MATEMATICKI VESNIK
MATEMATNYKM BECHUK
76, 1-2 (2024), 56-65
March 2024

research paper
OPUTHHAIHU HAYYHU PAJL

DOI: 10.57016/MV-TXBR5253

ON THE LOCAL CONTROLLABILITY FOR OPTIMAL CONTROL
PROBLEMS

A. V. Arutyunov and S. E. Zhukovskiy

Abstract. We consider an optimal control problem on the fixed interval of time with
the right endpoint constraint. We introduce the concept of controllability for this problem.
The main result of the paper states that if for the optimal control problem the Pontrya-
gin maximum principle fails on the given admissible process then this process satisfies the
controllability condition.

1. Introduction

The paper is dedicated to the following question: how is the local extremality of a
control related to the controllability in the neighbourhood of this control? We will
illustrate this question with the following elementary example.

Given positive integers s and k such that s > k, a continuously differentiable
function f : R® — R and a continuously differentiable mapping F : R® — R¥, consider
the optimization problem

f(z) = extr, F(x)=0. (1)
Let us assume that a given point T € R? is admissible, i.e. F(Z) = 0. For the sake of
simplicity, we will assume that f(Z) = 0 as well.

There are two cases. In the first case, the Lagrange principle fails at Z, i.e.
Xof' (@) + AF'(T) # 0 for each (Ao, A) # 0. Then the vectors f'(z), Fi(%), ...,
F| (%) are linearly independent. The inverse function theorem therefore implies that
there exist ¢ > 0 and const > 0, so that for each (yo,y) € O(0) the system
of equations f(x) = yo, F(x) = y has a solution x that satisfies the inequality
|z — #| < const(|yo| + |y|). Here, O-(0) is an e-neighbourhood of zero in R¥+1,

The second case: the Lagrange principle applies at the T, i.e. there exists a non-
zero vector (Ag, A) € R x R¥ such that \of'(Z) + AF' (%) = 0.
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These considerations lead us to the following conclusion. If the Lagrange principle
fails for the problem (1) at Z, then in this point local controllability property holds,
i.e. for each (yo,y) close to zero, the system of equations f(z) = yo, F(z) = y has
a solution that satisfies a priori estimate. This assertion does not provide sufficient
optimality condition. It is a simple task to construct an example when T is not a
solution to the problem (1) and there is no local contralability at T. For example, one
can take the zero mapping F'(z) = 0 and a function f for which f/(Z) # 0.

2. Formulation of the optimal control problem

Consider the control system
&= f(z,u,t), x(to) =mo, ult)eU(t), tE [to,t1]. (2)
Here t € [to, t1] is the time, x € R™ is a state variable, the left endpoint zg is fixed, and
u(t) € U(t) for a.a. t € [to, t1] is a control. The set-valued mapping U : R = R* is
given. We assume that U is measurable and essentially bounded (see e.g. [1,10]). The
assumption of boundedness for U(-) is only necessary for simplicity of formulation.
Let us assume that the mapping f : R™ x R® X [tg,t1] — R™ is continuous, the

mapping f(-,u,t) is differentiable for every u and ¢ and —— is continuous. We con-

x
sider the class of admissible controls consisting of all measurable, essentially bounded
functions u(-) on [tg, t1] such that u(t) € U(t) for a.a. t € [to, t1].

DEFINITION 2.1. A pair of functions (x(-),u(-)) is called an admissible process, if ()
is a solution to the Cauchy problem

&= f(z,u(t),t), x(to) =x0
on [tg,t1] and u(-) is an admissible control.

Consider the right endpoint constraint
¢1(l’1) = 0, T = Ji(tl). (3)
Here ¢y : R™ — R*t is a given continuously differentiable mapping and k; > 0 is a
given non-negative integer. This condition is called the transversality condition. For
the sake of generality, we can also include the dependence on x(tp) in this constraint,
but we do not do so for the sake of simplicity of formulation.

