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Abstract. For a simple connected graph G, the generalized distance matrix Do (G) is
defined as Do (G) = aTr(G) + (1 — a)D(G), 0 < o < 1. The largest eigenvalue of D, (G) is
called the generalized distance spectral radius or D,-spectral radius of G. In this paper, we
obtain some upper bounds for the generalized distance spectral radius in terms of various
graph parameters associated with the structure of graph G, and characterize the extremal
graphs attaining these bounds. We determine the graphs with minimal generalized distance
spectral radius among the trees with given diameter d and among all unicyclic graphs with
given girth. We also obtain the generalized distance spectrum of the square of the cycle and
the square of the hypercube of dimension n. We show that the square of the hypercube of
dimension n has three distinct generalized distance eigenvalues.

1. Introduction

All graphs considered here are simple, undirected and connected. Let G be a graph
with vertex set V(G) = {v1,v2,...,v,} and edge set E(G). The order of G is the
number n = |V(G)| and its size is the number |E(G)|. The set of vertices adjacent
to v € V(G), denoted by N(v), is the neighborhood of v. The degree of v, denoted
by dg(v) (we simply write d,, if it is clear from the context) means the cardinality
of N(v). A graph is called regular if each of its vertices has the same degree. The
distance between two vertices u,v € V(G), denoted by d,,, is defined as the length
of the shortest path between w and v in G. The diameter of G is the maximum
distance between any two vertices of G. The distance matriz of G is denoted D(G)
and is defined as D(G) = (duv)u,wev(q)- For some spectral properties of the distance
matrix of graphs, we refer the reader to the survey [9]. The transmission Trg(v) of
a vertex v is defined as the sum of the distances from v to all other vertices in G, i.e.
Tra(v) =2 ,ev(q) Quv- A graph G is called k-transmission regular if Trg(v) = k, for
every v € V(G). The transmission (also called Wiener index) of a graph G, denoted

2020 Mathematics Subject Classification: 05C50, 05C12, 15A18
Keywords and phrases: Generalized distance matrix (spectrum); spectral radius; hypercube;
unicyclic graph.

29



30 On the generalized distance eigenvalues of graphs

by W(G), is the sum of the distances between all unordered pairs of vertices in G.
Obviously, W(G) = %Zq)EV(G) Trg(v). For each vertex v; € V(G), the transmission
Tra(v;) is also called transmission degree, denoted T'r; for short, and the sequence
{Tr1,Tra,...,Try} is called transmission degree sequence of the graph G. The second
transmission of v;, denoted by T; is given by T; = Z?:1 dijTr;, where dij = dy,y,;-

Let Tr(G) = diag(Tr1,Trs,...,Try,) be the diagonal matrix of vertex trans-
missions of G. M. Aouchiche and P. Hansen [10, 11] introduced the Laplacian and
the signless Laplacian for the distance matrix of a connected graph. The matrix
DE(G) = Tr(G) — D(G) is called the distance Laplacian matriz of G, while the ma-
trix D?(G) = Tr(G) + D(G) is called the distance signless Laplacian matriz of G.
The spectral properties of D(G), D*(G) and D?(G) have attracted the attention
of researchers, and a large number of papers have been published on their spectral
properties, such as spectral radius, second largest eigenvalue, smallest eigenvalue, etc.
For some recent works, we refer to [2,7,10-12] and the references therein.

Cui et al. [15] introduced the generalized distance matriz D,(G) as a convex
combination of Tr(G) and D(G), defined as D,(G) = oT7r(G) + (1 — a)D(G),
for 0 < a < 1. Since Do(G) = D(G), 2D1(G) = D®(G), D1(G) = Tr(G), and
Do (G) — Ds(G) = (o — B)DL(G), each result concerning the spectral properties of
the generalized distance matrix has its counterpart for each of these particular graph
matrices, and these counterparts follow directly from a single proof. In fact, this
matrix reduces to merging the distance spectral and the distance signless Laplacian
spectral theories. Since the matrix D, (G) is real symmetric, all its eigenvalues are
real. Therefore, we can arrange them as 0; > 0Js > .-+ > 0,. The largest eigen-
value 0; of the matrix D, (G) is called the generalized distance spectral radius of G
(from now on we denote 01 (G) by 0(G)). Since D, (G) is non-negative and irreducible
(except for @ = 1), by the Perron-Frobenius theorem 9(G) is the unique eigenvalue,
and there is a unique positive unit eigenvector X corresponding to 9(G), which is
called the generalized distance Perron vector of GG. For some recent results concern-
ing the generalized distance matrix (spectrum) of graphs, we refer the reader to the
papers [1,3-6,8,15,17,18,21,23].

