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MORE ON THE GENERALIZED PASCAL TRIANGLES

M. Etemadi and A. R. Moghaddamfar

Abstract. The aim of this article is to obtain a new factorization of a generalized Pascal
triangle. This factorization particularly emphasizes that there is a close relation between
generalized Pascal triangles and Toeplitz matrices. However, we will show that in general
there is no such relation between generalized Pascal triangles and Hankel matrices.

1. Introduction

Let S(co) be the infinite symmetric matrix with entries S, ; = (’fj) for i,5 = 0.
Indeed, this matrix has the following form:

1 1 1 1
L 1 2 3 4
i+
S(00) = [Sijlijz0 = [( , j)} _ |1 3 6 10
b Jlijso |1 4 10 20

One can easily check that (see also [1,3]): S(c0) = L(c0)U(o0), where L(oc0) is the
infinite left-lower-triangular Pascal’s matrix:

e N
W N =
W

—_

and U(co) = L(00)!, the superscript ¢ denotes transpose. We remark that the entries
of matrix S(oc0) satisfy the following recurrence relation:

Sio="50,;=1 (i,j>0), Sij=8i—1;+ 51 (4,5 =1),

2020 Mathematics Subject Classification: 15A15, 15A23, 11C20

Keywords and phrases: Generalized Pascal triangle; factorization of a matrix; T6eplitz ma-
trix; Hankel matrix.

275



276 Generalized Pascal triangles

while the entries of matrix L(oo) satisfy the following recurrence relation:
Li,O = 1, LO,_j =0 (Z 2 0, ] 2 1), Li,j = Li—l,j—l + Li—l,j (7,,] 2 1)

In [1], Bacher introduced the generalized Pascal triangles (which can be regarded
as a generalization of the infinite symmetric matrix S(co0)) as follows. Let a =
(a;)iz0 and B = (B;)ix0 be two sequences starting with a common first term «g =
Bo. Then, the generalized Pascal triangle associated with o and [, is the infinite
matrix Paﬁ(oo) = [Pi,j]i,j20 with entries Pio=oy P = ,Bj (’L,j > 0) and P =
Pij 1+ Py , fori,j > 1. In a more general case, we allow the matrix entries
to be defined recursively by P; ; = xP; ;1 +yPi_1 ;-1 + 2FP;_1 j, where z,y and 2
are constant coefficients. It is worth noting that these matrices and similar matrices
with recursive entries have been studied in scattered articles (see e.g. [2,4-10]). Some
of these articles [2,7,9] focused in particular on identifying some factorizations and
determinants of these matrices, while a comprehensive collection of results can be
found in [8].

There is a close relationship between generalized Pascal triangles and Toeplitz
matrices, which we will discuss later. Recall that a matrix T(co) = [T; ;i ;>0 1S
Toeplitz if T; ; = Ty, whenever ¢ — j = k — [. Obviously, a Toeplitz matrix is
determined by its first row and its first column, so in what follows we use T}, g(c0) to
describe an infinite Toeplitz matrix T'(c0), where a = (T,0)i>0 and 5 = (To,5);j>0-

We denote by L(n) (resp. Tu,g(n), Pa,g(n)) the finite submatrix of L(oco) (resp.
T, 3(00), Py, g(00)) consisting of the entries in its first n rows and columns.

Given an arbitrary sequence o = (;)i>0, the binomial transform of « is the
sequence & = (&;)i>o defined by &; = 22:0 (;) ag. If we consider the sequence « to
be the (infinite) column matrix [ag, a1, .. .Y, then we obtain the binomial transform
& = (&;)i>0 by multiplying this column matrix by the left-lower-triangular Pascal’s
matrix L(co), that is

do 1 (67}
oZ1 11 a7
dQ — 1 2 1 Qo
OZg 1 3 3 1 Qs
This transformation is invertible, and we have
1
-1 1

Ll(oo)[(l)ik<;>]i,j>o _11 _32 _13 1

Analogously, we define the inverse binomial transform & = (&;);>0 of o as &; =
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ZZZO(*l)i*k(é)ak, or equivalently,

020 1 (7))
021 -1 1 a1
022 — 1 —2 1 (65)

023 -1 3 -3 1 Qs

It is clear that (see also [7, Lemma 2.1]):
d=a=a (1)

In [7, Theorem 3.1] (see also [2,9]), we obtained a factorization of the generalized
Pascal triangle P, g(n) associated with the arbitrary sequences « and § (with g =
Bo), as a product of the left-lower-triangular Pascal’s matrix L(n), the Toeplitz matrix
T, 3(n) and the right-upper-triangular Pascal’s matrix U(n) = L(n)", that is

Pap(n) = L(n)T, 5(n)U(n). (2)

«
Similarly, we showed that T, g(n) = L(n)"' Py 5(n)U(n)~'. In fact, we obtained a
connection between generalized Pascal triangles and Toeplitz matrices. In particular,
it follows easily that det(Pa,s(n)) = det(T, 5(n)).