If k1 = n and 91 (x1) = x1 — T1, where Z; is a given vector, then we obtain a
problem with the fixed right endpoint Z;. If k3 = 0, then we get a problem with a
free right endpoint.

Let (Z(-),u(-)) be an admissible process that satisfies the transversality condi-
tion (3). Set Z(t1) := 7.

Consider the optimization problem for the functional

J(u) = 1 folz(t), u(t), t)dt + o(x1) — extr (4)

to
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over the set of all admissible pairs (z(-), u(-)) satisfying the transversality condi-
tion (3). Here, the given function fy satisfies the same smoothness conditions as f
and a given function 1)y is assumed to be continuously differentiable.

We understand the locality of the optima in the sense of the metric given by the
formula

p(U,u) = meas{t € [to, t1] : u(t) # u(t)} (5)
where 4(-) and u(-) are admissible controls and meas is the Lebesgue measure. Note
that this metric is complete (see e.g. [2,8]).

DEFINITION 2.2. We will say that the admissible process (Z(+), u(+)) satisfies the max-
imum principle, if there exists a nonzero vector (A\g,A\;) € R x R*! such that the
transversality condition
ol
) = =2 (Ao, Ap, 2(t 6
p(t1) oz, QoM (1)) (6)

holds and the condition of maximum of Hamiltonian with respect to u
H(}\m})(f),i’\(t),a(t),t) = mgéi) H(Ao,p(t),f(t),u,t) fora.a. te [t()atl]' (7)
ueU(t

holds. Here

[(Xos A1, 1) = Aotho(21) + (A1, ¥1(z1)), (8)
p(t) — is an absolutely continuous solution to the linear with respect to p nonhomo-
geneous equation

p= _%75()‘0717(7&)) f(t), a(ﬂ) t) = _p(t>%(§(t)’ a(t)a t) + )‘0%(%@)’ a(t)v t)’ (9)

the function [ is the small Lagrangian. The Hamiltonian H is defined by the formula
H(AOapa T,u, t) = _Aofo(mv u, t) + <pa f(‘ra u, t)>

It is important to note that we do not assume here that A\g > 0 as in Pontryagin’s
maximum principle. Example 4.1 below shows that this assumption makes no sense
in the context of the main result of the paper. The property formulated in Defini-
tion 2.2 can therefore be regarded as a local extremality principle, which allows both
a minimum and a maximum of J at .

PROPOSITION 2.3. Assume that an admissible process satisfies the maximum princi-
ple. If the regularity condition rankg—ﬁ;(xl) = k1 holds, then

Aol + [p(0) # 0 Vi € [to, ta]. (10)

Proof. Let (10) fail. Then A\g = 0 and p(7) = 0 for some 7 € [tg,t1]. Due to the
linearity of (9) we therefore have p(t) = 0 for every t € [tg,t1]. Therefore, (6) and
the regularity assumptions imply that Ag = 0 and A\; = 0, which contradicts the
maximum principle. 0

DEFINITION 2.4. We will say that the admissible process (Z(-),u(-)) satisfies the
controllability condition, if there exists 4 > 0 and const > 0 such that for every
e = (e1, eg) € RF x R satisfying the inequality |e;| + |eg — J(U)| < & there exists an
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admissible process (z(-),u(-)) such that

Y1 (z(t)) = e,  J(u) =eg (11)
and plu, ) < const(\el| + |eg — J(ﬂ)|) (12)
Here p is defined by formula (5).

Our aim is to show that if the admissible process (Z(-), u(-)) does not satisfy the
maximum principle, then it satisfies the condition of controllability.

THEOREM 2.5. Let the admissible process (Z(-),u(-)) does not satisfy the maximum
principle, i.e. for every A = (Ao, A1) # 0 and for the corresponding solution to the
adjoint system (6) and (9), the condition of mazimum of Hamiltonian (7) fails over
a set of positive measure. Then this process satisfies the controllability condition (see
Definition 2.4).