A column vector X = (x1,x2,...,2,)" € R™ can be viewed as a function de-
fined on V(G) which maps vertex v; to z;, i.e., X(v;) = a; for i = 1,2,...,n. Then,
XTDo(G)X = a X, Tr(vi)a +2(1—a) 32 o<, d(vi, vj)xi25, and A is an eigen-
value of D, (G) corresponding to the eigenvector X if and only if X # 0 and

)T

Ay, = aTr(vi)z; + (1 — ) Zd(vi,vj)xj.
j=1

These equations are called the (), z)-eigenequations of G. For a normalized column
vector X € R™ with at least one nonnegative component, by the Rayleigh’s principle,
we have 9(G) > XT D, (G)X, with equality if and only if X is the generalized distance
Perron vector of G.

The rest of the paper is organized as follows. In Section 2 we mention some
preliminary results that will be useful in the rest of the paper. In Section 3, we
obtain some upper bounds on the generalized distance spectral radius 9(G) as a
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function of various graph parameters associated with the structure of the graph G, and
characterize the extremal graphs attaining these bounds. In Section 4, we determine
the graphs with minimum generalized distance spectral radius among trees of given
diameter d and among all unicyclic graphs of given girth. In Section 5, we obtain
the generalized distance spectrum of the square of the cycle and the square of the
hypercube of dimension n. We show that the square of the hypercube of dimension
n has three distinct generalized distance eigenvalues.

2. Preliminary results

In this section we give some already known results which will be needed in the sequel.
The following lemma can be found in [15].

LEMMA 2.1 ([15]). Let G be a connected graph of order n. Then, (G) > %(G), with
equality if and only if G is a transmission reqular graph.

LEMMA 2.2 ([13]). Let B be a nonnegative irreducible matriz with row sums ry, o, . . .,
rn. If p(B) is the largest eigenvalue of B, then mini<;<,7; < p(B) < maxi<;<n 74,
with each equality if and only if ri =19 =--- =1,.

LEMMA 2.3 ([14, Interlacing theorem]). Let A be a symmetric real matriz and B be
a principal submatriz of A of order n and s (s < n), respectively. Then, for the
eigenvalues of A and B, Njpn—s(A) < N(B) < \(4), 1 <i<s.

LEMMA 2.4 ([14, Courant-Weyl inequality]). Let A; and Ay be symmetric real matri-
ces of ordern. For1 < i <mn, satisfy the eigenvalues of A1 and As: Ay (A2)+Xi (A1) <
)\i(Al + AQ) < )\z(Al) + )\1(A2)

Obviously, D, (G) is a symmetric real matrix, hence by Lemma 2.3 the following
corollary follows immediately.

COROLLARY 2.5. Let G be a graph of order n. Let M be the principal submatriz of
D (G) of order n — 1. Then, 01(G) > M (M) > 02(G) > ... 2 A1 (M) > 0,(G).

LEMMA 2.6 ([15]). Let G be a connected graph of order n and 1 < o < 1. If G’ is
a connected graph obtained from G by deleting an edge, then for every 1 < i < n,
A(G") > 9(G).

LEMMA 2.7 ([24]). If x4 > @2 > -+ > ay, are real numbers such that Y ;- x; = 0,

then xy < /=L 3" a2, The equality holds if and only if x5 = -+ = @, = — -2+,

The proof of the following lemma is similar to that of [19, Lemma 2] and is therefore
omitted here.

LEMMA 2.8 ([19]). A connected graph G has two distinct Do (G)-eigenvalues if and
only if G is a complete graph.
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3. Bounds on spectral radius of the generalized distance matrix

In this section we obtain upper bounds for the generalized distance spectral radius
of a connected graph G, in terms of various graph parameters associated with the
structure of the graph. We characterize the extremal graphs that reach these bounds.

The following result gives an upper bound for the generalized distance spectral
radius of a graph.