Similarly, a matrix H(co) = [H; ;)i ;>0 is Hankel if H; ; = Hy; whenever i+ j =
k + 1. Thus, a Hankel matrix is characterized by the property that the (z,7)-th
entry depends only on the sum 7 + j. Again, it is easy to see that an n x n Hankel
matrix H(n) = [H; jlo<i j<n is fully determined by its first row and its last column,
henceforth, we will use Hy g(n) to describe an n x n Hankel matrix H(n), where
a = (ai)oci<n = (Hon-1-i)o<i<n and B = (Bi)oci<n = (Hin—1)ogi<n. Note that
ag = Bp. There exists a special relation between Toeplitz matrices and the Hankel
matrices. Indeed, if J(n) is the n x n reflection (exchange) matrix, as

0O 0 ... 01

00 ... 10
J(n)=Hap,..0,0,0..00) =] N

0 1 0 0

1 0 0 0

then we have J(n)Hqg(n) = T, p(n), Hap(n)J(n) = Tga(n), or equivalently
Hap(n) = J(n)Tap(n), Hap(n) =Tpa(n)J(n).

In the present article we obtain a new factorization of generalized Pascal triangles
(Theorem 2.2). Then we show that if we replace “Toeplitz matrices” by “Hankel
matrices” in (2) or (3) in Theorem 2.2, the multiplication of the factors leads again
to a Hankel matrix. Of course, we also note that there are certain families of Hankel
and Toeplitz matrices which are also generalized Pascal triangles.

We conclude the introduction with some notations and terms that are used through-
out the article. Given a matrix A, we denote by R;(A) and C;(A) the row ¢ and the
column j of A, respectively. The notation A' denotes the transpose of A. In this
article, all matrices are indexed starting with the (0,0)-th element.
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2. Main results

We begin with the following simple observation.

LEMMA 2.1. Let i,j be positive integers and i > j. Then, we have
SEUANICOR FA
t=0 :

The proof follows from the simple identity (li t) (17) = (;) (l;] )

Let M(n) := L(n)J(n). We call M(n) the n x n right-lower-triangular Pascal’s
matriz, whose (i, j)-th entery is equal to

0 if i<n—j—1
Mi’j{( i)t izn—j—1
n—j—1 Z J—=5

and so
1
; 1 2
M(H)K _._1>] = 1 3 3
n—j 0<i,j<n . ) ] ]

e ey sy e o)

Let N(n) = M(n)". We preserve this notation throughout the paper.

—

THEOREM 2.2. Let a = (o)iz0 and 8 = (B;)iso0 be two sequences starting with a

common first term oo = Byg = y. Then, we have
Po,p(n) = M(n)T} ,(n)N(n), 3)

and Ty p(n) = M(n)_lPB’d(n)N(n)_l. (4)

Proof. First, we claim that P, g(n) = M(n)Q(n), where M(n) = [M ;lo<i,j<n is the
right-lower-triangular Pascal’s matrix with

)
Mi’: . )
5J ('ﬂ]].)

and Q(n) = (Qi,5)o<i,j<n, With Qi 0 = Gn—ij—1, Qn_1,; = B; and

Qi,j :Qiyj—l‘i’QiJ,-l,j_l, 0<i<n—1, 0<j<<n—1. (5)
For instance, when n = 4 the matrices M(4) and Q(4) are given by:
0 0 01
0 011
M(4) = 01 2 1|’
1 3 3 1
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as —3as+301 —7 a3 —2as+a3 a3 —as Qa3
ag — 201 + s — ay Q9 as + a1 + 5
and 4) =
Q) oy — o1 ar+ B a1+ B+ B
Y B1 B2 B3
Note that the entries of M(n) satisfy the following recurrence
Mi,j :Mifl’j +Mi717j+17 O0<i<n—1, 0<] <n-—1. (6)