The proof of this theorem is presented in the next section.
Theorem 2.5 cannot be strengthened by replacing its assumption with the assump-
tion that @ is not a weak extreme point. This fact is shown in Example 4.2.

3. Proof of the main result

Since the considered optimal control problem is not autonomous, i.e. it contains the
explicit dependence on ¢, we assume without loss of generality that Z(¢) = 0. It follows
that zo = Z(f1) = 0. For the sake of simplicity, let us also assume that J(u) = 0.

Let us construct a finite-dimensional approximation of the optimal control problem
(see e.g. [4,5]). There exists a countable set of admissible controls {u;(-)} such that the
set {uy (), ua(t),...} is everywhere dense in U(t) for a.a. ¢ € [to,t1] (see e.g. [14, Ch.
I, Sect. 7]). If U is not dependent on ¢, then one can take a countable dense subset
of U and take {u;(-)} as the corresponding constant functions.

The standard existence and uniqueness theorems (see [9, Theorem IV.2]) imply
that there exists dy > 0 such that for every admissible control u(-) that satisfies the
inequality meas{t € [to,t1] : u(t) # u(t)} < ¢ there is the only solution to the Cauchy
problem

T = f(amu(t),t), l‘(to) =X, tE€ [t07t1]
defined on the entire segment [tg, 1].

Recall (see e.g. [12, Ch. IX, Sect. 5, 6]) that a point 7 for a given function ¢ :
[to,t1] — R™ is called an approximative continuity point if there exists a measurable
set F such that the restriction of ¢ to E is continuous, ¢(t) — ¢(7) ast —» 7, t € E,
and 7 is a density point of the set F, i.e.

D.E - lim meas([T — h, 7+ h] N E)
h—0 2h
As is known, for a measurable function on [to,¢1], almost all points ¢ € [to,¢1] are the
Lebesgue points and the approximative continuity points.

=1 as h—0.
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For every 0 > 0 that satisfies the inequalities § < ¢; — o and § < dy there exists
a compact subset M(J) C [to, t1] such that the following assertions are valid. The
measure of M. (9) is less or equal to (t; —tg) — d, all functions u and u; are continuous
on M(d), the mapping f is continuous on R™ x R*® x M(é) (see [4, Lemma I1.2.5]),
all points of M(é) are the Lebesgue points of the functions ¢t — f(Z(t),u(t),t) and
t — f(Z(t),u;(t),t). The same assertions apply to fo and M((S) It follows from the
Cantor-Bendixson theorem (see e.g. [12, Ch. II, Sect. 6]) that from the set M(5), a
countable subset can be excluded, so that the set becomes perfect, i.e. it is closed
and consists only of its limit points. Let us denote this perfect set by M (§). Without
loss of generality, we assume that the set-valued mapping is decreasing, i.e. § > ¢ =
M(6) c M(d8").

Take a dense countable subset {¢;}, i =2,3...in M(J) such that ¢; # to, t1. Take
a positive integer N > 6~'. Then for every positive integer 7 < N there exist points
tj,l(N) <...< t]'7N+1(N) in M(é) such that

[«

i € (V) v (V)] Giva(N) = ta(N) < 5 (13)
and
[t (V) t5 v (N1 (V) tyr v (N)] =0 Vi #5 €{1,...,N}.
These points ¢ 1(N), ..., t; n+1(IN) exist because M (d) is closed and consists only

of its limit points. Here Jq is chosen above.

Denote by Uy the set of N x N- matrices with non-negative elements &; p,, j,p €
{1,...,N} such that 0 < ¢&; ; < ¢(N). Here

o(N) = %min{t&iH(N) 13 (N) : syi € {1,...,N}} > 0.