THEOREM 3.1. Let G be a graph of order n with mazimum transmission degree TTmax-
Then O(G) < aTrmax + (1 — a)\/2 Zl§i<j§n d?j + % S Tri.

Proof. Let X = (z1,72,...,7,)7 be a unit eigenvector corresponding to 9(G) of
the generalized distance matrix D,(G) of G. Then we have D,(G)X = 0X. For
v; € V(G), we have

8(G).’£1 = OéT?“iSUi + (]. — a) Zdijl'j,
2

that is (0(G) — aTr)?2? = (1 —a)? Zdw% . (1)

As > " jzZ=1and > x; =1, then by Cauchy—Schwarz inequality, we have

2 2
i n Tr;
Zdwx] < ij (dz] + )
j=1 j=1
LA Tr;\?>  2d;;Tr 3Tr
2 2 4 1] 4 2 3
<33 (ae (I) 4 2 ) -5t
j=1  j=1 j=1
Then
2
2 2
Z Zdljx] <2 Z d¢j+;ZT7}
i=1 \j=1 1<i<j<n =1

Using (1) with the above result, we have

(0(G)—aTrmay)? Zn: —aTr;)*2?<(1 — a)? Z d += ZTT

1<i<j<n
Thus, the result follows. U

The following observations follow directly from Theorem 3.1.

COROLLARY 3.2. If G is a connected graph of order m and diameter d, then
A(G) < =) 4 (1 —a)\/(n—1) (nd® + 3n — 3).
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Proof. Since d;; < d for i # j and there are "(RT_H pairs of vertices in GG, we obtain
from Theorem 3.1

a(G) < W +(1- a)\/zn(”;l)# + %n(n —1)2
:le—a)\/mfl)(ndusn—g). O

COROLLARY 3.3. Let G be a connected k-transmission graph of order m. Then
AG) < ak+ (1= )y /25 <1 e &% + K2,

The following result gives another upper bound for the generalized distance spec-
tral radius 9(G), in terms of transmission degrees and the parameter a.

THEOREM 3.4. Let G be a graph of order n, where n > 2. If Try > ... > Tr, and
Try > Trp_g+1, for a fized integer k, 1 < k <n —1, then
a(G) < alrp_ps1+Tr+a—1
2

V(@r = aTr, s — (1= )2k — 1)* +4(1 — @) (Tr_gs — k+1)

. @)
with equality holding if and only if G is a graph with k (k < n — 2) vertices of degree
n — 1 and the remaining n — k vertices have equal degree less than n — 1.

+

Proof. Let G be a connected graph with vertex set V(G) = {v1,va,...,v,}. Let
Vi={v1,...,vn_r}and Vo = V(G)\V;. Then D, (G) = M+ N may be partitioned as

1 D11 Dyo _ (Tri1 O
M=01-a (D21 D22)’ N—a( 0 T7"22>7

where D1; and T'ry; are (n — k) x (n — k) matrices. Let

1
_ [zt O

U= < 0 Ik>
for 0 < # < 1 (to be determined) and B = U~'D,(G)U = P + N, where I is the
s X s unit matrix and

D1 2D1o
P=(1-

(1—a) <;D21 Doa >

is a nonnegative irreducible matrix that has the same spectrum as D, (G). Let r;

denote the i-th row sum of B. If i = 1,2,...,n — k, then since d;; > 1 for j =
n—k+1,...,n, we have

n—k
(1-a) Zd”—i—xl—a Z d”—l—aZd”
Jj=1 j=n—k+1

(1-«a Zdw—&— l—a)(z—-1) Z d”—l—aZd”

j=1 j=n—k+1
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=Tri+(1-a)(w—1) Y  di <Tri+(1—a)(z—1Dk<Tri+(1-a)(— 1)k
j=n—k+1
Ifi=n—-k+1,...,n—k, thensinced;; =0and d;; > 1for j=n—-k+1,...,n with
1 # j, we have

n—=k n n
PN 0 ma) Y dytaddy
j=1 j=1

j=n—k+1
_olz-D+1 _xl) 1 > dij+(1-a) (1 - ;) Sody
j=1 j=n—k+1
= alz=b+1 Tri+(1— ) 1—l " dij
(=) (1-3), 2 o
< (D s a-a)(1-1) -
< (D) mr -0 (12 1) (- )
Let
. aTrp_pi1—Tri+ (1 —a)(2k—1)
B 2(1 — a)k
V(@ = aTro 1 — (1= )2k — 1)* 4+ 41 — ) (Trp_gp1 — k+1)
+ 2(1 —a)k '
Then
alr—1)+1 1
Tri+(1—-a)(z—1)k= (m) Trp—ks1+ (1 —a) <1 - m) (k—1)
alrp_py1+Tr1+a—1
B 2
\/(Trl —aTry g1 — (1= )2k —1))° +4(1 — )2(Trp_ji1 — k+1)