In order to have a convenient notation, let us write M, N, Q, P, g and T, g for
M(n), N(n), Q(n), P,g(n) and T, g(n), respectively. For the proof of the claimed
factorization we compute the (4, j)-th entry of M@, that is (MQ); ; = Z;é M; 1 Qk,;-
In fact, it suffices to show that Ro(MQ) = Ro(Pa,g), Co(MQ) = Co(Pa,g) and

(MQ);,; = (MQ);j—1 + (MQ)i—1,5, for 1 <i,j <n. (7)
First, suppose that ¢ = 0. Then, we obtain
n—1
(MQ)o; = > MoxQr; =Mon-1Qn-1,; =18; = B;,
k=0
and so RO(LQ) = RO(Pa,ﬂ) = (ﬁ07 61a ey 671—1)'

Next, suppose that ¢+ > 1 and j = 0. In this case, we have

n—1 n—1 .
(MQ)io =S My 4Qro = {( i )an_ . }
0 kZ:O kQk,0 > n k1 k-1

k=n—i—1

_ Z { — ”l“<—1)n_k_l+l (-t 1)@1}

Il
<

I oY (TR0 ) S
and 50 Co(MQ) = Co(Pa.g) = (a0s a1, -, an_1)".

Finally, we must establish (7). We therefore assume that 1 < 4,5 < n. In this
case, using (5) and (6), we obtain

n—1 n—2
MQ),; = Z Mk Qr,j = Mijn—1Qn—1,; + Z Mk (Qr,j—1 + Qrt1,5-1)
k=0 k=0

n—2

n—2
=Bi+ > MikQrj1+ > MisQrirj1

k=0 k=0
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n—1 n—2
=B+ > MikQrj1—Min1Qn 11+ Y (Mi—1k+M;1541)Qrr1,5-1
k=0 k=0

n—2 n—2
=B + (MQ)i j—1 — Bj—1+ Z M1 1 Qrt1,5—1 + Z M1, k+1Qk+1,5—1
k=0 )

n—2 n—1
=B+ MQ)ij1—Bi—1+ > Mi 1 1(Qrj — Qrjo1) + > Mi1xQk 1
k=0 =1
n—2 n—2 n—1
=8; + MQ)ij—1 — Bi—1+ Z M1 1 Qk,j — Z M; 1,1 Qk -1 + Z Mi_1,6Qk,j—1
k=0 k=0 k=1
=0; + (MQ)ij—1 — Bj—1 —Mi—1n—1Qn—1,
n—1
+ ZMifl,ka,j —M;_1,0Q0,j—1 +Mi—1 n—1Qn-1,j—1
k=0

=B + MQ)i,j-1 — Bj—1 — B + (MQ)i—1,; — 0+ Bj—1 = (MQ)i-1,; + (MQ); j-1,

which is precisely (7).

Next, we claim that Q = Ty 4N. Note that we have

N {0 if j<n-—i—1,
() i jen—i— 1,

n—i—1

and it is also easy to see that N; ; = N; ;1 +N;j41,1,0<i<n—-1,1<j<n.

For instance, if n = 4, then the matrices TﬁA , and N are given by:

v ap — v ag — 201+ a3 —3az+3a; —

T — Br—n Y o — 7 oy =201 +7y
B Bo =281+ Br— Y ap —

183 —3B2+3B81— Pa2—2B1+7 Br—" v

(0 0 0 1

0 0 1 3

and N = 01 2 3
1111

Using similar arguments as previously, it suffices to show that
Co(T; 4N) =Co(Q), Rn-1(T5 4N) = Rn1(Q),
and (T3, 4N)ig =(T5 4 N)ij—1 + (T s N)iv1,-1, (8)
for0<i<n—1,0<j<n—1
As before, the proof of our claim requires some calculations. On the one hand,

we have (T ,N);o = o TikNko = Tin-1Np_10 = Gpio1 - 1 = Gio1 = Qip,
which implies that Co(T5 4N) = Co(Q). On the other hand, we must evaluate the
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following sum:

n—1 .
5 J
( n 1,7 — ZTn lka,] Zﬁn—l—k(nk]-)
1— k .
:Z "5 l+n 1—k -1-k ﬁl J
l n—k—1
k=0 1=0
1 .
:nz: 'S 1)HHn—1-k n—1-Fk J 3
! n—k—1)"
k=0 l 0
n—1 n—1—1 .
— 1+n717t n—1-1t J 9
- ’{tz ( i )(n—l—t)}' (9)
Since (n_ﬂ_t) =0 forn —1—1¢ > j, we may restrict the second sum on the

