @i fif;", where 37y a; = 1,a; > 0 and we get
KEK" =Y (VaGlIIK D)2 fif" = Y (Va1 £) Vagl K1)
jeM jeM

Therefore, {,/a;||K*||f;}jen is a K-frame with K K* as frame operator and hence
{V@; | K* || f;}jen is Parseval. This implies {f;};en is a scalable K-frame.

(ii) Now suppose aKK* € con{f;f;"}jem, then aKK* = 7.\ a;f;f;" and
> jenm @j = 1ia; > 0. Then we have

a||K*||2:<ozK*7K*)z(aKK*,In>:<Z a;fifi" In) Z a; =1, and a =
JEM JjEM
. KK*
(iif) Suppose > cpsaifif;™ = T Then,
I = (K K*) = (KK L) = (K12 Y a;fify* 1)
JjEM

= K12 D ay{fify" ) = K717 ay.

jeEM JjEM

Conversely, suppose that

HK"H2
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This implies ;5 a; = 1. O

THEOREM 5.3. Let {f;}jem be a scalable K-frame in C™ with ||f;|| = 1 for all j.
Then M has a subset N such that {f;}jen tis scalable and {f;f;*};jen is linearly
independent.

Proof. Using Theorem 5.2, we get,

KK*
e € con{f;f;"}jem. From Theorem 2.6

KK
and Theorem 2.7, it follows that there exists a subset J C M such that —— €

el
con{f;f;*}jes. and {f;f;*};es is linearly independent.
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