Let us assign to the matrix £ € Uy an admissible control u(t,£) defined by the
formula
up(t) if Jje{l,....N}: t € (t;jp(N),tjp(N)+¢&p), 1<p<N,
u(t,§) =1 - ,
u(t)  otherwise.

This construction implies that
]
meas{t € [to, 1] : u(t, &) #u(t)} < NNO = &

for every £ € Un. There is therefore the only mapping X (¢,£) that assigns to each
matrix £ € Uy the value at point ¢ of the solution of the Cauchy problem
:t:f(x,u(t,f),tﬁ .’E(t(]) =x9, tE€E [toﬂfl], 0 Sijp < 5(N)

Set X (&) = X (t1,&). Also note that X (¢,0) = 0 due to the assumption made above
that Z(t) =0, t € [to, t1].

It is known that this mapping is continuous in a neighbourhood of zero and dif-
ferentiable at zero with respect to the set Uy (see [4, pp. 73, 85-86]).

Set k = k; + 1. Define the mapping Fy : Uy — R* by the formula

Fn (&) = ($1(X(€)), I (u(:)))-
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A point £ = 0 corresponds to the given control & and satisfies the identity Fn(0) =
(¥1(@1), J(w) = 0.

Two cases can occur. In the first case, for some N and for the mapping F the
Robinson condition 0 € intFy (0)Ux holds. Then it follows from Robinson’s theorem
(see e.g. [13]) that by decreasing ¢ > 0 we obtain that there exists const > 0 for each
e = (e1,e9) € RF x R! which satisfies the inequality |e| < § the equation Fy () = e
has a solution ¢ that satisfies the inequality |¢| < const|e|. Here || = meas{t €
[to, t1] = u(t, &) # u(t)}.

Note that the smoothness assumption of Robinson’s theorem applies here for Fiy
at zero (for more details see [4]).

The second case: 0 € brF'y(0)Uy for every sufficiently large N. Here br stands for
the boundary of a set.

The set of non-negative N x N-matrices satisfying the inequality 0 < &;, < §(N)
is convex and the variational equation is linear. Therefore, the set Fy (0)Un is convex
and has zero on its boundary. Therefore, the finite-dimensional separation theorem
implies that for sufficiently large N there exists a non-zero vector dy € R* such that

Fn(§) — Fn(0)

i —0 > ] .
fjilgl()+<dN’ gj,p >|§—0 = 0 v.77p € {1a 7N}
So if &;, > 0 we have
0 .
8f <dN,FN(£)7FN(O)>|§:QZO V],pE{l,...,N}. (14)
J,P

Let us show that the admissible process (Z(-), u(+)) fulfills the maximum principle.
This contradiction to the assumption of the theorem completes the proof.

Set dy = An = (Ao,n, A1,n). Since dy # 0, we obtain by normalizing the vector
Awn that |Ax| = |Ao,~|+|A1,n] = 1. For an infinite number N, which we only consider
for the first coordinate, Ao n is sign-definite. For simplicity, let us assume that it is
non-negative. We want to show that the process (Z(-), u(-)) satisfies the maximum
principle with Ag > 0.

In fact, in the transition to a subsequence, we will assume that Aoy — Ao >
0, A1,y — A1 and A = (Ao, A1), |A| = Ao + |A1] = 1. Let us now consider (14).

Assuming that N is fixed and the matrix £ is such that ¢; ), is its only positive
component, we use that Fy is differentiable at zero and its derivative can be found
using the fundamental matrix of the system y = %(i(t),ﬁ(t),t)y, t € [to,t1] (see
e.g. [11]).