right-hand side of (9) to ¢ > n — 1 — j, and so we obtain

(T3 N1 = Z 3l S ey (TN ) o

t=n—1—3

Moreover, we have (”737t) (nf ) = (i) (njijﬂ.). If this is substituted in (10), then
we obtain

n—1 n—1—1 . - .
T, . T : -1 i+n—1—t J J—1
Tyaors =357 3 (D D42t

and after some simplification this leads to

mams=Ea{ () E (L)}

or equivalently,

e -Safer() S}

Therefore, using the fact that

f(_l)t(j—z) _ ot iy,
v t 1 if i=j,
it follows that (T,B N)n—1; = B = Qn-1,, and so Rn,l(TB,&N) = R,-1(Q), as
desired.

Finally, we assume that 0 < i <n—1,0 < j < n— 1 and establish (8). Indeed,
using (11), we observe that
n—1 n—2
= Z T; kNy,; = Z Ti kN +Tin1Np 1 ;
= k=0
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n—2
= Z Ti,k(Nk,j—l + Nk+1,j—1) + Ti,n—l (note that Nn—l,j = 1)
k=0
n—2 n—2
= Z T; kNg j—1 + Z T; k1 Ngv1,j-1 +Tin—1
k=0 k=0
n—1 n—1
= Z T kN j—1 =T n1Np_1 j—1 + Z T k—1Ngj—1 + T n—1
k=0 k=1
n—1
:(TBVdN)i,jfl —Tipn—1+ Z Tit1,6Ng j—1 — Tix1,0Noj—1 + T 1
k=0

(note that Tip—1=Tit1p and Ny j_q = 1)
:(TB,dN)ivj_l + (TB,dN)i""lJ—l’ ( note that NO,j—l = O),

which is (8). The proof of (3) is now complete.
To prove (4), we use the fact that M is invertible. Observe that

1) N,

M™'P sNTHE MTH(MT, sNNT! =T, 5= Tog.

a,p
This completes the proof of the theorem. O

REMARK 2.3. Actually, Theorem 2.2 is just a reformulation of [7, Theorem 3.1]. It
is worth pointing out that in (2) L(n) is a lower triangular matrix, while U(n) is an
upper triangular matrix, but here neither of the matrices M and N are lower or upper
triangular matrices, and they have the same structure. Note also that we have proved
Theorem 2.2 without using [7, Theorem 3.1]. Nevertheless, let us give a specific and
at the same time very simple proof of (3) with [7, Theorem 3.1]. For simplicity, we
use the notation M, J, P, g and T, g for M(n), J(n), Pag(n) and T, g(n). Using
the fact that J' = J and that JTj J = (JT4)J = Hp 5J = Ty 5, (i.e. Toeplitz

matrices Ty, g are persymmetric), it follows that
MTB,th :(LJ)TB (L))" = L(JTﬂA’th)Lt = L(JTB’&J)U =LT, ;U =Pz

&
The second main theorem shows that the multiplication of a Hankel matrix by the

matrices L(n) and U(n) = L(n)? (and also M(n) and M(n)?) leads again to a Hankel
matrix.

THEOREM 2.4. Let a = (e)izo0 and B = (B;)ixo0 be two sequences starting with a
common first term ag = By = y. Let n be a fixed positive integer, and let

w = (wi)ogi<an—2 = (Qn—1,0m—2,..., 1,7, 01, ., Bn—2, Bn—1)-
Then there holds

L(n)Huy g(n)U(n) = Hx u(n), (11)
where X = (Op—1, Wn—2,--.,%0) and p = (Wp—1,Dn, - - ., Won—2). Also, we have
M(n)Hq 5(n)M(n)" = Hy 4 (n), (12)

where @ = (Wp—1,W0n—2y ., Won—2) and Y = (Op_1,D0n—2,...,00).
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Proof. Again, for the sake of simplicity we use the notation L, U, M, H, g, Hj , and
H,, for L(n), U(n), M(n), Hag(n), Hx pu(n) and Hy, 4 (n). To prove (11), we show
that Ro(LHa,@U) = RO(H)\}H), Cnfl(LHa,BU) = Cnfl(HA,p«% and (LH%BU)Lj =
(LH, gU)k,, whenever 4 —|—j =k+1.