N 2

Since Try > Trp_gy1 > Trp >n—1>k—1, we have 0 < z < 1. Thus by Lemma 2.2,
we have

0(G) < max r;
1<i<n

< alrp_p41+Tr+a—-1
- 2
N VITr1—aTry_pi1 — (1—a)2k —1))2 +4(1 — @)2(Trp—kt1 — k+ 1)
2
Suppose that equality holds in (2). Since r; = Tr1 + (1 — «)(xz — 1)k for i =
1,2,...,n—k, we have dj; = 1 fori = 1,2,....n—kand j =n—-k+1,...,n,
which implies that every vertex in V; is adjacent to all vertices in V5. Again, since
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T = (%)Trn_kﬂ—i—(l—a) (1-1)(k—1)fori=n—k+1,...,n, we have
dij =1fori,j=n—k+1,...,n with ¢ # j, which implies that V5 induces a complete
subgraph in G. Thus, the degree of every vertex in V5 is n — 1 and hence the diameter
of G is at most 2. Since T'ry = Tro = --- = Tr,_g, every vertex in V; has the same
degree. Moreover, since Try > Tr,_r4+1, G cannot be the complete graph, and thus
kE<n-2.

Conversely, if G is a graph stated in the second part of the theorem, then from
the proof above, we have r; = ro = --- = r,, and thus equality holds. O

The following result gives an upper bound for 9(G), in terms of Wiener index
W(G), the order n, the transmission degrees and the parameter a.

THEOREM 3.5. Let G be a connected graph of order n. Then

n n n ’

P CIR FE Y PPRNER S RIS S s Sualiia 1) E)

1<i<j<n

with equality if and only if G = K,,.

Proof. We have Y (&(G) - %(G)) = 0. Applying Lemma 2.7, we get

o) - G < 1221y (06 - DY

n £ n
=1

with equalty if and only if

2aW(G) 20W(Q)  (G) - 2N
92(G) = = 0u(G) = — ~ (4)
Thus the inequality follows. We claim that the equality in (3) holds if and only
if G = K,,. Suppose that the equality in (3) holds. From the equality in (4), we
get 92(G) = -+ = 9,(G). Hence the equality in (3) implies that G has only two
distinct generalized distance eigenvalues, then by Lemma 2.8, G = K,,. Conversely,
using the fact that the generalized distance eigenvalues of K,, are 0,(G) =n — 1 and

0;(G)=an—1,i=2,...,n, one can easily see that the equality in (3) holds. O

4. Extremal graphs for the generalized distance spectral radius for some
families of graphs

In this section, we determine the graphs with minimum generalized distance spectral
radius among trees of given diameter d and among all unicyclic graphs of given girth.

For a graph G, the vertices u,v € V(G) are called multiplicate vertices if Ng(u) =
Ng(v). Suppose u is adjacent to v and Ng_,(u) = Ng_,(v); then u,v are called
quasi-multiplicate vertices. In general, a subset S C V(G) is a multiplicate vertex set,
if Ng(u) = Ng(v) for all u,v € S. A subset C C V(G) is a quasi-multiplicate vertex
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set if the vertices of C' induce a clique and Ng(u) —C = Ng(v) —C for all u,v € C. It
is obvious that we add edges to any two vertices of a multiplicate vertex set to obtain
a quasi-multiplicate vertex set.