From (14) it follows that

af s 1 (X(E)) Jeco
0 t )
P ([ ot at+ ox (@) —%(X(O)))) 020 Vipe{l....N},

where fo(t,€) = fo(X(t,8),u(&, t),t) — fo(Z(t),u(t),t). Here we use the identities
Z=0,9%1(X(0)) =0and J(u) =0.
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This inequality and the definition of the small Lagrangian [ imply

0 9 . ,
L(Ao,ns Ay X(€)|e=0 + Aoy 5— < fo(t»ﬁ)dt> le=0 >0, Vj,pe{l,...,N}.
85]'71) 85]’4) to
Denote by py the solution of the equation
of 9fo

Py = —pN(8) 5 -(Z(1), ult), t) + do.v— ~(2(2), u(t), ?)

on [tg, t1] with the endpoint constraint py(t;) = _871()‘0’1\’7 A1,N,Z(t1)). This prob-
lem has the only solution.

The inequality obtained, the formula for py and the formula for the derivative in
§j,p imply

&p <—<pN(t1>,X(£)> + AO,N/t 1 fo(t,g)dt> + K(€) > 0.

Here and in the following «(£) — 0 as £j,p — 0+. The Newton-Leibniz formula and
the relationship X (¢g,&) = 0 imply

t1
§J P / (_ (on (), X(t,€)) + Ao,Nf()(t,&)) dt + k(€) > 0.
Since X (¢,0) = 0, we have

| (H Qo (0.0, u(t,€).0). X (2,))

to

- / (L (o v (£, B(1), (1), £), X (1,€)) dt + 0(E; ).

to

The last inequality implies

/t:1(<—jt(pzv()) (t£)> (Hp (Mo, pn (), Z(t),6(t), 1), X (t,))

H(Xo.n,pn (1), 2(t), u(t, €), )+H(/\o,N,pN(t),ﬁf\(t)ﬁ(t),t))dt+0(€j,p)20

Using (9) we therefore obtain
S (00 (0,500,000 = HOw,v. (0 30,000,600 )t + 0(E5,) 2 0

The point t;,(NNV) is the Lebesgue point of the functions
Hp(t) = HO‘O,N»pN (t),z(t), up(ﬂ» t),
H(t) = H(Mon,pn (), Z(¢),u(t),t)
for each N and j,p € {1,..., N}. So, the obtained inequality and the definition of the
control u(t, ) imply that

/ 1(H(AO,N,pNu),f(t),a(t),t) H o, pv(8),3(6), u(t, ©), >)dt+o<sj,p>

= &p(Ho,n: PN (8.0 (N), Z(t5,p(N), ult p(N), 15,5 (N))
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— H(Xo,n: PN (t.p(N)), Z(t.p (), tp(t.p(N)), 85,5 (N))) + 0(&5p) = 0.
Dividing this inequality by £;, > 0 and passing to the limits as £; , — 0, we obtain
HO\QN;PN(tj,p(N))a 55\(tj,p(N))> ﬁ(tj,p(N)), tj,p(N))
> H(Mo,n: PN (tp(N)), Z(t5,5(N)), up(tj p(N)) 1,5 (V)
for each j,p < N.
Fix the indices j,p. This inequality holds for an infinite set of numbers N. The
definition of px(+) implies that these functions converge uniformly to the solution of

(6), (9). Furthermore, t; ,(N) — t; as N — oo. Passing to the limit as N — oo since
the corresponding functions are continuous on M (J), we obtain that

H()\Oap(tj)a f(t]’)a a(tj)a tj) > H(AOap(tj)a i\(tj)v up(tj)a tj)

for each j and p.

Note that for each j the sequence {u,(t;)} is dense in U(t;). Since the functions
f and fy are continuous in u, we obtain that

H(No, p(t7), Z(t5),a(ty),t5) > H(No, p(t;), Z(t5), usty) Vu € Uty).

for each j € {1,2,...}. The sequence {¢;} is dense in M () . Moving to the limit
as j — 0o, we obtain the condition of the maximum of the Hamiltonian (7) holds
for each t € M(J). Due to the arbitrariness of the choice of § and since the union of
the sets M (4) is a set of full measure in [tg,t1], we obtain that the condition of the
maximum of the Hamiltonian (7) holds for a.a. t € [to, t1].