First, suppose that 0 < j < n — 1. Then, we obtain
LHa 3U)o,; ZRO(LHa,B)Cj(U)
—Ro(Ha 5)R, (L) (note that Ro(L) = (1,0,...,0) and U = L)

J .
= Z (i) ap_1—r (note that Ro(Hag) = (apn—1,0n—2,...,a1,7))
k=0

=@ = (Hxu)o.j,
and so Ro(LH, gU) = RO(H)\ 0
Next, suppose that 0 < i < n — 1. Then, we obtain
(LHaU)in—1 :Ri(LHa,B)Cn,l(U) =Ri(LHuy g)Rpn_1(L) (since U = L")

ZS(LHQ,g)i,kLn_l,k = Z {ZL“ s } (n v 1>

k=0 k=0
n—1

— k_o {g (;) (Ha,ﬁ)l,k} (” - 1) :z;tz; ( ) (n _ 1) o
0<I+h<2n—2 C) (” ; 1) (Ha5)1.k

(note that the (i, j)-th entry depends only on i + j).

Let d:= 1+ k be fixed with 0 < d < 2n — 2. Now we use the fact that the coefficient
(Ha,8)1k is equal to

1\ (n—1 n 1\ (n—1 T 1\ (n—1
0 d 1/\d-1 d 0 )’
which is exactly the coefficient of 2% in (1+ )% (1 +x)"~! = (1 +x)"T*~1 and so this

coefficient is equal to ("Jr;*l). Thus we obtain

(]

n—1 2n—2

n+i—1 n+1i—1
(LHa,ﬁU)i,n—l :Z ( d )(Ha 5)0,d + Z ( d )(Hoz,ﬂ)d,n—l
d=0
2n—2

—Z(n—H_l)an 1-d + Z (n—i_l_l)ﬁd n+1

2n—2 .
n+1—1 .
= Z < d >wd = Wn—it1 = (Hxp)in—1,

d=0
and so C,,_1(LHq gU) = Cpm1(H) ).

Finally, suppose that ¢ + j = k + [. If one argues exactly as above, one comes to
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the conclusion that
(LHopU); j =Ri(LHy 5)C;(U) = Ri(LHa5)R;(L) (since U = L'

ZOLHagthjt_Z{ZLH ).t }(i)

t=0

{5 (oo} () -E5 ()C) oo

S, @ @ (Haxp)s (13)

(note that the (s, t)-th entry depends only on s + t).
Again it follows that if d = s+ ¢, then the coefficient (H, g)s, is equal to

()G ()l 0)6) = ()

Since k + 1 =i+ j, we can write

()= ()= )0 G)) o ()o)

If this is substituted in (13) and the sums are put together, then we obtain

k\ (1
(LHopU)ij= Y. <S> (t> (Ha,8)s,t = (LHa,gU )k
0<s+Ht<2n—2

This completes the proof of (11).

To prove (12), observe that
MH, sM! = (L) Ho (L) = L(JHo gV = L(Hj o)L = Ho .
where ¢ = (Op—1,0n—2,...,Won—2) and u = (Op—1,0n—2,...,&). Note that in the
last equality we have applied (11). U

REMARK 2.5. We note here that there are some families of Hankel and Toeplitz
matrices, which are also generalized Pascal triangles. It is routine to check that for all
m,n € Z, the Hankel matrices H,,(n) = 2™H, g(n), where o = (271,272, ... 21)
and = (271,27 ... 22"=2) are the only Hankel matrices of this type. Similarly,
the Toeplitz matrices Ty p(n) = Ty (n), where ¢ = (¢;)>0 and ¥ = (¢;)>0 are two
sequences satisfying linear recursions:

{cp():a—i—b, v = a, and {woza—i—b, 1 = b,
Vi =Pi-1— Pi—2, 122 i =ic1 — i, 122,
are the only Toeplitz matrices of this type. Note that the sequences ¢, are also
6-periodic sequences:
¢ =(¢i)izo = (a+b,a,—b,—b—a,—a,b,a+b,aq,...) (6-periodic),
Y =;)izo = (a+b,b,—a,—a —b,—b,a,a+b,b,...) (6-periodic).
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For instance, when m =0, a =1, b = 2 and n = 5, we have:

(1 2 4 8 16

2 4 8 16 32
Ho(5)=14 8 16 32 64| = P1,24816),(1,2.4,,16)(5),
8 16 32 64 128
16 32 64 128 256
(3 2 -1 -3 -2

1 3 2 -1 -3

and Ti2(5)=|-2 1 3 2 —1|=Pg1-2-3-1),32-1,-3-2)(5)
-3 -2 1 3 2
_—1 -3 -2 1 3
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