For two matrices A = [a;;] and B = [b;;] of order n, if a;; < b;; (1 <4,j < n), we
sayAgBandA<B, ifai]‘ <bij (ISZ,]STL)
THEOREM 4.1. Let v be a pendent vertex of G and d be the diameter of G. Then
0i+1(G) —ad < 0;(G —v) < 0;(G) — a, fori=1,2,...,n— 1.
Proof. Since v is a vertex with degree one, we get dg_,(z,y) = dg(z,y) for z,y €
V(G —wv), and 1 < dg(v,2) < d for z € V(G —v). Then Trg(z) > Trg_u(z). Let

M be the principal submatrix of D,(G) obtained by deleting the row and column
corresponding to v. Then M > D, (G —v). Let S = M — D, (G — v). Therefore S =

diag(ay,as,...,an_1) where a < a; < ad, fori =1,...,n—1, hence a < \;(S) < ad.
Thus, by Lemma 2.4, we get
Gi(G—v)+a< (M) <0(G—-v)+ad, i=1,...,n—1. (5)

Then, by Corollary 2.5 and the left inequality of (5), we have 0;(G —v) + «a < 9;(G),
fori=1,...,n—1. Similarly, by Corollary 2.5 and the right inequality of (5), we get
0i+1(G) < 0;(G —v)+ad, fori=1,...,n—1. U

COROLLARY 4.2. Let G be a graph of order n and with diameter d = 2. Suppose vertex
v is adjacent to any other vertex of G. Also G — v is connected with d(G —v) = d(G);
then 0;41(G) —a < 90;(G —v) < 0;(G) —a, fori=1,2,...,n—1.

Proof. Using the given assumptions, we obtain dg_,(z,y) = dg(z,y) for x,y € V(G-
v), hence Trg(z) = Trg_,(2) + 1. Let M be the principal submatrix of Dy (G)
obtained by deleting the row and column corresponding to v and S = M —D,(G—v) =
al. By Lemma 2.4, we get 0;(G —v) +a < \(M) <0;(G—-v)+a,i=1,...,n—1.
Hence, similarly to Theorem 4.1, we get the desired result. U

COROLLARY 4.3. Let G be a graph of order n and u,v € V(G). If u,v are multiplicate
(or quasimultiplicate) vertices, then 0;+1(G) — ad < 0;(G —v) < 0;(G) — «, for
1=1,2,...,n—1.

The following lemma is on the behaviour of generalized distance eigenvalues when

the edge between quasi-multiplicate vertices is removed.

LEMMA 4.4. Let G be a graph of order n > 3. Also, let x and y be quasi-multiplicate
vertices of G and e = xy. Then, we have

(i) if a > 3, then 8;(G) < 9;(G —e) < 8;(G) + 1,

(ii) if o < %, then 0;(G) + 20— 1 < 8;(G —e) < 8;(G) + 1, fori=1,2,...,n.
Proof. Since x and y are quasi-multiplicate vertices, apart from the change of d(z, y) =
1 to d(x,y) = 2, the distances of other vertices are fixed. So D, (G —e€) > Dy (G). Let

S = Do(G—e)—D4(G). Then S can be partitioned into S= ol +(1 7;)(‘]2 -1 8)
Hence the eigenvalues of S are {1,2a — 1,021}, Thus, the conclusion follows by
Lemma 2.4. U
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The following gives the behaviour of generalized distance eigenvalues when the
edges between the vertices in a quasi-multiplicate set are deleted.

THEOREM 4.5. Let U C V(G) be a quasi-multiplicate set of graph G and 2 < m =
|U| <n=|V(G)|. Suppose G is the graph obtained by removing all the edges between
vertices of U. Then we have

(i) if > &, then 8;(G) < 8;(G°) < 0:i(G) +m — 1,

m’

(ii) if o < L, then 9;(G) + am — 1 < 8;(G°) < 0;(G) + m —1, fori=1,2,...,n.

Proof. Obviously, U becomes a multiplicate set in G°. Similar to Lemma 4.4, in
the process of deleting edges, only the distances of vertices in U change from one to

two. Let S = D4(G¢) — Do (G). Then S can be partitioned into S = (g 8) , where
R = a(m—1)I+(1—a)(Jy,—1I). Hence the eigenvalues of R are {m—1,am—1m=1}.
Then the eigenvalues of S are {m — 1,am — 1[7”_1]70["_7"]}. Thus, the result follows
from Lemma 2.4. O

The following result gives the graph with the minimum 9(G) among all the trees
with given diameter d.