The contradiction obtained completes the considerations for the case when Ag ny >
0 for infinitely many N. If Ao, xy < 0 for all sufficiently large IV, the analogous consid-
erations apply with the opposite sign.

4. Examples

The following simple example shows that the extremality assumption in Theorem 2.5
is essential.

EXAMPLE 4.1. Let n =1, to = 0,t; = 1, f(z,u, t) = u, U = [0,1], J(u) = [, udt,
zo = 0, x1 is free, the transversality condition and g are absent.

The minimum in this problem is @ = 0. The corresponding trajectory T is also
a zero function. It is a simple task to ensure that the equation J(u) = —ep has no
solutions for every eg > 0.

If we consider the same control system and take the functional J with the opposite
sign J(u) = — fol udt, then we obtain that the maximum is reached at w = 0. This
provides an answer when the maximum is studied for the problem under consideration.

The following example shows that the assumptions of the theorem cannot be
strengthened as follows. The assumption that the admissible process does not satisfy
the maximum principle cannot be replaced by the assumption that either the assump-
tion of the theorem holds or the admissible process is not a weak minimum. In the
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following example, the maximum principle holds and the admissible process is not a
weak minimum, however the condition of local controllability is not fulfilled.

EXAMPLE 4.2. Let n = 1, g = 0,t; = 27, f(z,u, t) = u, U = [-1,1], J(u) =

027T(u2 —2?)dt, 9 = 0, 1 = 0, i.e. the two end points 9 = 0 and z; = 0 are
fixed and the functional v is absent. This is a well-known problem of calculus of
variations.

Pontryagin’s maximum principle applies to the admissible process (0, 0), since
Ao =1, A1 = 0 and p(t) = 0. At the same time, since 27 > 7, the zero trajectory on
[0, 27) has an adjoint point (see [10]). Therefore, there exists a sequence of admissible
controls {u;} such that |u;(t)] < 1/i Vt € [0, 27], the corresponding process (u;, ;)
is admissible and J(u;) < 0. The zero admissible process is therefore not a weak local
minimum. It is also not a weak local maximum. In fact, —J does not satisfy necessary
minimum condition, since the Legandre condition for & = 0 fails. So u = 0 is not a
weak local extreme point.

We will say that the admissible process (Z,u) is a Pontryagin’s minimum if for
every positive integer k > esssup;cp, 4,1 |U(t)| there exists ¢ = (k) > 0, so that
for every admissible process (z(-),u(-)) that satisfies the inequalities p(u,u) < € and
lu(t)] < k, it holds that J(u) < J(u).

We want to show that for the zero process the local controllability condition fails.
In fact, it satisfies the sufficient conditions of Pontryagin’s minimum form [4, p. 85—
86]. Therefore there exists 6 > 0 such that J(0) < J(u) for each admissible (z(-), u(-))
for which p(u,0) < 8. Therefore, (0,0) is the Pontryagin minimum for the problem
under consideration. Therefore, for all sufficiently small 6 > 0 the equation J(u) = —d
has no solution u such that p(u,0) < ¢.

5. Conclusion

We have considered the optimal control problem (2), (4). For this problem, it is shown
that if an admissible process (Z(+), u(+)) does not satisfy the maximum principle, then
this process satisfies the controllability condition.

The obtained assertion can be weakened by excluding the assumption of essential
boundedness of the set-valued mapping U (see e.g. [14, 1.7] or [7, 1.5.1]). In fact,
take any positive integer ko > esssup;cy, 4,1 |u(t)[. For each positive integer i, the set
{u: u e Ut), u € Byyyi} is essentially bounded in ¢ € [to,?1] (here Bp is a closed
ball centered at zero with radius R). If we apply Theorem 2.5 to the pair (Z,%) and
move on to the limit as i — oo, we conclude the considerations.

Another approach to controllability was proposed in [3,6]. It is based on the
second-order conditions for optimal control problems.
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