THEOREM 4.6. Let Ty be the set of all trees with diameter d > 1, and o > 0. Also,
let Pyy1 denotes the path of order d + 1. Then for any tree T € T4, we have O(T) >
O(Py41). Equality occurs if and only if T = Pyyq.

Proof. Let T be a tree of order n. Suppose that T € T4 with order n > d + 1.
From Theorem 4.1, we see that 9(G — u) < 9(G) — a, where u is a pendent vertex.
Hence, the generalized distance spectral radius 9(G) strictly decreases for o« > 0, when
the pendent vertices are removed from G. Then, the result follows by continuously
deleting the pendent vertices which are not on the diametrical line. O

Recall that the girth of a graph G is the length of the shortest cycle in G. The
following result gives the graph with the minimum 9(G) among all the unicyclic graphs
with given girth.

THEOREM 4.7. Let I'y, be the set of all unicyclic graphs of order n with given girth
p > 3. For any unicyclic graph G € I',,, we have

£ if p is even
o= 5, U
Er= ifpis odd,

with equality if and only if G = C)p.

Proof. Let G be a connected graph of order n. Suppose that G € I'p; then girth of
G is p and so G contains a cycle of length p. Let us partition the vertex set of G
as V(G) = A1 U Ay, where the vertex set of the cycle is A1 = {a1,...,ap}. Then
the components of subgraph induced by As = {apt1,...,a,} are isolated vertices
or trees. Assume that G has the minimum generalized distance spectral radius with
order n > p, then A # &. By Theorem 4.1, we obtain another graph G — a;
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with less generalized distance spectral radius, where a; € A, is a pendent vertex, a
contradiction. Thus G = C}, has the minimum generalized distance spectral radius.
It is well known that

3 . .
o if n is even

w(c,) =<8 ,
(Cn) {"("8_1) if n is odd.

The result now follows from Lemma 2.1. O

5. The generalized distance spectrum of some graphs

Recall that the k-th power G* of a graph G is a graph with the same set of vertices
V(G) and two vertices are adjacent when their distance in G is at most k. In this
section, we obtain the generalized distance spectrum of the square of the cycle and the
square of the hypercube of dimension n. We show that the square of the hypercube
of dimension n has three distinct generalized distance eigenvalues.

The following lemma can be found in [16].

_ (A0 A
A= (A1 Ao
be a 2 x 2 block symmetric matriz. Then the eigenvalues of A are those of Ag + Ay
together with those of Ag — Ay.

LEMMA 5.1 ([16]). Let

The following gives the generalized distance spectrum of the square of the cycle.

THEOREM 5.2. Let {”72,0,)\3, cey A} oor {”72,—1,)\3, ...y An} be the distance spec-
trum of Cp, depending on whether 5 is even or odd. Then generalized distance spec-
trum of C? is given by

n2+2na n+4n on n2+2n—4X; +ﬁ N n2+2n—4x, +)\l
8 ’ 8 4’ 8 27" 8 2 [

where % is even, and

n?+2n N (n+2)*\  n+2 N n242n—4\3 +§ N n?+2n—4\, +/\7n
8 7 8 47’ 8 277" 8 2 J7

where 5 is odd.

Proof. Let {uy,usg,...,u,} be the vertex set of C,,. Let us partition the vertex set of
C,, as V1 UV, where V7 is a set of all even index vertices and V5 is a set of all odd
index vertices. Then every pair of vertices within V; or within V5 are of even distance
from each other. Again any vertex of V; and any vertex of V5 are of odd distance
from each other. Now, if we index the rows and columns of the generalized distance
matrix by taking the vertices of V; followed by the vertices of V5 and by considering
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a suitable ordering, we get the generalized distance matrix of C), in the form
_(aK+(1—-a)S (1-a)U
Da(Cn) = ( (l-a)U  aK+(1-a)S)’

where each entry of the block S is even and any row in S is equal to the sum of the
distances from any vertex in V; to all other vertices in V7, hence S has constant row
sum r(S). Again, each entry of the block U is even and any row in U is equal to the
sum of the distances from any vertex in Vj to all other vertices in V5, hence U has
constant row sum 7(U), which is

n’—4 .cn o n+4 e n os.
r(S) = 5 %fg?bodd ) = ;r ?fg?bodd
% if % is even o if % is even.

N

Also K = (";) I. Therefore the generalized distance matrix of C2 has the form

1 (( aP+(1—a)S (l—a)(U+ngg)>7

A
Da(Cr) = 5 1-a)(U+Jaxz) aP+(1—a)S

where P = (ﬁ%%) I. Now, using Lemma 5.1, the eigenvalues of D,(C?) are the

union of the eigenvalues of 1 (aP+(1—a)(S+U+J)) and i (aP+(1—a)(S—U-J)).
Hence, if § is even, then

spec(Da(C2)) = {a<”2 g 2”) L (1-a) <’§ v Z) a <"2§2"> —(1-a) (%),

a(nQ—an)—i-(l—a) (?),...,Q(W?Jra—a) (2”) }

and if F is odd, then

spec(Da(C2)) = {a("2;2”> (1) (75{1’) ” (”222”) “(1-a) (;{:) :

o (”222”> +(1—a) (?) o (”2;‘2”> +(1-a) (2") }

Therefore, we get the desired result. 0

The Hamming graph H(n, d) has vertex set X™ where X is a finite set of cardinality
d > 2, and two vertices of H(n,d) are adjacent whenever they differ in precisely one
coordinate. In particular, the n-dimensional hypercube @,, is H(n,2).

LEMMA 5.3 ([20]). Let H(n,d) be the Hamming graph of diameter n. Then the
distance spectrum of H(n,d) is {nd"~*(d — 1)1, old" —n(d=1)—1] (—d"_l)["(d_l)]} .

We recall that an n-dimensional hypercube @, is a graph with vertex set V(Q,,) =
{(a1,a9,...,a,) :a; =0 or 1} and two vertices of @, are adjacent if and only if they
differ at exactly one coordinate. For u,v € V(Qy,), it is clear that d(u,v) = r if and
only if coordinates of u and v differ in exactly r places.

The following gives the generalized distance spectrum of the square of the hyper-
cube of dimension n.
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THEOREM 5.4. Let Q,, be the hypercube graph of dimension n. Then the generalized
distance spectrum of Q2 is

1< n
- ; gn—23[1]
{(2 ' 1Z<i> + I

- . gn—2 - : gn—1] _ 9gn-2 [n+1]
a<2ZZ<i>—|— > ,(a<2;z<i)+ ) )

Proof. Consider the vertex = (0,0,...,0). Let V; be the set of vertices of @Q,, which
are of even distance from z and let V5 be the set of vertices of @, which are of odd
distance from z. All vertices within V7 and those within V5 are of even distance from
each other. Again any vertex of V; and any vertex of V5 are of odd distance from each
other. Considering a suitable ordering of the vertices of V; and V5, the generalized
distance matrix of @),, is of the form
(oK +(1—-a)S (1-a)U
Da(@n) = < (l-a)U  aK+(1-a)S)’

where U and S have same properties as in the Theorem 5.2 and K = (ZZL:I z(?)) 1,
since the sum of the distances from any vertex in V; to all other vertices in V; is given
by

o — Sui(h), €2k, k=1,2,..., % ifnisodd
P i(Y), i€k k=1,2,...,%  ifniseven.

Again, the sum of the distances from any vertex in V; to all vertices in V5 is given by

. {Ziz’(’?), i€2k—1, k=12..., % ifnisodd
2:

Sui(h), i€2k—1,k=1,2,...,% if n is even.
Hence for each n, the matrix U + S has constant row sum ki + ko = Z?:l z(?) and the
matrix U — S has constant row sum k; — ko = 0. Therefore, the generalized distance
matrix of @2 has the form
D (QQ) _ } OLF+(1*CY)S (17a)(U+J2n71><2n—1)
« n 2 (1 _a)(U"_J?n—lXQn—l) aF+(1 —a)S ’

where F = (31", i() + 2"7!) I. Now, using Lemma 5.1, the eigenvalues of D, (Q2)
are the union of the eigenvalues of (aF + (1 — a)(S + U + Jan-1x20-1)) and & (aF +
(1 —a)(=S —U — Jyn—1x9n-1)), hence we have

() =) raa (50 ).
(i) ) o B0 o) 0o}

Then by Lemma 5.3, we get the desired result. U
It is clear from Theorem 5.4 that the graph Q2 has three distinct generalized
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distance eigenvalues.
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